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Important remarks
about this document

This is a draft of a book about selected algorithms. The audience in mind are programmers who are
interested in the treated algorithms and actually want to create and understand working and reasonably
optimized code.

The style varies somewhat which I do not consider bad per se: While some topics (as fast Fourier
transforms) need a clear and explicit introduction others (like the bit wizardry chapter) seem to be best
presented by basically showing the code with just a few comments.

The pseudo language Sprache is used when I see a clear advantage to do so, mainly when the corresponding
C++ does not appear to be self explanatory. Larger pieces of code are presented in C++. C programmers
do not need to be shocked by the ‘++’ as only a rather minimal set of the C++ features is used. Some
of the code, especially in part 3 (Arithmetical algorithms), is given in the pari/gp language as the use of
other languages would likely bury the idea in technicalities.
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“Why make things difficult, when it is possible to make them cryptic
and totally illogical, with just a little bit more effort?”
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Chapter 1

Bit wizardry

We present low-level functions that operate on the bits of a binary word. It is often not obvious what these
are good for and I do not attempt much to motivate why particular functions are presented. However, if
you happen to have an application for a given routine you will love that it is there: the program using it
may run significantly faster.

The C-type unsigned long is abbreviated as ulong as defined in [FXT: fxttypes.h|. It is assumed that
BITS_PER_LONG reflects the size of an unsigned long. It is defined in [FXT: bits/bitsperlong.h] and (on
sane architectures) equals the machine word size. That is, it equals 32 on 32-bit architectures and 64 on
64-bit machines. Further, the quantity BYTES_PER_LONG shall reflect the number of bytes in a machine
word, that is, it equals BITS_PER_LONG divided by eight. For some functions it is assumed that long and
ulong have the same number of bits.

The examples of assembler code are for the x86 and the AMDG64 architecture. They should be simple
enough to be understandable for readers who know assembler for any CPU.

1.1 Trivia

1.1.1 Little endian versus big endian

The order in which the bytes of an integer are stored in memory can start with the least significant byte
(little endian machine) or with the most significant byte (big endian machine). The hexadecimal number
0x0DOCOBOA will be stored in the following manner when memory addresses grow from left to right:

adr: Z z+1 z+2 z+3
mem: OD OC OB OA // big endian

mem: 0A 0B ocC 0D // little endian

The difference is only visible when you cast pointers. Let V be the 32-bit integer with the value above.
Then the result of char ¢ = *(char *)(&V); will be 0x0A (value modulo 256) on a little endian
machine but 0x0D (value divided by 2%4) on a big endian machine. Portable code that uses casts may
need two versions, one for each endianness. Though friends of the big endian way sometimes refer to little
endian as ‘wrong endian’, the wanted result of the shown pointer cast is much more often the modulo
operation.

1.1.2 Size of pointer is size of long

On sane architectures a pointer fits into a type long integer. When programming for a 32-bit architecture
(where the size of int and long coincide) casting pointers to integers (and back) will work. The same
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4 Chapter 1: Bit wizardry

code will fail on 64-bit machines. If you have to cast pointers to an integer type, cast them to long.

1.1.3 Shifts and division

With two’s complement arithmetic (that is: on likely every computer you'll ever touch) division and
multiplication by powers of two is right and left shift, respectively. This is true for unsigned types and
for multiplication (left shift) with signed types. Division with signed types rounds toward zero, as one
would expect, but right shift is a division (by a power of two) that rounds to minus infinity:

int a = -1;
int ¢ = a > 1; // c == -1
int d = a / 2; // d== 0

The compiler still uses a shift instruction for the division, but with a ‘fix’ for negative values:

9:test.cc @ int foo(int a)
10:test.cc @ {

285 0003 8B442410 movl 16(%esp),%eax // move argument to %eax
11:test.cc Q int s = a > 1;

289 0007 89C1 movl %eax,’%ecx

290 0009 D1F9 sarl $1,%ecx
12:test.cc @ int d = a / 2;

293 000b 89C2 movl %eax,’%edx

294 0004 C1EALF shrl $31,%edx // fix: %edx=(%edx<071:0)

295 0010 01DO addl %edx,%eax // fix: add one if a<0

296 0012 D1F8 sarl $1,%eax

For unsigned types the shift would suffice. One more reason to use unsigned types whenever possible.

The assembler listing was generated from C code via the following commands:

# create assembler code:
c++ -5 -fverbose-asm -g -02 test.cc -o test.s

# create asm interlaced w1th source lines:
as -alhnd test.s > test.ls

There are two types of right shifts: a so-called logical and an arithmetical shift. The logical version (shrl
in the above fragment) always fills the higher bits with zeros, corresponding to divisionE] of unsigned
types. The arithmetical shift (sarl in the above fragment) fills in ones or zeros, according to the most
significant bit of the original word.

Computing remainders modulo a power of two with unsigned types is equivalent to a bit-and using a
mask:

ulong a = b % 32; // ==Db & (32-1)
All of the above is done by the compiler’s optimization wherever possible.

Division by (compile time) constants can be replaced by multiplications and shift. The magic machinery
inside the compiler does it for you. A division by the constant 10 is compiled to:

5:test.cc @ ulong foo(ulong a)
6:test.cc @ {

T:test.cc @ ulong b = a / 10;
290 0000 8B442404 movl 4(%esp),%eax
291 0004 F7250000 mull .LC33 // value == Oxcccccccd
292 000a 89D0 movl %edx,%eax
293 000c C1E803 shrl $3,%eax

Thereby it is sometimes reasonable to have separate code branches with explicit special values. Similarly,
for modulo computations with a constant modulus (using modulus 10,000):

8:test.cc @ ulong foo(ulong a)
9:test.cc @ {

53 0000 8B4C2404 movl 4(%esp),%ecx

10:test.cc @ ulong b = a % 10000;

57 0004 89C8 movl %ecx,%eax

58 0006 F7250000 mull .LCO // value == 0xd1b71759
59 000c 89D0O movl %edx,’%eax

60 000e C1E80D shrl $13,%eax

61 0011 69C01027 imull $10000,%eax,%heax

1So you can think of it as ‘unsigned arithmetical’ shift.
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62 0017 29C1 subl %eax,%ecx
63 0019 89C8 movl %ecx,%eax

Algorithms to replace divisions by a constant by multiplications and shifts are given in [125].

1.1.4 A pitfall (two’s complement)

C= s -c= Siaaiias c= 0 -c= 0 <--=
C= i 1 -c=1111111111111111  c= 1 -c= -1
C= it iiieee e 1. -c=111111111111111, c= 2 -c= -2
(S 11 -c=11111111111111.1 c= 3 -c= -3
C=t ittt ., o—e=11111111111111 .. c= 4 -c= -4
C= it 1.1 -c=1111111111111.11 c= 5 -c= -5
S e 11, -c=1111111111111.1. c= 6 -c= -6
[--snip--]
c=.1111111111111.1  -c=1............. 11 c= 32765 -c=-32765
c=.11111111111111.  -c=1............. 1. c= 32766 -c=-32766
c=.111111111111111 -c=1.............. 1 c= 32767 -c=-32767
c=1l.... .. . o -c=1 S c=-32768 -c=-32768 <--=
=1, 1 -c=.111111111111111  ¢c=-32767 -c= 32767
c=1l............. 1. -c=.11111111111111, c=-327/66 -c= 32766
c=l........ ., 11 -c=.1111111111111.1 c=-32765 -c= 32765
c=1l............ 1., -c=.1111111111111.. c=-32764 -c= 32764
c=l............ 1.1 -c=.111111111111.11 c=-32763 -c= 32763
=l....... ... 11, -c=.111111111111.1. c=-32762 -c= 32762
[--snip--]
c=1111111111111. .1 -c=............. 111 c= -7 =-c= 7
=1111111111111.1, -c=............. 11, c= -6 -c= 6
=1111111111111. 11 -c=............. 1.1 c= -5 -c= 5
=11111111111111., -c=............. 1., c= -4 -c= 4
c=11111111111111.1 -c=.... .. ... ..... 11 c= -3 -c= 3
c=111111111111111. -c=.... ... .. ... .. 1. c= -2 -c= 2
=1111111111111111 -c=. ... it 1 c= -1 -c= 1

Figure 1.1-A: With two’s complement there is one nonzero value that is its own negative.

In two’s complement zero is not the only number that is equal to its negative. With a data type of n bits
the value with just the highest bit set (the most negative value) also has this property. Figure m (the
output of [FXT: bits/gotcha-demo.cc]) shows the situation for words of sixteen bits. This is the reason
why innocent looking code like

if ( x<0 ) x = -x;
// assume x positive here (WRONG!)

can simply fail.

1.1.5 Amnother pitfall (shifts in the C-language)

A shift by more than BITS_PER_LONG—1 is undefined by the C-standard. Therefore the following function
can fail if k is zero:

inline ulong first_comb(ulong k)
// Return the first combination of (i.e. smallest word with) k bits,
{/ i.e. 00..001111..1 (k low bits set)

ulong t = “OUL >> ( BITS_PER_LONG - k );
return t;

Compilers usually emit just a shift instruction which on certain CPUs does not give zero if the shift is
equal to or greater than BITS_PER_LONG. This is why the line

if (k==0 ) t = 0; // shift with BITS_PER_LONG is undefined

has to be inserted just before the return statement.

1.1.6 Shortcuts

To test whether at least one of a and b equals zero use if ( !'(a && b) ). This works for signed
and unsigned integers. Checking whether both are zero can be done using if ( (alb)==0 ). This
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6 Chapter 1: Bit wizardry

obviously generalizes for several variables as if ( (alblcl|..|z)==0 ) ). Test whether exactly one of
two variables is zero using if ( (ta) =~ ('b) ) .

1.1.7 Toggling between values

In order to toggle an integer x between two values a and b use:
~ b

precalculate: a
t; // a<-->b

toggle:

precalculate:
toggle:

a + b;

t
X
the equivalent trick for floating point types is
t
X =t - x;

Here an overflow could occur with a and b in the legal range (but both close to overflow). This should,
however, not happen with sane programs.

1.1.8 Next or previous even or odd value

Compute the next or previous even or odd value via [FXT: bits/evenodd.h]:

static inline ulong next_even(ulong x) { return x+2-(x&1); }
static inline ulong prev_even(ulong x) { return x-2+(x&1); }

static inline ulong next_odd(ulong x) { return x+1+(x&1); }

static inline ulong prev_odd(ulong x) { return x-1-(x&1); }

The following functions return the unmodified argument if it has the required property, else the nearest
such value:

static inline ulong nextO_even(ulong x) { return x+(x&1); }
static inline ulong prevO_even(ulong x) { return x-(x&1); }

static inline ulong nextO_odd(ulong x) { return x+1-(x&1); }
static inline ulong prevO_odd(ulong x) { return x-1+(x&1); }

1.1.9 Testing whether bit-subset

The following function tests whether a word wu, as a bit-set, is a subset of another word e [FXT:
bits/bitsubsetq.h]:

inline bool is_subset(ulong u, ulong e)
// Return whether u is a bit-subset of e.

return ( (u & e)==u );

Should u contain any bits not set in e then these bits are deleted in the AND-operation and the test for
equality will fail.

1.1.10 Integer versus float multiplication

The floating point multiplier gives the highest bits of the product. Integer multiplication gives the result

modulo 2° where b is the number of bits of the integer type used. As an example we square the number
1010101 using a 32-bit integer type and floating point types with 24-bit and 53-bit mantissa:

a = 111111111
axa = 12345678987654321 // true result
a*a = 1653732529 // result with 32-bit integer multiplication
(axa)’,(2%*32) = 1653732529 // ... which is modulo (2**bits_per_int)
axa = 1.2345679481405440e+16 // result with float multiplication (24 bit mantissa)
a*a = 1.2345678987654320e+16 // result with float multiplication (53 bit mantissa)
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1.1.11 Double precision float to signed integer conversion

Conversion of double precision floats that have a 53-bit mantissa to signed integers via [I3] p.52-53]

#define DOUBLE2INT(i, d) { double t = ((d) + 6755399441055744.0); i = *((int *) (&t)); }
double x;

int i = 123;

DOUBLE2INT (i, x);

can be a faster alternative to

double x = 123.0;

int i;

i=x;

The constant used is 6755399441055744 = 252 425!, The method is machine dependent as it relies on the
binary representation of the floating point mantissa. Here it is assumed that, firstly, the floating point
number has a 53-bit mantissa with the most significant bit (that is always one with normalized numbers)
omitted, and secondly, the address of the number points to the mantissa.

1.1.12 Optimization considerations

Never ever think that some code is the ‘fastest possible’, there always another trick that can still improve
performance. Many factors can have an influence on performance like number of CPU registers or cost
of branches. Code that performs well on one machine might perform badly on another. The old trick to
swap variables without using a temporary

// a=0, b=0 a=0, b=1 a=1, b=0 a=1, b=1
a "=b; // 0 0 1 1 1 0 0 1
b "=a; // 0 0 1 0 1 1 0 1
a "=b; // 0 0 1 0 0 1 1 1
equivalent to:

tmp = a; a =Db; b = tmp;

is pretty much out of fashion today. However in some specific context (like extreme register pressure) it
may be the way to go.

The only way to find out which version of a function is faster is to actually do profiling (timing). The
performance does depend on the stream of instructions before the machine code (we assume that all of
these low-level functions get inlined). Studying the generated CPU instructions does help to understand
what is going on but can never replace profiling.

The code surrounding a specific function can have a massive impact on performance. That is, benchmarks
for just the isolated routine can only give a rough indication. Profile your application and also test whether
the second best (when isolated) routine is the fastest.

Never just replace the unoptimized version of some code fragment when introducing a streamlined one.
Keep the original in the source. In case something nasty happens (think of low level software failures
when porting to a different platform) you’ll be very thankful for the chance to temporarily use the slow
but correct version.

Study the optimization recommendations for your CPU (like [13] for the AMD64). It doesn’t hurt to see
the corresponding documentation for other architectures.

Proper documentation is an absolute must for optimized code, just assume that nobody will be able to
read and understand it from the supplied source alone. The experience of not being able to understand
code you have written some time ago helps a lot in this matter.

More techniques for optimization are given in section on page [162
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1.2 Operations on individual bits

1.2.1 Testing, setting, and deleting bits

The following functions should be self explanatory. Following the spirit of the C language there is no
check whether the indices used are out of bounds. That is, if any index is greater or equal BITS_PER_LONG,
the result is undefined [FXT: bits/bittest.h]:

inline ulong test_bit(ulong a, ulong i)
// Return zero if bit[i] is zero,
// else return one-bit word with bit[i] set.

return (a & (1UL << i));
}

The following version returns either zero or one:

static inline bool test_bitO1(ulong a, ulong i)
é/ Return whether bit[i] is set.

return ( 0 != test_bit(a, i) );

inline ulong set_bit(ulong a, ulong i)
{/ Return a with bit[i] set.

return (a | (1UL << i));
}

inline ulong delete_bit(ulong a, ulong i)
{/ Return a with bit[i] cleared.

return (a & “(1UL << i));

inline ulong change_bit(ulong a, ulong i)
// Return a with bit[i] changed.
{

return (a - (1UL << 1i));

1.2.2 Copying a bit

In order to copy a bit from one position to another we generate a one exactly if the bits at the two
positions differ. Then an XOR changes the target bit if needed [FXT: |bits/bitcopy.h]:

inline ulong copy_bit(ulong a, ulong isrc, ulong idst)
// Copy bit at [isrc] to position [idst].
{/ Return the modified word.

ulong x = ((a>>isrc) ~ (a>>idst)) & 1; // one if bits differ
a "= (x<<idst); // change if bits differ
}

The situation is more tricky if the bit positions are given as (one bit) masks:

inline ulong mask_copy_bit(ulong a, ulong msrc, ulong mdst)
// Copy bit according at src-mask (msrc)

// to the bit according to the dest-mask (mdst).

// Both msrc and mdst must have exactly one bit set.

{/ Return the modified word.

ulong x = mdst;
if (msrc & a ) x = 0; // zero if source bit set

x "= mdst; // ==mdst if source bit set, else zero
a &= “mdst; // clear dest bit

a |= x;

return a;
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The compiler generates branch-free code as the conditional assignment is compiled to a cmov (conditional
move) assembler instruction. If one or both masks have several bits set the routine will set all bits of
mdst if any of the bits in msrc is one else clear all bits of mdst.

1.2.3 Swapping two bits

A function to swap two bits of a word [FXT: bits/bitswap.h]:

static inline ulong bit_swap(ulong a, ulong ki, ulong k2)
// Return a with bits at positions [k1] and [k2] swapped.
// k1==k2 is allowed (a is unchanged then)
{
ulong x = ((a>>k1) ~ (a>>k2)) & 1; // one if bits differ
a "= (x<<k2); // change if bits differ
a "= (x<<k1l); // change if bits differ
return a;

When it is known that the bits do have different values the following routine can be used:

static inline ulong bit_swap_O1(ulong a, ulong ki, ulong k2)
// Return a with bits at positions [k1] and [k2] swapped.

// Bits must have different values (!)

// (i.e. one is zero, the other omne)

// k1==k2 is allowed (a is unchanged then)

{
return a ~ ( (1UL<<k1l) ~ (1UL<<k2) );

1.3 Operations on low bits or blocks of a word

The underlying idea of functions that operate on the lowest set bit is that addition and subtraction of 1
always changes a burst of bits at the lower end of the word. The following functions are given in [FXT:
bits/bitlow.h].

Isolation of the lowest set bit is achieved via

static inline ulong lowest_bit(ulong x)
// Return word where only the lowest set bit in x is set.
{/ Return O if no bit is set.

return x & -x; // use: -x == "x + 1

The lowest zero (unset bit) of some word x is then trivially isolated using the equivalent of
lowest_bit( "x ):

static inline ulong lowest_zero(ulong x)

// Return word where only the lowest unset bit in x is set.
// Return 0 if all bits are set.

x = 7x;
return x & -Xx;

Alternatively, one can use either of

return (x ~ (x+1)) & “x;
return ((x =~ (x+1)) >> 1) + 1;
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The sequence of returned values for x = 0, 1, ... is the binary ruler function, the highest power of two

that divides = + 1:

= x lowest_zTro(x)

-
OOO~OUHSWNIFO M

Clearing the lowest set bit in a word can be achieved via

static inline ulong delete_lowest_bit(ulong x)

// Return word were the lowest bit set in x is cleared.

// Return O for input ==
{

return x & (x-1);

while setting the lowest unset bit is done by

static inline ulong set_lowest_zero(ulong x)

// Return word were the lowest unset bit in x is set.
// Return ~0 for input == ~

{

return x | (x+1);

Isolate the burst of low bits/zeros as follows:

static inline ulong low_bits(ulong x)

// Return word where all the (low end) ones are set.
// Example: 01011011 --> 00000011

// Return O if lowest bit is zero:
10110110 --> 0

if ( “OUL==x ) return ~OUL;
return (((x+1)°x) > 1);

and

static inline ulong low_zeros(ulong x)

// Return word where all the (low end) zeros are set.
// Example: 01011000 --> 00000111
// Return 0 if all bits are set.

if ( 0==x ) return ~OUL;
return (((x-1)"x) > 1);

Isolation of the lowest block of ones (which may have zeros to the right of it) can be achieved via:

static inline ulong lowest_block(ulong x)
// Isolate lowest block of ones.

// e.g.:

// x = *x*x¥x011100

// 1 = 00000000100

// y = *x*x*x100000

// x”y = 00000111100

{/ ret = 00000011100
ulong 1 = x & -x; // lowest bit
ulong y = x + 1;
x "=y;

return x & (x>>1);

}

Extracting the index (position) of the lowest bit is easy when the corresponding assembler instruction is

used [FXT: bits/bitasm-amd64.h]:

static inline ulong asm_bsf (ulong x)
{/ Bit Scan Forward

asm ("bsfq %0, %0" : "=r" (x) : "0" (x));
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return Xx;

Without the assembler instruction an algorithm that uses proportional log,(BITS_PER_LONG) can be used,
so the resulting function can be implemented asE] (64-bit version)

static inline ulong lowest_bit_idx(ulong x)
// Return index of lowest bit set.

// Examples:

/ **kx1 —=> 0

/ *%10 -—> 1

/ *100 -—> 2

/ Return 0 (also) if no bit is set.

AN

ulong r = 0;
x &= -x; // isolate lowest bit

if ( x & Oxffffff£ff00000000UL ) r += 32;
if ( x & OxffffOO00ffffOOO0OUL ) r += 16;
if ( x & OxffOOffOOffOOffO0UL ) r += 8;
if ( x & 0xfOfOfOfO0fOfOf0fOUL ) r += 4;
if ( x & OxccccccccccccccecUL ) 1 += 2;
if ( x & OxaaaaaaaaaaaaaaaaUL ) r += 1;

#endif // BITS_USE_ASM
return r;
}

The function returns zero for two inputs, one and zero. If one needs a special value for the input zero,
add a statement like

if ( 1>=x ) return x-1; // 0 if 1, ~0 if O

as first line of the function.
Occasionally one wants to set a rising or falling edge at the position of the lowest bit:

static inline ulong lowest_bit_Oledge(ulong x)

// Return word where a all bits from (including) the
//  lowest set bit to bit 0 are set.

// Return O if no bit is set.

if ( 0==x ) return O;
return x"(x-1);

}

static inline ulong lowest_bit_10edge(ulong x)

// Return word where a all bits from (including) the
//  lowest set bit to most significant bit are set.
{/ Return O if no bit is set.

if ( 0==x ) return O;

x "= (x-1);

// here x == lowest_bit_Oledge(x);
return ~(x>>1);

}
The following function returns the parity of the lowest bit in a binary word

static inline ulong lowest_bit_idx_parity(ulong x)

{
x &= -x; // isolate lowest bit
return (x & OxaaaaaaaaaaaaaaaaUL);
The sequence of values for x = 0,1,2,... is

0010001010100010001000101010001010100010101000100010001010100010. ..

This is the complement of the period-doubling sequence, entry A035263| of [214]. See section [36.5.1] on
page for the connection to the towers of Hanoi puzzle.

2thanks go to Nathan Bullock for communicating this improved version.
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1.4 Isolating blocks of bits and single bits

We give functions for the creation or extraction of bit-blocks, single bits and related tasks.

1.4.1 Creating bit-blocks

The following functions are given in [FXT: bits/bitblock.h].

static inline ulong bit_block(ulong p, ulong n)
// Return word with length-n bit block starting at bit p set.
// Both p and n are effectively taken modulo BITS_PER_LONG.

{
ulong x = (1UL<<n) - 1;
return x << p;

}
A version with indices wrapping around is

static inline ulong cyclic_bit_block(ulong p, ulong n)

// Return word with length-n bit block starting at bit p set.
// The result is possibly wrapped around the word boundary.
// Both p and n are effectively taken modulo BITS_PER_LONG.

{
ulong x = (1UL<<n) - 1;

return (x<<p) | (x>>(BITS_PER_LONG-p));

1.4.2 Isolating single bits or zeros

The following functions are given in [FXT: bits/bitmisc.h].

static inline ulong single_bits(ulong x)
// Return word were only the single bits from x are set.

{
return x & ~( (x<<1) | (x>>1) );

static inline ulong single_zeros(ulong x)
// Return word were only the single zeros from x are set.

{
}

static inline ulong single_values(ulong x)
// Return word were only the single bits and the
//  single zeros from x are set.

{

return single_bits( “x );

return (x ~ (x<<1)) & (x ~ (x>>1));

1.4.3 Isolating single bits or zeros at the word boundary

static inline ulong border_bits(ulong x)
// Return word were only those bits from x are set
//  that lie next to a zero.

return x & ~( (x<<1) & (x>>1) );

static inline ulong border_values(ulong x)

// Return word were those bits/zeros from x are set
//  that lie next to a zero/bit.
{

ulong g = x ~ (x>>1);

g |= (g1);
return g | (x & 1);
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1.4.4 Isolating bits at zero-one transitions

static inline ulong high_border_bits(ulong x)
// Return word were only those bits from x are set
//  that lie right to (i.e. in the next lower bin of) a zero.

{

return x & ( x = (x>>1) );

static inline ulong low_border_bits(ulong x)

// Return word were only those bits from x are set

//  that lie left to (i.e. in the next higher bin of) a zero.
{

return x & ( x = (x<<1) );

1.4.5 Isolating bits or zeros at block boundaries

static inline ulong block_border_bits(ulong x)
// Return word were only those bits from x are set
{/ that are at the border of a block of at least 2 bits.

return x & ( (x<<1) =~ (x>>1) );

static inline ulong low_block_border_bits(ulong x)
// Return word were only those bits from x are set
é/ that are at left of a border of a block of at least 2 bits.

ulong t = x & ( (x<<1) =~ (x>>1) ); // block_border_bits()
return t & (x>>1);

static inline ulong high_block_border_bits(ulong x)
// Return word were only those bits from x are set
//  that are at right of a border of a block of at least 2 bits.

{
ulong t ( (x<<1) =~ (x>>1) ); // block_border_bits()

=x &
return t & (x<<1);

static inline ulong block_bits(ulong x)
// Return word were only those bits from x are set
//  that are part of a block of at least 2 bits.

{
return x & ( (x<<1) | (x>>1) );

1.4.6 Isolating the interior of bit blocks

static inline ulong block_values(ulong x)
// Return word were only those bits/values are set
//  that do not lie next to an opposite value.

{
}

static inline ulong interior_bits(ulong x)

// Return word were only those bits from x are set
//  that do not have a zero to their left or right.
{

return “single_values(x);

return x & ( (x<<1) & (x>>1) );

static inline ulong interior_values(ulong x)

// Return word were only those bits/zeros from x are set
//  that do have a zero/bit to their left or right.

{

return “border_values(x);
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14 Chapter 1: Bit wizardry
1.5 Computing the index of a single set bit

In the function lowest_bit_idx() we first isolated the lowest bit of a word x by first setting x&=-x.
At this point, x contains just one set bit (or x==0). The following lines in the routine implement an
algorithm that computes the index of the single bit set. This section gives some alternative techniques
to compute the index of a single-bit word.

1.5.1 Cohen’s trick

A nice trick is presented in [83]: for N-bit words find a number m so that all powers of two are different
modulo m. That is, the order of two modulo m must be greater or equal to N. We use a table mt [] of
size m that contains the powers of two: mt [(2**j) mod m] = j for 7 > 0 and a special value for 5 = 0.
To look up the index of a one-bit-word x it is reduced modulo m and mt [x] is returned.

modulus 1(1)1= 11

= 1 2 3 4 5 6 7
mt [k]= 0 18 2 4 9 7
Lowest bit == 0: X= ..., 1= 1 x % m= 1 ==> lookup = 0
Lowest bit == 1: b 1. = 2 x % m= 2 ==> lookup = 1
Lowest bit == 2: X= ..., 1.. = 4 x % m= 4 ==> lookup = 2
Lowest bit == 3: x= ....1... = 8 x % m= 8 ==> lookup = 3
Lowest bit == 4: x= ...1.... = 16 x % m= 5 ==> lookup = 4
Lowest bit == 5: x= ..1..... = 32 x % m= 10 ==> lookup = 5
Lowest bit == 6: x= .1...... = 64 x % m= 9 ==> lookup = 6
Lowest bit == 7: x=1....... = 128 x % m= 7 ==> lookup =7

Figure 1.5-A: Determination of the position of a single bit with 8-bit words.

We demonstrate the method for N = 8 where m = 11 is the smallest number with the required property.
The setup routine for the table is

const ulong m = 11; // the modulus
ulong mt[m+1];
static void mt_setup()

{
mt[0] = 0; // special value for the zero word
ulong t = 1;
for (ulong i=1; i<m; ++i)
{
mt[t] = i-1;
t *x= 2;
if (t>=m ) t -=m; // modular reduction
}

The entry in mt [0] will be accessed when the input is the zero word. One can use a special value that the
algorithm will return for input zero. Here we simply used zero in order to always have the same return
value as with lowest_bit_idx (). The computation of the index can then be achieved by

inline ulong m_lowest_bit_idx(ulong x)

{
x &= -x; // isolate lowest bit
x %= m; // power of two modulo m
return mt[x]; // lookup

}

The code is given in the demo [FXT: bits/modular-lookup-demo.cc|, the output with N = 8 (edited for
size) is shown in figure [I.5-A]l The following moduli m(N) can be used for N-bit words:

N: 4 8 16 32 64 128 256 512 1024
m: 5 11 19 37 67 131 269 523 1061

The modulus m(N) is the smallest prime greater than N such that 2 is a primitive root modulo m(N):

for (n=2, 10, N=2"n; \\ N bits per word
forprime (z=N, N+9999,
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if ( znorder(Mod(2,z))>=N, print(N,": ",z);break() )

1.5.2 Using De Bruijn sequences

The following method (given in [I66]) is even more elegant, it uses binary De Bruijn sequences of size N.
A binary De Bruijn sequence of length 2V contains all binary words of length N (see section on
page [833). These are the sequences for 32 and 64 bit, as binary words:

#if BITS_PER_LUNG == 32

const ulong db = 0x4653ADFUL;

// == 00000100011001010011101011011111

const ulong s = 32-5;

#else

const ulong db = 0x218A392CD3D5DBFUL;

// == 0000001000011000101000111001001011001101001111010101110110111111
const ulong s = 64-6;

#endif

db=...1.111 (De Bruijn sequence)

k = 01 2 3 4 5 6 7
dbt[k] = 0 1 2 4 7 3 6 5
Lowest bit == 0: X = ..., 1 db * x = ...1.111 shifted = ........ == 0 ==> lookup = 0
Lowest bit == 1: X = ..., 1. db * x = ..1.111. shifted = ....... 1 ==1 ==> lookup = 1
Lowest bit == 2: X = ..., 1.. db * x = .1.111.. shifted = ...... 1. == 2 ==> lookup = 2
Lowest bit == 3: x=....1... db *» x = 1.111... shifted = ..... 1.1 == 5 ==> lookup = 3
Lowest bit == 4: x=...1.... db * x = .111.... shifted = ...... 11 == 3 ==> lookup = 4
Lowest bit == 5: x=..1..... db * x = 111..... shifted = ..... 111 == 7 ==> lookup = 5
Lowest bit == 6: x=.1...... db * x = 11...... shifted = ..... 11. == 6 ==> lookup = 6
Lowest bit == 7: x=1....... db * x =1....... shifted = ..... 1.. == 4 ==> lookup =7

Figure 1.5-B: Computing the position of the single set bit in 8-bit words with a De Bruijn sequence.
Let w; be the i-th sub-word from the left (high end). We create a table so that the entry with index w;
points to i:

ulong dbt[BITS_PER_LONG];
static void dbt_setup()

for (ulong i=0; i<BITS_PER_LONG; ++i) dbt[ (db<<i)>>s ] =
}

The computation of the index involves a multiplication and a table lookup:

inline ulong db_lowest_bit_idx(ulong x)

{
x &= -x; // isolate lowest bit
x *= db; // multiplication by a power of two is a shift
x >>=s; // use log_2(BITS_PER_LONG) highest bits
return dbt[x]; // lookup

}

The used sequences must start with at least logo(N) — 1 zeros because in the line x *= db the word x
is shifted (not rotated). The code is given in the demo [FXT: |bits/debruijn-lookup-demo.cc|, the output
with N = 8 (edited for size, dots denote zeros) is shown in figure m

1.5.3 Using floating point numbers

Floating point numbers are normalized so that the highest bit in the mantissa is one. Therefore if one
converts an integer into a float then the position of the highest set bit can be read off the exponent.
By isolating the lowest bit before that operation its index can be found by the same trick. However,
the conversion between integers and floats is usually slow. Further, the technique is highly machine
dependent.
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1.6 Operations on high bits or blocks of a word

For the functions operating on the highest bit there is not a way as trivial as with the equivalent task with
the lower end of the word. With a bit-reverse CPU-instruction available life would be significantly easier.
However, almost no CPU seems to have it. The following functions are given in [FXT: bits/bithigh.h].

Isolation of the highest set bit is achieved via the bit-scan instruction when it is available [FXT:
bits/bitasm-1386.h]:

static inline ulong asm_bsr(ulong x)
// Bit Scan Reverse

asm ("bsrl %0, %0" : "=r" (x) : "0" (x));
return Xx;

}
else one may use

static inline ulong highest_bit_Oledge(ulong x)

// Return word where a all bits from (including) the
//  highest set bit to bit 0 are set.

{/ Return O if no bit is set.

x>>1;

x>>2;

x>>4;

x>>8;

x>>16;

#if BITS_PER_LONG >= 64
x |= x>>32;

#endif
return Xx;

}

so the resulting code is

MM MMM

static inline ulong highest_bit(ulong x)
// Return word where only the highest bit in x is set.
// Return O if no bit is set.

{
#if defined BITS_USE_ASM
if ( 0==x ) return O;
x = asm_bsr(x);
return 1UL<<x;
#else
x = highest_bit_Oledge(x);
return x ~ (x>>1);
?endif // BITS_USE_ASM

Trivially, the highest zero can be isolated using highest_bit("x). Thereby

static inline ulong set_highest_zero(ulong x)

// Return word were the highest unset bit in x is set.
// Return ~0 for input == ~0.

{

}
Finding the index of the highest set bit uses the equivalent algorithm as with the lowest set bit:

return x | highest_bit( "x );

static inline ulong highest_bit_idx(ulong x)
// Return index of highest bit set.
// Return O if no bit is set.

#if defined BITS_USE_ASM
return asm_bsr(x);
#else // BITS_USE_ASM

if ( 0==x ) return O;

ulong r = 0;
#if BITS_PER_LONG >= 64

if ((x & (T0UL<<32) ) { x >>=32; r += 32; }
#endif
if ( x & 0xffff0000 ) { x >>= 16; r += 16; }
if ( x & 0x0000ff00 ) { x >= 8; r += 8; }
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0xf0f7 == word
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Figure 1.6-A: Operations on the highest and lowest bits (and blocks) of a binary word for two different
32-bit input words. Dots denote zeros.

if ( x & 0x000000f0 ) { x >>= 4; r += 4; }
if ( x & 0x0000000c ) { x >>= 2; r += 2; }
if ( x & 0x00000002 ) { r+= 1; }
return r;

#endif // BITS_USE_ASM
}

Isolation of the high zeros goes like

static inline ulong high_zeros(ulong x)

// Return word where all the (high end) zeros are set.
// e.g.: 00011001 --> 11100000

// Returns O if highest bit is set:

{/ 11011001 --> 00000000

x>>1;

x>>2;

x>>4;

x>>8;

x>>16;

#if BITS_PER_LONG >= 64
x |= x>>32;

x |
x |
x |
x |
x |

The high bits can be isolated using arithmetical right shift

static inline ulong high_bits(ulong x)

// Return word where all the (high end) ones are set.
// e.g. 11001011 --> 11000000

// Returns O if highest bit is zero:
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18 Chapter 1: Bit wizardry

{/ 01110110 --> 00000000
long y = (long)x;
y &= y>>1;
y &= y>>2;
y &= y>>4;
y &= y>>8;
y &= y>>16;
#if BITS_PER_LONG >= 64
y &= y>>32;
#endif

return (ulong)y;

}
In case arithmetical shifts are more expensive than unsigned shifts, instead use

static inline ulong high_bits(ulong x)
{

}

return high_zeros( “x );

A demonstration of selected functions operating on the highest or lowest bit (or block) of binary words
is given in [FXT: |bits/bithilo-demo.cc|. A part of the output is shown in figure

1.7 Functions related to the base-2 logarithm

The following functions are given in [FXT: bits/bit2pow.h].
The function 1d() that shall return [log,(z)| can be implemented using the obvious algorithm:
static inline ulong ld(ulong x)

// Return k so that 27k <= x < 27 (k+1)
// If x==0 then 0 is returned (!)

ulong k = 0;
while ( x>>=1 ) { ++k; }
return k;

}
And then, 1d() is the same as highest_bit_idx (), so one can use

static inline ulong ld(ulong x)

{
}

The bit-wise algorithm can be faster if the average result is known to be small.

return highest_bit_idx(x);

The function one_bit_q() can be used to determine whether its argument is a power of two:

static inline bool one_bit_q(ulong x)
// Return whether x \in {1,2,4,8,16,...}
{

ulong m = x-1;
return (((x"m)>>1) == m);
The following function does the same except that it returns true also for the zero argument:

static inline bool is_pow_of_2(ulong x)
{/ Return whether x == 0(!) or x == 2%*k

return !(x & (x-1));

Occasionally useful in FFT based computations (where the length of the available FFTs is often restricted
to powers of two) are

static inline ulong next_pow_of_2(ulong x)
// Return x if x=2%xk

// else return 2x*ceil(log_2(x))

// Exception: returns 0 for x==

{
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PER LONG == 64

="x >> 32;
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#if BIT
x |

#endlf

return x + 1;
}
and

static inline ulong next_exp_of_2(ulong x)
// Return k if x=2%xk else return k+1.
// Exception: returns 1 for x==

{
ulong ldx = 1d(x);
ulong n = 1UL<<1ldx; // n<=x
if ( n==x ) return 1ldx;

) else return 1ldx+1;

The following version of next_pow_of_2() can be faster than the one given above if assembler inlines are
used:

static inline ulong next_pow_of_2(ulong x)

{
if ( is_pow_of_2(x) ) return x;
ulong n = 1UL<<1d(x); // n<x
return n<<1;

}

1.8 Counting bits and blocks of a word

If your CPU does not have a bit count instruction (sometimes called ‘population count’) then you
might use an algorithm given in [FXT: bits/bitcount.h|. The following functions need proportional
to log,(BITS_PER_LONG) operations:

static inline ulong bit_count(ulong x)
// Return number of bits set

x = (0x55555555UL & x) + (0x55555555UL & (x>> 1)); // 0-2 in 2 bits

x = (0x33333333UL & x) + (0x33333333UL & (x>> 2)); // 0-4 in 4 bits

x = (0xOf0f0f0fUL & x) + (0xOfO0fOfOfUL & (x>> 4)); // 0-8 in 8 bits

x = (0x00ff00ffUL & x) + (0xO0ffO0ffUL & (x>> 8)); // 0-16 in 16 bits
x = (0x0000ffffUL & x) + (0x0000ffffUL & (x>>16)); // 0-31 in 32 bits
return x;

}

The underlying idea is to do a search via bit masks. The code can be improved to either

x = ((x>>1) & 0x55555555UL) + (x & 0x55555555UL); // 0-2 in 2 bits
x = ((x>>2) & 0x33333333UL) + (x & 0x33333333UL); // 0-4 in 4 bits
x = ((x>>4) + x) & 0x0f0f0fOfUL; // 0-8 in 4 bits
X += x>> 8 // 0-16 in 8 bits
X += x>>16; // 0-32 in 8 bits

return x & Oxff;

r (taken from [I1])
- (x>>1) & 0x55555555UL;

((x>>2) & 0x33333333UL) + (x & 0x33333333UL);
((x>>4) + x) & 0x0f0f0f0fUL;

*= 0x01010101UL;

eturn x>>24;

X
X
X
X
r

Which of the latter two versions is faster mainly depends on the speed of integer multiplication.

For 64-bit words the masks have to be adapted and one more step must be added (example corresponding
to the second variant above):
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x = ((x>>1) & 0x5555555555555555UL) + (x & 0x5555555555555555)UL; // 0-2 in 2 bits
x = ((x>>2) & 0x3333333333333333UL) + (x & 0x3333333333333333)UL; // 0-4 in 4 bits
x = ((x>>4) + x) & 0x0f0f0f0f0f0fOf0fUL; // 0-8 in 4 bits
X += x>> 8; // 0-16 in 8 bits
X += x>>16; // 0-32 in 8 bits
X += x>>32; // 0-64 in 8 bits

return x & Oxff;

The following code (communicated by Johan Rénnblom [priv.comm.]) may be advantageous for 32-bit
systems where loading constants is somewhat expensive:

inline uint CountBits32(uint a)

uint mask = 0111111111110L;
a = (a - ((a&"mask)>>1)) - ((a>>2)&mask);

a += a>>3;
a = (a & 070707) + ((a>>18) & 070707);
a *= 010101;

return ((a>>12) & 0x3f);
}

The following algorithm avoids all branches and may be useful when branches are expensive:

static inline ulong bit_count_01(ulong x)
// Return number of bits in a word
// for words of the special form 00...0001...11
{
ulong ct = 0;
ulong a;
#if BITS_PER_LONG == 64
a = (x & (1UL<<32)) >> (32-5); // test bit 32
X >>= a; ct += a;

a = (x & (1UL<<16)) >> (16-4); // test bit 16
X >>= a; ct += a;

= (x & (1UL<<8)) >> (8-3); // test bit 8
>>= a; ct += a;

= (x & (1UL<<4)) >> (4-2); // test bit 4
>>= a; ct += a;

= (x & (1UL<<2)) >> (2-1); // test bit 2
>>= a; ct += a;

= (x & (1UL<<1)) >> (1-0); // test bit 1
>>= a; ct += a;

ct += x & 1; // test bit O

return ct;

Mo M Mo XN

1.8.1 Sparse counting

When the (average input) word is known to have only a few bits set the following sparse count variant
can be advantageous:

static inline ulong bit_count_sparse(ulong x)
// Return number of bits set.
if ( 0==x ) return O;
ulong n = 0;
do { ++n; } while ( x &= (x-1) );
return n;

}

The loop will execute once for each set bit.

1.8.2 Counting blocks
The number of bit-blocks in a binary word can computed by the following function:
static inline ulong bit_block_count(ulong x)

// Return number of bit blocks.
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// E.g.:

// ..1..11111,..111. -> 3
// ...1..11111...111 -> 3
/.. 1..... 1.1.. >3
{/ ......... 111.1111 > 2

return bit_count( (x"(x>>1)) ) / 2 + (x & 1);

Similarly, the number of blocks with two or more bits can be counted via:

static inline ulong bit_block_ge2_count(ulong x)
// Return number of bit blocks with at least 2 bits.

E.g.:
// ..1..11111, 00111, => 2
// ... 100111110111 -> 2
/oo 1..... 1.1.. >0
{/ ......... 111.1111 > 2

return bit_block_count( x & ( (x<<1) & (x>>1) ) );

1.8.3 GCC builtins *

Newer versions of the C compiler of the GNU Compiler Collection (GCC [I12], starting with version 3.4)
offer a function __builtin_popcountl(ulong) that counts the bits of an unsigned long integer.

We list a few such functions, taken from [I13]:

int __builtin_ffs (unsigned int x)
Returns one plus the index of the least significant 1-bit of x,
or if x is zero, returns zero.

int __builtin_clz (unsigned int x)
Returns the number of leading O-bits in x, starting at the
most significant bit position. If x is O, the result is undefined.

int __builtin_ctz (unsigned int x)
Returns the number of trailing O-bits in x, starting at the
least significant bit position. If x is O, the result is undefined.

int __builtin_popcount (unsigned int x)
Returns the number of 1-bits in x.

int __builtin_parity (unsigned int x)
Returns the parity of x, i.e. the number of 1-bits in x modulo 2.

The names of corresponding versions for arguments of type unsigned long are obtained by adding ‘1’ (ell)
to the names.

1.9 Bit set lookup

There is a nice trick to determine whether a given number is contained in a given subset of the set
{0, 1, 2, ...,BITS_PER_LONG—1}. As an example, in order to determine whether x is a prime less than 32,
one can use the function

ulong m = (1UL<<2) | (1UL<<3) | (1UL<<5) | ... | (1UL<<31); // precomputed
static inline ulong is_tiny_prime(ulong x)
{

return m & (1UL << x);

The same idea applied to lookup tiny factors [FXT: bits/tinyfactors.h|:
static inline bool is_tiny_factor(ulong x, ulong d)
// For x,d < BITS_PER_LONG (!)

// return whether d divides x (1 and x included as divisors)
;5 no need to check whether d==0

return ( 0 != ( (tiny_factors_tab[x]>>d) & 1 ) );
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}
The function uses the precomputed array [FXT: bits/tinyfactors.cc|:

extern const ulong tiny_factors_tab[] =

{
0xOUL, // x = 0: ( bits: ........ )
0x2UL, // x=1: 1 ( bits: ...... 1.)
0x6UL, // x=2: 12 ( bits: ..... 11.)
OxaUL, // x=3: 13 ( bits: ....1.1.)
0x16UL, // x=4: 124 ( bits: ...1.11.)
0x22UL, // x=5: 15 ( bits: ..1...1.)
Ox4eUL, // x=6: 1236 ( bits: .1..111.)
0x82UL, // x=7: 17 ( bits: 1..... 1.)
0x116UL, // x =8: 12438
0x20alUL, // x=9: 139
[--snip--]
0x20000002UL, // x = 29: 1 29
0x4000846eUL, // x =30: 12356 10 15 30
0x80000002UL, // x = 31: 1 31

#if ( BITS_PER_LONG > 32 )
0x100010116UL, // x
0x20000080aUL, // x

32: 1248 16 32
33: 13 11 33

[--snip--]
0x2000000000000002UL, // x = 61: 1 61
0x4000000080000006UL, // x = 62: 1 2 31 62

0x800000000020028aUL /] x
#endif // ( BITS_PER_LONG > 32 )

3

63: 1379 21 63

Bit arrays of arbitrary size are discussed in section [4.6] on page [I52

1.10 Avoiding branches

Branches are expensive operations with many CPUs, especially if the CPU pipeline is very long. The
function in this section avoid branches, they are given in [FXT: bits/branchless.h].

The following function returns max(0, z). That is, zero is returned for negative input, else the unmodified
input:

static inline long max0(long x)

{
return x & ~(x >> (BITS_PER_LONG-1));

There is no restriction on input range. The trick used is that with negative x the arithmetic shift will
give a word of all ones which is then negated and the AND-operation deletes all bits. Similarly:

static inline long minO(long x)
// Return min(0, x), i.e. return zero for positive input

{
return x & (x >> (BITS_PER_LONG-1));

Computation of the average (x + y)/2 of two arguments x and y. The function gives the correct value
even if (z + y) does not fit into a machine word:

static inline ulong average(ulong x, ulong y)

// Return (x+y)/2

// Use the fact that x+y == ((x&y)<<1) + (x7y)

// that is: sum == carries + sum_without_carries

return (x & y) + ((x =~ y) > 1);
}

If it is known that > y then one can alternatively use the statement return y+(x-y)/2.

The following upos_* () functions only work for a limited range. The highest bit must not be set in order
to have the highest bit emulate the carry flag. Branchless computation of the absolute difference |a — b|:
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static inline ulong upos_abs_diff(ulong a, ulong b)

long d1 = b - a;
long d2 = (d1 & (d1>>(BITS_PER_LONG-1)))<<1;
return di1 - 4d2; // == (b - d) - (a + 4d);

Sorting of the arguments:

static inline void upos_sort2(ulong &a, ulong &b)
// Set {a, b} := {min(a, b), max(a,b)}
// Both a and b must not have the most significant bit set

¢ long d = b - a;
d &= (d>>(BITS_PER_LONG-1));
a += d;
b -=d;

}

The following two functions adjust a given values when it lies outside a given range.

static inline long clip_rangeO(long x, long m)
// Code equivalent (for m>0) to:

//  if (%<0 ) x = 0;

// else if ( x>m ) x = m;

// return x;

if ( (ulong)x > (ulongdm ) x =m & “(x >> (BITS_PER_LONG-1));
return Xx;

static inline long clip_range(long x, long mi, long ma)
// Code equivalent to (for mi<=ma):

// if ( x<mi ) x = mi;

// else if ( x>ma ) x = ma;

{ .
X -= mi;
x = clip_rangeO(x, ma-mi);
X += mi;
return Xx;
}

Johan Ronnblom gives the following versions for signed integer minimum, maximum, and absolute value,

that can be advantageous for PPC (G4) CPUs:

#define B1 (BITS_PER_LONG-1) // bits of signed int minus one

#define MINI(x,y) (((x) & (((int)((x)-(y)))>>B1)) + ((y) & ~(((int) ((x)-(y)))>>B1)))
#define MAXI(x,y) (((x) & ~(((int)((x)-(y)))>>B1)) + ((y) & (((int) ((x)-(y))>>B1))))
#define ABSI(x) (((x) & ~(((int) (x))>>B1)) - ((x) & (((int) (x))>>B1)))

1.10.1 Conditional swap

The following statement is compiled with a branch:

if ( a<b ) { ulong t=a; a=b; b=t; } // swap if a < b

// Here: a in Y%rcx, b in Y%rdx

62 000e 4889C8 movq Y%rcx, hrax # X, X

68 0011 4839D1 cmpq %rdx, Jrcx # X, X

69 0014 7306 jae L3 #, // the branch
71 0016 4889D1 movq %rdx, %rcx # X, X

72 0019 4889C2 movq Yrax, %rdx # X, X

73 .L3:

As conditional assignments can be done branchless, an equivalent branchless version is:

{ ulong x=a"b; if (a>=b) { x=0; } a"=x; b =x; } // swap if a < b

255 00af 4889EA movq %rbp, hrdx # a, x

257 00b2 B9000000 movl $0, %ecx #, tmp83

257 00

260 00b7 4831C2 xorq Yrax, %rdx # b, x

261 00ba 4839C5 cmpq hrax, %rbp #b, a

262 00bd 480F43D1 cmovae Y%rcx, Ardx # x,, tmp83, x
263 00c1 4831D5 xorq %rdx, Yrbp #x, a

264 00c4 4831D0 xorq %rdx, %hrax #x, b
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We’d like to have fewer instructions. If one tries
{ ulong ta=a; if (a<b) {a=b; b=ta;} } // swap if a < b

the generated code is identical to the first version. Let’s try [FXT: |bits/cswap.h]:

static inline void cswap_lt(ulong &a, ulong &b)

// Branchless equivalent to:

// if ( a<b ) { ulong t=a; a=b; b=t; } // swap if a < b

{

asm volatile("movq %0, %%ri15 \n" // t=a

"cmpq %0, %1 \n" // cmp a, b
"cmovae %1, %0 \n" // cond a=b
:ﬁmovae %hr15, %1 \n" // cond b=t

: "=r" (a), "=r" (b) // output
:"0" (a), "1" (b) // input
; "r15" // clobber

)

}
Now the machine code looks better:

// Here: a in Yrax, b in %rdx

111 0027 4989C7 movq %rax, %rib # tmp71

112 002a 4839C2 cmpq %rax, %rdx # tmp71, tmp72
113 002d 480F43C2 cmovae %rdx, %rax # tmp72, tmp71
114 0031 490F43D7 cmovae %ril5, rdx # tmp72

Clearly, the relative speed of the three versions depends on the machine used. But it also turns out to
be dependent on the surrounding code. We use bubble sort for benchmarking:

void bubble_sort(ulong *f, ulong n)

while ( n—— > 1)
for (ulong k=0; k<n; ++k) cswap_NN(f[k], f[k+1]);
}

Where we use the three versions of conditional swap for cswap_NN(). We sort an array of length 2'°
twice with each version, once starting with an already sorted array and once with an array that is sorted
in descending order. The ‘plain’ version wins:

cswap_gt_plain(f[k], f[k+1]); // 3.58s
cswap_gt_xor(f[k], fl[k+11); // 6.34s
cswap_gt (£ [k], fl[k+1]); // 5.10s

This is due to the fact that the compiler bypasses the store when no swap happens:

103 0020 488B4808 movq 8(%rax), %rcx #, tmp71
104 0024 488B10 movq (%rax), %rdx #*x f, tmp72
105 0027 4839D1 cmpq %rdx, %rcx # tmp72, tmp71l
106 002a 7307 jae .L7 #,

108 002c 48895008 movq %rdx, 8(%rax) # tmp72,
109 0030 488908 movq %rcx, (%rax) # tmp71,* f
111 L7:

If we change the inner loop to

for (ulong k=0; k<n; ++k)
{

ulong a = f[k], b = f[k+1];
cswap_NN(a, b);
f[k] = a; f[k+1] = b;

}
then we obtain:

cswap_gt_plain(a, b); // 5.78s
cswap_gt_xor(a, b); // 6.22s
cswap_gt(a, b); // 4.68s

Our innocent looking change in the code prevented the compiler from doing its nice trick. The XOR
version is (within timing precision) as slow as before. The assembler version wins because the data is
already in registers. We learn that profiling is an absolute must.
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1.10.2 Your compiler may be smarter than you thought

The machine code generated for

x = x & “(x > (BITS_PER_LONG-1)); // max0()

is
35: 48 99 cqto
37: 48 83 c4 08 add $0x8,%rsp // stack adjustment
3b: 48 £7 42 not fhrdx
3e: 48 21 40 and Yrdx, hrax

The variable x resides in the register rAX both at start and end of the function. The compiler uses a
special (AMDG64) instruction cqto. Quoting [12]:

Copies the sign bit in the rAX register to all bits of the rDX register. The effect of this
instruction is to convert a signed word, doubleword, or quadword in the rAX register into
a signed doubleword, quadword, or double-quadword in the rDX:rAX registers. This action
helps avoid overflow problems in signed number arithmetic.

Now the equivalent
x=(x<070:x); // max0() "simple minded"

is compiled to:

35:  ba 00 00 00 00 mov $0x0, %edx
3a: 48 85 c0 test Yirax,hrax
3d: 48 Of 48 c2 cmovs Y%rdx,%rax // note %edx is %rdx

A conditional move (cmovs) instruction is used here. That is, our optimized version is (on my machine)
actually worse than the straightforward equivalent.

A second example is the function clip_range() above. It is compiled to

0 48 89 8 mov Y%rdi,hrax

3 48 29 f2 sub Yrsi,hrdx

6: 31 c9 xor Yhecx, hecx

8: 48 29 fO sub Yrsi,hrax

b: 78 Oa js 17 <_Z2CL111+0x17> // the branch
d: 48 39 40 cmp %rdx,%hrax

10: 48 89 di mov Y%rdx,hrex

13: 48 Of 4e c8 cmovle Y%rax,jrcx

17: 48 8d 04 Oe lea (%rsi,%rex,1),%rax

Now we replace the code by

inline long clip_range(long x, long mi, long ma)

{ .
X -= mi;
if ( x<0 ) x = 0;
// else // commented out to make (compiled) function really branchless
{
ma -= mi;
if ( x>ma ) x = ma;
}
X += mi;
}
Then the compiler generates branchless code:
0: 48 89 8 mov Y%rdi,%hrax
3: b9 00 00 00 00 mov $0x0, hecx
8: 48 29 fO sub Yrsi,hrax
b: 48 Of 48 c1 cmovs %rcx,hrax
f: 48 29 f2 sub Yrsi,hrdx
12: 48 39 dO cmp %rdx,%hrax
156: 48 0f 4f c2 cmovg %rdx,%rax
19: 48 01 fO add Yrsi,hrax

Still, with CPUs that do not have a conditional move instruction (or some branchless equivalent of it)
the techniques shown in this section can be useful.
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1.11 Bit-wise rotation of a word

Neither C nor C++ have a statement for bit-wise rotation of a binary word (which may be considered a
missing feature). The operation can be ‘emulated’ via [FXT: bits/bitrotate.h]:

static inline ulong bit_rotate_left(ulong x, ulong r)
// Return word rotated r bits to the left
// (i.e. toward the most significant bit)

{
return (x<<r) | (x>>(BITS_PER_LONG-r));

As already mentioned, GCC emits exactly the CPU instruction that is meant here, even with non-constant
argument r. Well done, GCC folks! Explicit use of the corresponding assembler instruction should not
do any harm:

static inline ulong bit_rotate_right(ulong x, ulong r)

// Return word rotated r bits to the right

// (i.e. toward the least significant bit)

{

#if defined BITS_USE_ASM // use x86 asm code
return asm_ror(x, r);

#else
return (x>>r) | (x<<(BITS_PER_LONG-r));

?endif

where we used [FXT: |bits/bitasm-amd64.h]:

static inline ulong asm_ror(ulong x, ulong r)

{
asm ("rorq  %hkcl, %0" : "=r" (x) : "O0" (x), "c" (¥));
return x;

}
Rotations using only a part of the word length are achieved by

static inline ulong bit_rotate_left(ulong x, ulong r, ulong ldn)
// Return ldn-bit word rotated r bits to the left

// (i.e. toward the most significant bit)

{/ Must have 0 <= r <= ldn

ulong m = “OUL >> ( BITS_PER_LONG - 1ldn );

X &= m;
x = (x<<r) | (x>>(1dn-1r));
X &= m;
return Xx;
}
and

static inline ulong bit_rotate_right(ulong x, ulong r, ulong 1ldn)
// Return ldn-bit word rotated r bits to the right

// (i.e. toward the least significant bit)

{/ Must have 0 <= r <= ldn

ulong m = “OUL >> ( BITS_PER_LONG - 1ldn );
X &= m;

x = (x>>r) | (x<<(1dn-r));

X &= m;

return Xx;

}
Finally, the functions

static inline ulong bit_rotate_sgn(ulong x, long r, ulong ldn)
// Positive r --> shift away from element zero

{
if (r > 0 ) return bit_rotate_left(x, (ulong)r, 1ldn);
else return bit_rotate_right(x, (ulong)-r, 1ldn);
}

and (full-word version)

static inline ulong bit_rotate_sgn(ulong x, long r)
// Positive r --> shift away from element zero

{
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if (r > 0 ) return bit_rotate_left(x, (ulong)r);
else return bit_rotate_right(x, (ulong)-r);

are sometimes convenient.

1.12 Functions related to bit-wise rotation *

We give several functions related to cyclic rotations of binary words. The following function determines
whether there is a cyclic right shift of its second argument so that it matches the first argument. It is
given in [FXT: bits/bitcyclic-match.h]:

static inline ulong bit_cyclic_match(ulong x, ulong y)
// Return r if x==rotate_right(y, r) else return ~OUL.

// In other words: return
//  how often the right arg must be rotated right (to match the left)

// or, equivalently:
//  how often the left arg must be rotated left (to match the right)

{
ulong r = 0;
do
if ( x==y ) return r;
y = bit_rotate_right(y, 1);
}
while ( ++r < BITS_PER_LONG );
return “OUL;
}

The functions shown work on the full length of the words, equivalents for the sub-word of the lowest 1dn
bits are given in the respective files. Just one example:

static inline ulong bit_cyclic_match(ulong x, ulong y, ulong ldn)
// Return r if x==rotate_right(y, r, ldn) else return ~OUL
// (using ldn-bit words)

{
ulong r = 0;
do
{
if ( x==y ) return r;
y = bit_rotate_right(y, 1, ldn);
while ( ++r < 1ldn );
return ~OUL;
}

The minimum among all cyclic shifts of a word can be computed via the following function given in [FXT:
bits/bitcyclic-minmax.h]:

static inline ulong bit_cyclic_min(ulong x)
// Return minimum of all rotations of x

ulong r = 1;
ulong m = X;
do
{

x = bit_rotate_right(x, 1);
if (x<m ) m = x;

}
while ( ++r < BITS_PER_LONG );
return m;
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Selecting from all n-bit words those that are equal to their cyclic minimum gives the sequence of the
binary length-n necklaces, see chapter |17 on page For example, with 6-bit words:

word period word period
...... 1 ..11.1 6
..... 1 6 ..1111 6
...11 6 1.1.1 2
.11 6 .1.111 6
... 111 6 11,11 3
100103 .11111 6
.1.11 6 111111 1

The values in each right column can be computed using [FXT: |bits/bitcyclic-period.h]:

static inline ulong bit_cyclic_period(ulong x, ulong ldn)

// Return minimal positive bit-rotation that transforms x into itself.
// (using ldn-bit words)

// The returned value is a divisor of ldn.

ulong y = bit_rotate_right(x, 1, 1ldn);
return bit_cyclic_match(x, y, 1ldn) + 1;

}

It is possible to completely avoid the rotation of partial words: let d be a divisor of the word length n.
Then the rightmost (n — 1) d bits of the word obtained as x~(x>>d) are zero exactly if the word has
period d. Thereby we can use the following function body:

ulong sl = BITS_PER_LONG-1dn;
for (ulong s=1; s<ldn; ++s)

++sl;
if ( 0==( (x~(x>>s)) << sl ) ) return s;

}
return ldn;
Testing for periods that are not divisors of the word length can be avoided as follows:

ulong f = tiny_factors_tab[1ldn];
ulong sl = BITS_PER_LONG-1ldn;
for (ulong s=1; s<ldn; ++s)
++s1;
f >>=1;
if ( 0==(f&1) ) continue;
if ( 0==( (x~(x>>s)) << sl ) ) return s;

}

return ldn;
The table of tiny factors used is shown in section [T.9] on page
The version for 1dn==BITS_PER_LONG can be optimized similarly:

static inline ulong bit_cyclic_period(ulong x)
// Return minimal positive bit-rotation that transforms x into itself.
// (same as bit_cyclic_period(x, BITS_PER_LONG) )

//
// The returned value is a divisor of the word length,
// i.e. 1,2,4,8,...,BITS_PER_LONG.
{
ulong r = 1;
do
{
ulong y = bit_rotate_right(x, r);
if ( x==y ) return r;
r <<= 1;

X
while ( r < BITS_PER_LONG );

return r; // == BITS_PER_LONG
}

A related function computes the cyclic distance between two words [FXT: bits/bitcyclic-dist.h]:

inline ulong bit_cyclic_dist(ulong a, ulong b)
// Return minimal bitcount of (t ~ b)
// where t runs through the cyclic rotationms.
{

ulong d = "OUL;
ulong t = a;
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do
{
ulong z t 7 b;
ulong e bit_count( z );
if (e<d) d=e;
t = bit_rotate_right(t, 1);

}
while ( t!=a );
return d; // not reached

b
The functions [FXT: bits/bitcyclic-xor.h]

static inline ulong bit_cyclic_rxor(ulong x)

{
}

and

return x ~ bit_rotate_right(x, 1);

static inline ulong bit_cyclic_lxor(ulong x)

{

return x "~ bit_rotate_left(x, 1);

return a word where the number of bits is even. In order to produce a random value with an even number
of set bits one can use either variant. If the bit count shall be odd, XOR the value with oneE| afterwards.

Iterated application always ends in a cycle, two examples using 6-bit words are:

i%1111

17170 <--= cycle start
1111, .

1...1,

11,.11

1.1

..1111 <--= cycle end
1.1...

111, .

1001

.11.11 <--= cycle start
11,11,

1.11.1 <--= cycle end
11.11

........ <--= cycle start == cycle end
Cyclic shifts of a word produce cyclic shifts of the same cycle of words. A word and its complement
produce the same result.

The inverse functions need no rotation at all, the inverse of bit_cyclic_rxor () is the inverse Gray code
(see section on page [36)):

static inline ulong bit_cyclic_inv_rxor(ulong x)
// Return v so that bit_cyclic_rxor(v) == x.

{
}

return inverse_gray_code(x);

The argument x must have an even number of bits. If this is the case then the lowest bit of the result is
zero. The complement of the returned value is also an inverse of bit_cyclic_rxor().

The inverse of bit_cyclic_lxor() is the inverse reversed code (see section [1.15.6{on page :

static inline ulong bit_cyclic_inv_lxor(ulong x)
// Return v so that bit_cyclic_lxor(v) == x.

3 Actually any value with an odd number of set bits will do for the XOR.
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{
}

return inverse_rev_gray_code(x);

We do not need to mask out the lowest bit because for valid arguments (that have an even number of bits)
the high bits of the result are zero. This function can be used to solve the quadratic equation v +v = x
in the finite field GF(2") when normal bases are used, see page

1.13 Reversing the bits of a word

The bits of a binary word can efficiently be reversed by a sequence of steps that reverse the order of
certain blocks. For 16-bit words, we need 4 = log,(16) such steps [FXT: bits/revbin-steps-demo.cc]:

[0123456789abcdef]
[1032547698badcfe] <--=pairs swapped
[32107654ba98fedc] <--=groups of 2 swapped
[76543210fedcba98] <--=groups of 4 swapped
[fedcba98765432107] <--=groups of 8 swapped

1.13.1 Swapping adjacent bit blocks

We need a couple of auxiliary functions given in [FXT: bits/bitswap.h|. Pairs of adjacent bits can be
swapped via

static inline ulong bit_swap_1(ulong x)
// Return x with neighbour bits swapped.

{
#if BITS_PER_LONG == 32
ulong m = 0x55555555UL;

#else
#if BITS_PER_LONG == 64

ulong m = 0x5555555555555555UL

#endif
#endif

return ((x & m) << 1) | ((x & Cm)) > 1);
The 64-bit branch is omitted in the following examples. Adjacent groups of 2 bits are swapped by

static inline ulong bit_swap_2(ulong x)
// Return x with groups of 2 bits swapped.

ulong m = 0x33333333UL;
return ((x & m) << 2) | ((x & ("m)) >> 2);

Equivalently,

static inline ulong bit_swap_4(ulong x)
// Return x with groups of 4 bits swapped.

ulong m = 0x0f0f0f0fUL;
return ((x & m) << 4) | ((x & (Cm)) > 4);

and

static inline ulong bit_swap_8(ulong x)
// Return x with groups of 8 bits swapped.

ulong m = 0x00f£f00ffUL;
return ((x & m) << 8) | ((x & ("m)) > 8);

When swapping half-words (here for 32-bit architectures)

static inline ulong bit_swap_16(ulong x)
// Return x with groups of 16 bits swapped.

{
ulong m = 0x0000ffffUL;
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return ((x & m) << 16) | ((x & (m<<16)) >> 16);

GCC is clever enough to recognize that the whole operation is equivalent to a (left or right) word
rotation and indeed emits just a single rotate instruction. We could also use the bit-rotate function from

section [I.11] on page [26] or

return (x << 16) | (x >> 16);

1.13.2 Bit-reversing binary words

The shown functions are taken from [FXT: bits/revbin.h|. The following is a 64-bit version of revbin()

static inline ulong revbin(ulong x)
// Return x with bitsequence reversed
{
bit_swap_1(x);
bit_swap_2(x);
bit_swap_4(x);
bit_swap_8(x);
bit_swap_16(x);
#if BITS_PER_LONG >= 64

x = bit_swap_32(x);

#endif
return x;
}

MM MMM
LI | | N T |

For 32-bit machines the bit_swap_32() line would have to be omitted.

The steps after bit_swap_4() correspond to a byte-reverse operation. This operation is just one assembler
instruction for many CPUs (‘bswap’). The inline assembler with GCC for AMD64 CPUs is given in [FXT:
bits/bitasm-amd64.h):

static inline ulong asm_bswap(ulong x)

{
asm ("bswap %0" : "=r" (x) : "O" (x));
return x;

}
We use it for byte reversion when available:

static inline ulong bswap(ulong x)
// Return word with reversed byte order.

{
#ifdef BITS_USE_ASM

x = asm_bswap(x) ;
#else

X = bit_swap_8(x);

X = bit_swap_16(x);
#if BITS_PER_LONG >= 64

X = bit_swap_32(x);
#endif

#endif // def BITS_USE_ASM
return Xx;
}

The function actually used for bit reversion is good for both 32 and 64 bit words:

static inline ulong revbin(ulong x)

{
x = bit_swap_1(x);
x = bit_swap_2(x);
x = bit_swap_4(x);
x = bswap(x);
return Xx;

}

One can generate the masks in the process as follows:

static inline ulong revbin(ulong x)

ulong s = BITS_PER_LONG >> 1;
ulong m = “OUL >> s;
while ( s )
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return Xx;

}

Chapter 1: Bit wizardry

Note that the above function will not always beat the obvious, bit-wise algorithm:

static inline ulong revbin(ulong x)

{
ulong r = 0, 1ldn = BITS_PER_LONG;

¥hile ( 1dn-- '= 0 )
r <<= 1;
r += (x&1);
x >>= 1;

return r;

}

Therefore the function

static inline ulong revbin(ulong x, ulong ldn)
// Return word with the ldn least significant bits

//  (i.e. bit_ 0 ...
//  the other bits are set to zero.

{

bit_{1dn-1}) of x reversed,

return revbin(x) >> (BITS_PER_LONG-1dn);

should only be used when 1dn is not too small, else replaced by the trivial algorithm.

One can also use table lookups methods so that, for example, eight bits are reversed at a time using a
256-byte table. We give the routine for full words:

unsigned char revbin_tab[256]; // reversed 8-bit words

ulong revbin_t(ulong x)

{
ulong r = 0;
for (ulong k=0; k<BYTES_PER_LONG; ++k)
{
r <<= 8;
r |= revbin_tab[ x & 255 ];
X >>= 8;
return r;
}

The routine can be optimized by unrolling to

static inline ulong revbin_t (ulong x)

{

ulong r = revbin_tab[ x & 255 1;

r <<= 8; r |= revbin_tabl[ x & 255 1;

r <<= 8; r |= revbin_tab[ x & 255 ];
#if BYTES_PER_LONG > 4

r <<= 8; r |= revbin_tab[ x & 255 ];

r <<= 8; r |= revbin_tab[ x & 255 ];

r <<= 8; r |= revbin_tabl[ x & 255 1;

r <<= 8; r |= revbin_tabl[ x & 255 ];
#endif

r <<= 8; r |= revbin_tabl[ x ];

return r;

avoid all branches:

>>=
>>=

™

s}

>>=
>>=
>>=
>>=

00 00 00O 00 00 00 0O

MM XM

However, reversing the first 230 binary words with this routine takes (on a 64-bit machine) longer than
with the routine using the bit_swap_NN() calls, see [FXT: bits/revbin-tab-demo.cc].

Bit-hacker’s life would be easier if there was a CPU instruction for reversing a binary word.
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1.13.3 Generating the bit-reversed words in order

If the bit-reversed words have to be generated in the (reversed) counting order then there is a significantly
cheaper way to do the update [FXT: bits/revbin-upd.h]:

static inline ulong revbin_upd(ulong r, ulong h)

// Let n=2%x1dn and h=n/2.

// Then, with r == revbin(x, 1dn) at entry, return revbin(x+1l, 1ldn)
// Note: routine will hang if called with r the all-ones word

while ( !'((xr"=h)&h) ) h >>= 1;
return r;

Now assume we want to generate the bit-reversed words of all N = 2" words smaller than 2. The total
number of branches with the while-loop can be estimated by observing that for half of the updates just
one bit changes, for a quarter two bits change, three bits change for one eighth of all updates, and so on.
Thereby the loop executes less than 2 N times:

1 2 3 4 logy(N) j

Nil-+-F+=-F+—4+ 4+ ——— = N = 2N 1.13-1
(2 + 4 + 8 + 16 ot N < ( )

Observing that the updates that involve a single bit change occur at every second step we can avoid half

of all branches.

For large vales of IV the following method can be significantly faster if a fast routine is available for the

computation of the least significant bit in a word. The underlying observation is that for a fixed word of

size n there are just n different patterns of bit-changes with incrementing. We generate a lookup table
of the bit-reversed patterns, utab[], an array of BITS_PER_LONG elements:

inline void make_revbin_upd_tab(ulong 1ldn)
// Initialize lookup table used by revbin_tupd()

utab[0] = 1UL<<(1ldn-1);
for (ulong k=1; k<ldn; ++k) wutabl[k] = utabl[k-1] | (utabl[k-1]1>>1);
}

The change patterns for n = 5 start as

pattern reversed pattern

Ll 1....
11 11...
sl 1...
L1171 111.
.01 1...
11 11..
R 1...
L1111 1111
.01 1....
11 11

The crucial observation is that the pattern with x set bits is used for the update of k£ to k + 1 when the
lowest zero of k is at position x — 1:

used when the lowest
reversed zero of k is at index:
1....

utab[0]= . 0
utab[1]= 11... 1
utab[2]= 111.. 2
utab[3]= 1111. 3
utab[4]= 11111 4

The update routine can now be implemented as

inline ulong revbin_tupd(ulong r, ulong k)

// Let r==revbin(k, 1ldn) then

// return revbin(k+1, 1ldn).

// NOTE 1: need to call make_revbin_upd_tab(ldn) before usage
// where ldn=log_2(n)

// NOTE 2: different argument structure than revbin_upd()

k = lowest_bit_idx("k); // lowest zero idx

r "= utablk];
return r;
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The revbin-update routines are used for the revbin permutation described in section

30 bits | 16 bits | 8 bits
Update, bit-wise 1.00 1.00 1.00 revbin_upd()
Update, table 0.99 1.08 1.15 revbin_tupd ()
Full, masks 0.74 0.81 0.86 revbin()
Full, 8-bit table 1.77 1.94 2.06 revbin t()
Full32, 8-bit table 0.83 0.90 0.96 revbin t_1e32()
Fulll6, 8-bit table — 0.54 0.58 revbin t_lel6()
Full, generated masks 2.97 3.25 3.45 [page [31
Full, bit-wise 8.76 5.77 2.50 | [page 32

Figure 1.13-A: Relative performance of the revbin-update and (full) revbin routines. The timing of
the bit-wise update routine is normalized to one. Values in each column should be compared, smaller
values correspond to faster routines. A column labeled “N bits” gives the timing for reversing the N

least significant bits of a word.

The relative performance of the different revbin routines is shown in figure As a surprise, the
full-word revbin function is consistently faster than both of the update routines. This is mainly due
to the fact that the machine used (see appendix [A| on page has a byte swap instruction. As the
performance of table lookups is highly machine dependent your results can be very different.

1.13.4 Alternative techniques for in-order generation

The following loop, due to Brent Lehmann [priv.comm.], also generates the bit-reversed words in succes-

sion:
ulong n = 32; // a power of two
ulong p = 0, s = 0, n2 = 2*n;
do

// here: s is the bit-reversed word

p+=2;
s "=n- (n/ (p&-p));

}
while ( p<n2 );

The revbin-increment is branchless but involves a division which usually is an expensive operation. With
a fast bit-scan function the loop should be replaced by

do
{

p =1
s "=n -

}
while ( p<n );

(n >> (lowest_bit_idx(p)+1));

A recursive algorithm for the generation of the bit-reversed words in order is given in [FXT: bits/revbin-

rec-demo.cc]:

ulong N;
void revbin_rec(ulong f, ulong n)
{

// visit( £ )

for (ulong m=N>>1; m>n; m>>=1)

}

revbin_rec(f+m, m);

One has to call revbin_rec(0, 0) to generate all N-bit bit-reversed words.

A technique to generate all revbin pairs in a pseudo random order is given in section [39.3| on page [837]
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1.14 Bit-wise zip

The bit-wise zip (bit-zip) operation moves the lower half bits to even indices and higher half bits to odd
indices. For example, with 8-bit words the permutation of bits is (see section on page :

[abcdABCD] |[->[aAbBcCdD]
A straightforward implementation is
ulong bit_zip(ulong a, ulong b)

ulong x = 0;

ulong m 1, s = 0;
for (ulong k=0; k<(BITS_PER_LONG/2); ++k)

x |= (a & m) << s;
++s;

x |= (b & m) << s;
m <<= 1;

return Xx;

}

Its inverse (bit-unzip) moves even indexed bits to the lower half-word and odd indexed bits to the higher
half-word:

void bit_unzip(ulong x, ulong &a, ulong &b)

{
a=0; b=0;
ulong m =1, s = 0;
for (ulong k=0; k<(BITS_PER_LONG/2); ++k)
{
a|l= (x & m) > s;
++s;
m <<= 1;
b l= (x & m) > s;
m <<= 1;
}
}

The optimized versions (see [FXT: bits/bitzip.h]), using ideas similar to those in revbin() and
bit_count(), are

static inline ulong bit_zip(ulong x)

{
#if BITS_PER_LONG == 64
x = butterfly_16(x);

#endif
X = butterfly_8(x);
X = butterfly_4(x);
x = butterfly_2(x);
X = butterfly_1(x);

return Xx;

}
and

static inline ulong bit_unzip(ulong x)
{
butterfly_1(x);
butterfly_2(x);
butterfly_4(x);
butterfly_8(x);
#if BITS_PER_LONG == 64

X = butterfly_16(x);

#endif
return Xx;
}

Both use the butterfly_*()-functions which are defined in [FXT: bits/bitbutterfly.h]:

[ B ]

static inline ulong butterfly_4(ulong x)

{
#if BITS_PER_LONG == 64
const ulong ml = 0x0£000£000£000£00UL;
#else
const ulong ml = 0x0f000£00UL;
#endif
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const ulong s = 4;

const ulong mr = ml >> s;

const ulong t = ((x & ml) > s ) | ((x & mr) << s );
x=(x& "(ml | mr)) | t;

return x;

}

Laszlo Hars suggests [priv.comm.] the following routine (version for 32-bit words), which can be obtained
by making the compile-time constants explicit:

inline uint32 bit_zip(uint32 x)

{
x = ((x & 0x0000ff00) << 8) | ((x >> 8) & 0x0000ff00) | (x & 0xff0000ff);
x = ((x & 0x00£f000£f0) << 4) | ((x >> 4) & 0x00f000f0) | (x & O0xf00ff00f);
x = ((x & 0x0c0c0cOc) << 2) | ((x >> 2) & 0x0c0c0cOc) | (x & 0xc3c3c3c3);
x = ((x & 0x22222222) << 1) | ((x > 1) & 0x22222222) | (x & 0x99999999);
return x;

}

Functions that zip/unzip the bits of (the lower half of) two words are

#define BPLH (BITS_PER_LONG/2)

static inline ulong bit_zip2(ulong x, ulong y)
// Two-word version:

// only the lower half of x and y are merged
{

}
and

return bit_zip( (y<<BPLH) + x );

static inline void bit_unzip2(ulong t, ulong &x, ulong &y)
// Two-word versiomn:
// only the lower half of x and y are filled

{
t = bit_unzip(t);
y = t >> BPLH;
x =t ~ (y<<BPLH);
}

1.15 Gray code and parity

The Gray code of a binary word can easily be computed by [FXT: |bits/graycode.h]

static inline ulong gray_code(ulong x)

{

return x = (x>>1);

Gray codes of consecutive values differ in one bit. Squared Gray codes of consecutive values differ in one
or two bits. Gray codes of values that have a difference of a power of two differ in two bits. Gray codes
of even/odd values have an even/odd number of bits set, respectively. This is demonstrated in [FXT:

bits/gray2-demo.cc|, whose output is given in figure [1.15-A

In order to produce a random value with an even/odd number of bits set, set the lowest bit of a random
number to zero/one, respectively, and take the Gray code.

Computing the inverse Gray code is slightly more expensive. Understanding the Gray code as ‘bit-wise
difference modulo 2’ leads to the idea of computing the ‘bit-wise sums modulo 2’ for the inverse:

static inline ulong inverse_gray_code(ulong x)

{
// VERSION 1 (integration modulo 2):
ulong h=1, r=0;
do
{
if (x & 1) zr°=h;
x >>= 1;
h = (h<<1)+1;

}
while ( x!=0 );
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k: bin (k) gk) glgk)) g(2xk)  g(2%k+1)
O: L o s e e, 1
1. L 1 1 1 11 ... 1.
2: L. 1. ... 1 1. T B i
3 L. 11 ... 1. ... 11 o011 R
4: R B R R § R LoW1101
5: o011 Loo111 R L0111 Lo0111.
6: o011, ...1.1 o111 PP R ...1.11
7: o111 .1 R 01001 T
8: R R 11, o101, B A, 11001
9: 1001 111 o111 o111 G111,
10: .11, 1111 N L 1111, o11111
11: ..1.11 o111, R | o111 B
12: B I A B A L1111 P R 10101
13: 1101 .1.11 o111, .1.0111 ..1.11.
14: o111, 1001 R | P A .11
15: oo 1111 1o oW1t 10001 B
16: B 11, R R A1, 10001
17: 10001 11001 ..1.1.1 110011 11001,
18: B A 11011 1011, 11011, 11,111
19: B R I .11.1. .1.111 .11.1.1 11,1,
20: G101, L 1111, B P | L1111, . 111101
21: ..1.1.1 11111 R 111111 11111,
22: .1.11. 11101 R R | 11101, 111011
23: 01,111 o111 ..1..1. 11001 11,
24: S A, S R 1111, .01, 1.1..1
25: 11001 ..1.1.1 11111 1.1.11 1.1.1.
26: B A .1.111 B L1.111. .1.1111
27: G111 L.1011. 11101 101101 1011,
28: B S R 11011 1001, 1..1.1
29: 11101 .11 R N 100111 .1..11.
30: L 1111, 10001 11001 10001, 100011
31: 11111 R A1, 10001 B

Figure 1.15-A: Binary words, their Gray code, squared Gray code, and Gray codes of even and odd
values.

return r;

For n-bit words, n-fold application of the Gray code gives back the original word. Using the symbol G
for the Gray code (operator) we have G™ = id, so G" 1 o G =1id = G~! o G. That is, applying the Gray
code computation n — 1 times gives the inverse Gray code. Thus we can simplify to

// VERSION 2 (apply graycode BITS_PER_LONG-1 times):

ulong r = BITS_PER_LONG;

while ( --r ) x "= x>>1;

return Xx;
Applying the Gray code twice is identical to x~=x>>2;, applying it four times is x"=x>>4;, and the idea
holds for all powers of two. This leads to the most efficient way to compute the inverse Gray code:

// VERSION 3 (use: gray ** BITSPERLONG == id):

x "= x>>1; // gray ** 1

X "= x>>2; // gray ** 2

X "= x>>4; // gray ** 4

x "= x>>8; // gray ** 8

X "= x>>16; // gray *x 16
// here: x = gray**31(input)

// note: the statements can be reordered at will
#if BITS_PER_LONG >= 64
x "= x>>32; // for 64bit words

#endif
return Xx;

1.15.1 The parity of a binary word

The parity of a word is its bit-count modulo two. The inverse Gray code of a word contains at each bit
position the parity of all bits of the input left from it (including itself). Thereby we use the lowest bit
[FXT: bits/parity.h]:

static inline ulong parity(ulong x)
// return 1 if the number of set bits is even, else 0
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return inverse_gray_code(x) & 1;

}

Be warned that the parity bit of many CPUs is the complement of the above. With the x86-architecture
the parity bit only takes in account the lowest byte, therefore [FXT: bits/bitasm-i386.h]:

static inline ulong asm_parity(ulong x)
{
x "= (x>>16);
x "= (x>>8);
asm ("addl $0, %0 \n"
"setnp %%al \n"
"movzx %hal, %HO"
R (X) conon (X) : lleaxll);
return x;

The equivalent code for the AMD64 CPU is [FXT: bits/bitasm-amd64.h]:

static inline ulong asm_parity(ulong x)
{
(x>>32);
(x>>16) ;
(x>>8);
sm ("addq $0, %0 \n"
"setnp %%al \n"
"movzx %%al, %0"
R (X) oo (X) : "eaxll);
return x;

X
X
X
a

1.15.2 Byte-wise Gray code and parity

A byte-wise Gray code can be computed using (32-bit version)

static inline ulong byte_gray_code(ulong x)
// Return the Gray code of bytes in parallel

{
return x - ((x & Oxfefefefe)>>1);

Its inverse is

static inline ulong byte_inverse_gray_code(ulong x)
// Return the inverse Gray code of bytes in parallel

{
x "= ((x & OxfefefefeUL)>>1);
x "= ((x & OxfcfcfcfcUL)>>2);
x "= ((x & 0xfOf0f0fOUL)>>4);
return Xx;

}

Thereby

static inline ulong byte_parity(ulong x)
// Return the parities of bytes in parallel
{

}

return byte_inverse_gray_code(x) & 0x01010101UL;

1.15.3 Incrementing (counting) in Gray code

Let g(k) be the Gray code of a number k. We are interested in efficiently generating g(k + 1). Using the
observation shown in figure we can implement a fast Gray counter if we use a spare bit to keep
track of the parity of the Gray code word. The following routine does this [FXT: bits/nextgray.h|:

inline ulong next_gray2(ulong x)

// With input x==gray_code(2xk) the return is gray_code(2xk+2).
// Let x1 be the word x shifted right once

// and il its inverse Gray code.

// Let rl be the return r shifted right once.
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k g k) g (2%k) gk) p diff p set

O s i i e e

10 oo 1 .. B 11 ..., +1 {0}

2: ..., 11 Lo 11 o110 R {0, 1}

3: ..., 1. PR R | B R | Loel1-1 {1}

4 L. 11, Lou11. N R R 3 {1, 2}

5 .. 111 L0111 Loa11101 o114+ {0, 1, 2}

6 ..1.1 T R Loa101 . Loo1-1 {0, 2}

7 R PR R | B R | oo1-1 {2}

8 1., B s R s R {2, 3}

9 L1101 .11.011 L1101 01 110+ {0, 2, 3%}
10 L1111 L 1111, L.1111 . R o {0, 1, 2, 3}
11 L 111, ..11101 o111 01 L.111- 1 {1, 2, 3%}
12 1.1, R R R B T Lo1-10 . {1, 3}

13 .1.011 L.10111 .1.11 1 o101+ {0, 1, 3%}
14: PR R | 1001, 1001 R R {0, 3}
15: R PR | B P | 1..-1 {3}

16: R s 1., B B {3, 4}
17: PR I A | 11,0011 LJ11..1 1 JA1..+01 {0, 3, 4}

Figure 1.15-B: The Gray code equals the Gray code of doubled value shifted to the right once. Equiv-
alently, we can separate the lowest bit which equals the parity of the other bits. The last column shows
that the changes with each increment always happen one position left of the rightmost bit.

// Then rl = gray_code(il+l).
// That is, we have a Gray code counter.
// The argument must have an even number of bits.

{ -
x "= 1;
x "= (lowest_bit(x) << 1);
return x;

To obtain a Gray counter, start with x=0, increment with x=next_gray2(pg) and use the words g=x>>1:

ulong x = 0;
for (ulong k=0; k<n2; ++k)

{

ulong g = x>>1;

x = next_gray2(x);

// here: g == gray_code(k);
}

This is shown in [FXT: |bits/bit-nextgray-demo.cc].
To start at an arbitrary (Gray code) value g compute
x = (g<<1) " parity(g)
in order to use the statement x=next_gray2(x) for later increments.

If one works with a set whose elements are the set bits in the Gray code then the parity is the set size k
modulo two. The increment can then be achieved as follows: if k is even then, if the first element is zero,
then remove it, else prepend the element zero. If k is odd then, if the first element equals the second
minus one, then remove the second element, else insert at the second position the element equal to the
first element plus one. Further, the decrement is obtained by simply swapping the actions for even and
odd parity.

If one works with an array that contains the elements of the set it is more convenient to actually do
the described operations at the end of the array. This leads to the (loopless) algorithm for subsets in
minimal-change order that is given in section [8.2] on page [I93]

1.15.4 The Thue-Morse sequence

The sequence of parities of the binary words,
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011010011001011010010110011010011001011001101001. ..

is called the Thue-Morse sequence (entry A010060| of [214]). It appears in various seemingly unrelated
contexts, see [8] and section on page

The sequence can be generated with [FXT: class thue morse in bits/thue-morse.h]:

class thue_morse
// Thue-Morse sequence

i .

public:
ulong k_;
ulong tm_;

public:
thue_morse(ulong k) { init(k); }
“thue_morse() { ; }

ulong init(ulong k)
k_ = k;
tm_ = parity(k_);
return tm_;

}
ulong data() { return tm_; }

ulong next()

ulong x = k_ ~ (k_ + 1);

++k_;

x "= x>>1; // highest bit that changed with increment

x &= 0xb5555555555555555UL; // 64-bit version

tm_ "= ( x!=0 ); // change if highest changed bit was at even index
return tm_;

¥
};

The rate of generation is about 435 million per second (5 cycles per update) [FXT: bits/thue-morse-
demo.cc].

1.15.5 The Golay-Rudin-Shapiro sequence *

++

+++-

+++— -+

+4t— F+—+ - ——4—

B I e Sl T o e e B R e T

+H+— =t Htt— ——t— ot b+ ———+ =+ bt ot b ot

3, 6, 11,12,13,15, 19, 22,

Figure 1.15-C: A construction for the GRS sequence.

The function [FXT: bits/grsnegative.h]

static inline ulong grs_negative_q(ulong x)

{
}

returns one for indices where the Golay-Rudin-Shapiro sequence (or GRS sequence) has a negative value.
The function returns one for x in the sequence

3, 6, 11, 12, 13, 15, 19, 22, 24, 25, 26, 30, 35, 38, 43, 44, 45,

47, 48, 49, 50, 52, b3, 55, 59, 60, 61, 63, 67, 70, 75, 76

79, 83, 86, 88, 89, 90, 94, 96, 97, 98, 100, 101, 103, 104: 106,
106, 110, 115, 118, 120, 121, 122, 126, 131, 134, 139, 140,

This is sequence A020985 of [214], see also section on page

return parity( x & (x>>1) );

The sequence can be obtained by starting with a sequence of two ones and in each step appending the
left half and the negated right half of the values so far, see figure
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The algorithm counts the bit-pairs modulo 2. Note that the sequence [1111] contains three bit-pairs:
[11..], [.11.] and [..11]. The function proves to be useful in specialized versions of the fast Fourier-
and Walsh transform, see section on page

1.15.6 The reversed Gray code

111.1111. 1111 ................ = 0xef0f0000 == word
B gray_code

= rev_gray_code
1.11.1.11111.1.11111111111111111 = inverse_gray_code

1.1..1.1..... T inverse_rev_gray_code
1. 1111 .1111111111111111 = O0x10£f0£ffff == word
ST D U DA B = gray_code
Al e 1 = rev_gray_code
11411.1.11141.1.1.1.1.1.1.1.1 = inverse_gray_code
1111 ..... 1.1..... 1.1.1.1.1.1.1.1 = inverse_rev_gray_code
...... ... = 0x2000000 == word
...... 1. oo oo ..., = gray_code
..... 1. .. ... .......... = rev_gray_code
...... 11111111111111111111111111 = inverse_gray_code
. = inverse_rev_gray_code
111111.1111111111111111111111111 = Oxfdffffff == word
1..... e = gray_code
..... 1. o oo oo .. 1 = Trev_gray_code
1.1.1..1.1.1.1.1.1.1.1.1.1.1.1.1 = inverse_gray_code
1.1.1.11.1.1.1.1.1.1.1.1.1.1.1.1 = inverse_rev_gray_code

Figure 1.15-D: Four examples of the Gray code, reversed Gray code and their inverses with 32-bit
words.

We define the reversed Gray code to be the bit-reversed word of the Gray code of the bit-reversed word.
That is,

rev_gray_code(x) := revbin(gray_code(revbin(x)))

It turns out that the corresponding functions are identical to the Gray code versions up to the reversed
shift operations (C-language operators ‘>>’ replaced by ‘<<’). Thereby, computing the reversed Gray code
is as easy as [FXT: bits/revgraycode.h]:

static inline ulong rev_gray_code(ulong x)

{

return x ~ (x<<1);

Its inverse is

static inline ulong inverse_rev_gray_code(ulong x)

{
// use: rev_gray ** BITSPERLONG == id:

X "= x<<1; // rev_gray ** 1
X "= x<<2; // rev_gray ** 2
x "= x<<4; // rev_gray *x 4
X "= x<<8; // rev_gray *x 8
X "= x<<16; // rev_gray *x 16
// here X = rev_gray*+*31(input)

// note: the statements can be reordered at will
#if BITS _PER_LONG >= 64
x "= x<<32; // for 64bit words

#endif
return Xx;
}

Some examples with 32-bit words are shown in figure [1.15-D| The inverse reversed Gray code contains at
each bit position the parity of all bits of the input right from it, including the bit itself. Especially, the
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word parity can be found in the highest bit of the inverse reversed Gray code.
The reversed Gray code preserves the lowest set bit while the Gray code preserves the highest.

Let G—! and E~! be the inverse Gray- and reversed Gray code of X, respectively. Then the bit-wise sum
(XOR) of G=! and E~! equals X if the parity of X is zero, else it equals the complement X.

We note that taking the reversed Gray code of a binary word corresponds to multiplication with the
binary polynomial x + 1, and the inverse reversed Gray code is a method for fast exact division by =+ 1,

see section [38:1.6] on page [798]

1.16 Bit sequency

Functions concerned with the sequency (number of zero-one transitions) are given in [FXT:
bits/bitsequency.h|. Sequency counting:

static inline ulong bit_sequency(ulong x)

{
}

return bit_count( gray_code(x) );

The function assumes that all bits to the left of the word are zero, and all bits to right are equal to the
lowest bit. For example, the sequency of the 8-bit word [00011111] is one. To take the lowest bit into
account, add it to the sequency (then all sequencies are even).

Computation of the minimal binary word with given sequency:

static inline ulong first_sequency(ulong k)

// Return the first (i.e. smallest) word with sequency k,
// e.g. 00..00010101010 (seq 8)

// e.g. 00..00101010101 (seq 9)

{/ Must have: O <= k <= BITS_PER_LONG

return inverse_gray_code( first_comb(k) );

}
A faster version is (32-bit branch only):
if ( k==0 ) return O;
const ulong m = OxaaaaaaaaUL;
return m >> (BITS_PER_LONG-k);
Computation of the maximal binary word with given sequency:

static inline ulong last_sequency(ulong k)
// Return the last (i.e. biggest) word with sequency k.
{

}

return inverse_gray_code( last_comb(k) );

The functions first_comb(k) and last_comb (k) return a word with k bits set at the low and high end,
respectively (see section on page [61)).

Generation of all words with a given sequency, starting with the smallest, can be achieved with a function
that computes the next word with the same sequency:

static inline ulong next_sequency(ulong x)

// Return smallest integer with highest bit at greater or equal
// position than the highest bit of x that has the same number
// of zero-one transitions (sequency) as x.

// The value of the lowest bit is conserved.

// Zero is returned when there is no further sequence.

{
x = gray_code(x);
X = next_colex_comb(x);
x = inverse_gray_code(x);
return Xx;
}
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The inverse function, returning the previous word with the same sequency, is:

static inline ulong prev_sequency(ulong x)

{
x = gray_code(x);
x = prev_colex_comb(x) ;
x = inverse_gray_code(x);
return Xx;
}
seq= 0 1 2 3 4 5 6
........... 1 P ...1.1 .11, .1.1.1 1.1.1.
R | PR I L1101 1101, 11.1.1
R P L1001 P A 1..1.1
L1111 G111, L1011 L1011, 1.11.1
11111 .11 L1111 1.1, 1.1..1
111111 R L1101 111.1. 1.1.11
L1111, 11011 11..1.
111, 10001 11.11.
11, 10011 11.1..
1., .1.111 1...1.
11111 1111.1 1..11.
1111. 111..1 1..1..
111.. 111.11 1.111.
11.. 11...1 1.11..
1..... 11..11 1.1...
11.111
1....1
1...11
1..111
1.1111

Figure 1.16-A: 6-bit words of prescribed sequency as generated by next_sequency(). Note that
the transition at the lower end is not counted. This is consistent with sequency counting function
bit_sequency().

The list of all 6-bit words ordered by sequency is shown in figure It was created with the program
[FXT: bits/bitsequency-demo.cc].

We note that the sequency of a word can be ‘complemented’ as follows (32-bit version):

static inline ulong complement_sequency(ulong x)
// Return word whose sequency is BITS_PER_LONG - s
// where s is the sequency of x

{

return x - OxaaaaaaaaUL;

1.17 Powers of the Gray code

The Gray code is a bit-wise linear transform of a binary word. The 2*-th power of the Gray code of x
can be computed as x =~ (x>>k). The e-th power can be computed as the bit-wise sum of the powers
corresponding to the bits in the exponent. This motivates [FXT: |bits/graypower.h]:

inline ulong gray_pow(ulong x, ulong e)

// Return (gray_codexxe) (x)

// gray_pow(x, 1) == gray_code(x)

// gray_pow(x, BITS_PER_LONG-1) == inverse_gray_code(x)
{

e &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG

ulong s = 1;

‘zhile (e)
if (e& 1) x "=x>>s; // gray ** s
s <<= 1;
e >>=1;

return Xx;
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The Gray code g = [go, 91,--., g7] of a 8-bit binary word = = [zg, #1,..., 7] can be expressed as a
matrix multiplication over GF(2) (dots for zeros):

g = G X

[g0] [11...... 1 [x0]
[g1] [ .11..... 1 [x1]
[g2] [ ..11.... 1 [x2]
[g3] = [ ...11... 1 [x3]
[g4] [ ....11.. ] [x4]
[g5] [ ..... 11. 1 [x5]
[g6] [ ...... 11 1 [x6]
[g7] | 11 [x7]

The powers of the Gray code correspond to multiplication with powers of the matrix G:

11...... 1.1..... 1111. ... 11..11.. 11111111

11..... 101,00, 1111, .. 11,011, 1111111

11.... 1.1... L1111, . L 11,011 111111

11, .. 1.1.. L 1111, L1101 11111

R L1.1. oG 1111 R oW 1111

..... 11. B A | Lol 111 R R i

...... 11 R | ceell 11 ool 11 B

1 oL T s S T 1

G*x0=id G**1=G G**2 G**3 G**5 G*x7=Gx* (-1)

The powers of the inverse Gray code for N-bit words (where N is a power of two) can be computed by
the relation G¢ GV ¢ = GV =id.

inline ulong inverse_gray_pow(ulong x, ulong e)
// Return (inverse_gray_code**(e)) (x)

// == (gray_codex*(-e)) (x)

// inverse_gray_pow(x, 1) == inverse_gray_code(x)

// inverse_gray_pow(x, BITS_PER_LONG-1) == gray_code(x)
{

return gray_pow(x, -e);

}

The matrices corresponding to the powers of the reversed Gray code are:

1....... 1....... 1....... 1....... 1....... 1.......

11...... R 11...... 11...... S 11......

1.0, 1.1..... 111..... 1.0, 1.1..... 111.....

11.... 1.1... 1111, ... T 1.1, .. 1111....

11, .. 1.1, 1111, .. 1..11... 1.1.1.. 11111, ..

S G101, 1111, 11..11.. .1.1.1. 111111..

s e 11. 1.1 L1111, 11,011, 1.1.1.1 1111111,
1 o 11 ... 1.1 Lol 1111 11,011 1.1.1.1 11111111

Ex*0=1id Exx1=E Ex*2 Exx3 Ex*5 E*x6 Ex*7=E*x(-1)

We just have to reverse the shift operator in the functions:

inline ulong rev_gray_pow(ulong x, ulong e)
// Return (rev_gray_code**e) (x)

e &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG
ulong s = 1;
while (e )

if (e & 1) x "=x << s; // rev_gray ** s
s <<= 1;

e >>= 1;

>

return Xx;

}
The inverse function is

inline ulong inverse_rev_gray_pow(ulong x, ulong e)
// Return (inverse_rev_gray_code**(e)) (x)

{
}

return rev_gray_pow(x, -e);
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1.18 Invertible transforms on words

The functions presented in this section are invertible ‘transforms’ on binary words. The names are chosen
as ‘some code’, emphasizing the result of the transforms, similar to the convention used with the name
‘Gray code’. The functions are given in [FXT: bits/bittransforms.h)|.

Consider (blue code)

inline ulong blue_code(ulong a)

{
ulong s = BITS_PER_LONG >> 1;
ulong m = “OUL << s;
while ( s )
{
a "= ( (a&m) >> s );
s >>=1;
m "= (m>>s);
return a;
}

and (yellow code)

inline ulong yellow_code(ulong a)

{
ulong s = BITS_PER_LONG >> 1;
ulong m = “OUL >> s;
¥hi1e (s)
a "= ( (a&m) << s );
s >>=1;
m "“= (m<<s);
return a;
}

Both involve a computational work ~ log,(b) where b is the number of bits per word (BITS_PER_LONG).
The blue_code can be used as a fast implementation for the composition of a binary polynomial with
r + 1, see page Note the names ‘blue code’ etc. are ad hoc terminology and not standard.

The output of the program [FXT: bits/bittransforms-blue-demo.cc] is shown in figure The parity
of B(a) is equal to the lowest bit of a. Up to the a = 47 the bit-count varies by 41 between successive
values of B(a), the transition B(47) — B(48) changes the bit-count by 3. The sequence of the indices a
where the bit-count changes by more than one is

47, 51, 59, 67, 75, 79, 175, 179, 187, 195, 203, 207, 291, 299, 339, 347, 419, 427, ...

The yellow code might be a good candidate for ‘randomization’ of binary words. The blue code maps
any range [0...2% — 1] onto itself. Both the blue code and the yellow code are involutions (self-inverse).

The transforms (red code)

inline ulong red_code(ulong a)

{
ulong s = BITS_PER_LONG >> 1;

ulong m = “OUL >> s;
¥hile (s)
ulong u = a & m;
ulong v = a "~ u;

return a;

b
and (green code)

inline ulong green_code(ulong a)
{

BITS_PER_LONG >> 1;
“OUL << s;

ulong s
ulong m
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blue yellow
0: ..., OF e e e e 0
1: ..., 1 1% 1111114144144 141441141411441114111 32
2: .. 1102 1.1.1. 1.1.1.1.1.1.1.1.1.1. 16
3: P A | .1.1.1 .1.1.1.1.1.1.1.1.1.1 16
4. ..1.1 02 11..11. .11, .11, .11, .11, .11, .11 16
5: P I | L1101 00110 011011011 011,011 16
6: LoW11. 2% 11,011, .11, 011, 011,011, .11, .11, 16
7: oL 111 3% 1..11..114. .11, .11, .11, .11, .11. .1 16
8: L1111 4 1...1...1...1...1...1...1...1. 8
9: L1110 03 Jidii44t444 44404440441 04110111 24
10: R B ) S s R s AR s A 8
11: ..11.1 3 11 1111441440111 111 111 iii.1 24
12: 1.1, 2 d...100010001. 1. 8
13: ..1.11 3 1 111.111.411.411. 111" 111 111,11 24
14: 100102 111,111,111, 111 111. 111 111. 111 24
15: L1001 S D D D D D D 8
16: 1,001 2 11i1.;.011d1, .. 01141, . 1441, 16
17: B | L idddt U iidd U dddd U114l 16
18: 1001, 2% Sidrrodnd1it i1t 104101 16
19: 1,011 3% 1.1..1.114.1..1.11.1..1.11.1..1.1 16
20: 1.1, 2% FFF PR v PR e PRy e s A <
21: .1.1.1 3% 11....1141....1111....1111 .11 16
22: .1.111 4 1..1.11.1..1.114.1,.1.11.1..1.11. 16
23: .1.11. 3 J11.1..1.11.1..1.11.1..1.11.1..1 16
24 1111, 4 FFF R s P s P s AP X ¢
25: .11111 5 1....1111, ... 1411, ... 1111, .. .111 16
26: .111.1 4 11.1..1.11.1..1.11.1..1.11.1..1. 16
27: .111.. 3 L.1.1101.0010011001, 0101101011101 16
28: .11.11 4 1.11.1. 11.1..1.11.1..1.11.1.. 16
29: 11.1. 3 J1..1.11010.010011010 0101101001011 16
30: 1., 2 .. 1111 1111 1111 ...1111, 16
31: .11..1 3 11400704114070011140000111407001 16

Figure 1.18-A: Blue and yellow transforms. Bit-counts are shown at the right of each column. Fixed
points are marked with asterisks.

red green

O [

1: 1 1 11111111111111111111111111111111 32
2: 11, 2 .1.1. .1.1 1 16
3: e 1 AR D I D 1.1.1.1.1. 16
4: 1L 2 ..11..11. .11, .11, 11 il .1dl .11 16
5: T 1 11,041,041, 041,041,041, 011,011, 16
6: AL 2 i Ltd L ad i d el el 11 16
7: 111, 3 SIS I O IO T O I O O S T
8: 1113, 4 .1...1...1...1...1,..1...1...1 8
9: I 3 111111, 111 111 111 111111, 111 24
10: s 2 .1...1. .1...1. 8
11: L11.. 3 1,111, 111 111 111 11i.1440 111 i1 24
12: 1. 2 .1...1...1...1...1...1...1...1. 8
13: . 3 i1,141,141,144,114,111,111.111.1 24
14: .. 2 111,111, 111 111, 111 111,111,111 24
15: s 1 AU DU DR DU DS PR DR I 8
16: R 2 JAdddL . o1ddd, 114l 11dd 16
17: cee 1 1144, 0, 4ddd, L i1, LT i1dl Ly 16
18: 1. 2 J11d0d. 1011010011104, 01,1401 16
19: 11.. 3 I O O O B O B S I B 1.1 16
20: .. 1. 2 ..1111 L1111, ...1111. 1111.. 16
21: 1.1. 3 11....1111. .. .1111....1111....11 16
22: 111. 4 .11.1..1.11.1..1.11.1,..1.11.1..1 16
23: .11, 3 1..1.11.1..1.11.1..1.11.1..1.11. 16
24: .111 4 ...1111, .. .1111 .1111....1111, 16
25: 1111 5 111....1111.. .. 1111, ..1111....1 16
26: 1.11 4 .1..1.11.1..1.11.1..1.11.1..1.11 16
27: .. 11 3 1.11.1..1.11.1..1.11.1..1.11.1.. 16
28: 11.1 4 ..1.11.1..1.11.1..1.11.1..1.11.1 16
29: 1.1 3 11.1..1.11.1..1.11.1..1.11.1..1. 16
30: .1 2 1111 1111 111 1111 .. 16
31: 1..1 3 AR & S B PSS P & AT

Figure 1.18-B: Red and green transforms. Bit-counts are shown at the right of each column.
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while ( s )
{

return a;

}
are shown in figure [1.18-B| which was created with the program [FXT: bits/bittransforms-red-demo.cc|.

1.18.1 Fixed points of the blue code

0= ...... = 0
1= ..... 1 ...1 = 1
2= ....1. A1, = 6
3= ....11 : ..., 111 = 7
4= ...1.. + ... 1.1.. = 20
5=...1.1: ..... 1..1. = 18
6 =...11. : ... 1.1.1 = 21
7= ...111 ..., 1..11 = 19
8= ..1... B 120
9=..1..1 B 108
10 = ..1.1. Loo111111. = 126
11 = ..1.11 o111, = 106
12 = ..11.. B O 121
13 = ..11.1 oo11.1101 = 109
14 = ..111. Loo1111111 = 127
16 = ..1111 L.o.o11.1.11 = 107
16 = .1.... 00010000 = 272
17 = .1...1 .1.11.1... = 360
18 = .1..1. R 1.. = 260
19 = .1..11 .1.11111.. = 380
20 = .1.1.. d...1.11. = 278
21 = .1.1.1 .1.11.111. = 366
22 = .1.11. B 1. = 258
23 = .1.111 .1.1111.1., = 378
24 = .11... d...100.1 = 273
26 = .11..1 .1.11.1..1 = 361
26 = .11.1. R 1.1 = 261
27 = .11.11 .1.11111.1 = 381
28 = .111.. 1...1.111 = 279
29 = .111.1 .1.11.1111 = 367
30 = .1111. B 11 = 259
31 = .11111 .1.1111.11 = 379

Figure 1.18-C: The first fixed points of the blue code. The highest bit of all fixed points lies at an even
index. There are 27/ fixed points with highest bit at index n.

The sequence of fixed points of the blue code is (entry |A118666 of [214])

o, 1, 6, 7, 18, 19, 20, 21, 106, 107, 108, 109, 120, 121, 126, 127, 258, 259,

If f is a fixed point then f XOR 1 is also a fixed point. Further, 2 (f XOR (2 f)) is a fixed point. These
facts can be cast into a function that returns a unique fixed point for each argument [FXT: bits/blue-
fixed-points.hj:

inline ulong blue_fixed_point(ulong s)

{
if ( 0==s ) return O;
ulong f = 1;
v{vhile (s>1)
f "= (f<<1);
f <= 1;
f |= (s&l);
s >>=1;
return f;
}
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The output for the first few arguments is shown in figure Note that the fixed points are not in
ascending order. The list was created by the program [FXT: bits/bittransforms-blue-fp-demo.cc]|.

Now write f(z) for the binary polynomial corresponding to f (see chapter 38| on page , if f(x) is
a fixed point (that is, B f(z) = f(z + 1) = f(x)), then both (2% + z) f(z) and 1 + (2? + z) f(x) are
fixed points. The function blue_fixed_point() repeatedly multiplies by x? + 2 and adds one if the
corresponding bit of the argument is set.

The inverse function uses the fact that polynomial division by = + 1 can be achieved with the inverse
reversed Gray code (see section [1.15.6| on page if the polynomial is divisible by x + 1:

inline ulong blue_fixed_point_idx(ulong f)
// Inverse of blue_fixed_point()

{
ulong s = 1;
while ( £ )
s <<= 1;
s "= (f & 1);
f >>=1;
f = inverse_rev_gray_code(f); // == bitpol_div(f, 3);
}

return s >> 1;

1.18.2 Relations between the transforms

We write B for the blue code (transform), Y for the yellow code and r for bit-reversal (the revbin-
function). Then B and Y are connected by the relations

B = YrY =rYr (1.18-1a)

Y = BrB = rBr (1.18-1Db)

r = YBY = BYB (1.18-1c)
As said, B and Y are self-inverse:

B~ = B, BB=id (1.18-2a)

Yyt =Y, YY =id (1.18-2b)

The red code and the green code are not involutions (‘square roots of identity’) but third roots of identity
(Using R for the red code, E for the green code):

RRR = id, R'=RR=E (1.18-3a)
EEE = id, E'=FE=R (1.18-3b)
RE = ER=id (1.18-3c)
By construction
R = rB (1.18-4a)
E = rY (1.18-4b)

Relations connecting R and F are:

R = ErE =rEr (1.18-5a)
E = RrR = rRr (1.18-5b)
R = RER (1.18-5¢)
E = ERE (1.18-5d)
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One has
r = YR =RB =BF =FY (1.18-6)

Further
B = RY =YFE =RBR =FEBEFE (1.18-7a)
Y = EB=BR =RYR =FEYE (1.18-7b)
R = BY =BEB =YFEY (1.18-7c)
E YB =BRB =YRY (1.18-7d)

and

id = BYFE =RYB (1.18-8a)
id = EBY =BRY (1.18-8b)
id = YEB =YBR (1.18-8¢)

The following multiplication table lists z = yx. The

R in the third column of the second row says that

r B = R. The letter 4 is used for identity (id). An asterisk says that xy # yx.

i r B Y R E
i i r B Y R E
r r i R* E* B* Y*
B B E* i R* Y* r*
Y Y R* E* i r* B*
R| R Y* r* B*¥ E i
E| E B* Y* r* 1 R

1.18.3 Relations to Gray code and reversed Gray code

Write g for the Gray code, then:
gBgB
gBg
g 'Bg!
gB

Let Sk be the operator that rotates a word by k
bit_rotate_sgn() in bits/bitrotate.h]) then

Y S Y

YS_,Y
Y SiY

= id (1.18-9a)
= B (1.18-9b)
- B (1.18-9c)

Bg! (1.18-9d)

bits (bit zero is moved to position k, use [FXT:

g (1.18-10a)
= g (1.18-10b)
= 4* (1.18-10c)

Shift in the frequency domain is derivative in time domain. Relation together with a algorithm
to generate the cycle leaders of the Gray permutation (section on page gives a curious method
to generate the binary necklaces whose length is a power of two, described in section [17.1.6| on page |341
Let e be the operator for the reversed Gray code, then

BS,1 B
BS_1 B
BS, B

e ! (1.18-11a)
= e (1.18-11b)
= e F (1.18-11c)
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1.18.4 More transforms by symbolic powering

The idea of powering a transform (as done for the Gray code in section on page can be applied
to the ‘color’-transforms as exemplified for the blue code:

inline ulong blue_xcode(ulong a, ulong x)
x &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG

ulong s = BITS_PER_LONG >> 1;
ulong m = "OUL << s;

}vhile (s)
if (x& 1) a "= ( (a&m) >> s );
x >>= 1;
s >>=1;
m "= (m>>s);
return a;

}

The result is not the power of the blue code which would be pretty boring as BB = id. Instead the
transform (and the equivalents for Y, R and E, see [FXT: bits/bitxtransforms.h|) are more interesting:
all relations between the transforms are still valid, if the symbolic exponent is identical with all terms.
For example, we had B B = id, now B? B* = id is true for all 2 (there are essentially BITS_PER_LONG
different «). Similarly, £ E = R now has to be E* E* = R*. That is, we have BITS_PER_LONG different
versions of our four transforms that share their properties with the ‘simple’ versions. Among them
BITS_PER_LONG transforms B® and Y* that are involutions and E* and R” that are third roots of the
identity: E* E* E* = R* R* R* =id.

While not powers of the simple versions, we still have B® = Y? = R? = EY = id. Further, let e be the

‘exponent’ of all ones and Z be any of the transforms, then Z¢ = Z, Writing ‘+’ for the XOR operation,
then Z% ZY = Z®tY and so Z% ZY = Z whenever = + y = e.

1.18.5 The building blocks of the transforms

Consider the following transforms on two-bit words where addition is bit-wise (that is, XOR):

o (1) ?Cbl_z] (1.18-12a)
o — (1) (1) z _ Z] (1.18-12b)
Byo — (1) } Z _ 'a‘b”): (1.18-12¢)
Yo — i ?Z:aib (1.18-12d)
Rov — (1) 1Zaib (1.18-12¢)
By = 1 (1) Z _ azb (1.18-12f)

It can easily be verified that for these the same relations hold as for id, r, B, Y, R, E. In fact the
‘color-transforms’, bit-reversion and (trivially) id are the transforms obtained by the repeated Kronecker-
products of the matrices. The transforms are linear over GF(2):

Z(aa+pb) = aZ(a)+BZ(D) (1.18-13)
The corresponding version of the bit-reversal is [FXT: xrevbin() in bits/revbin.h|:
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inline ulong xrevbin(ulong a, ulong x)

x &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG
ulong s = BITS_PER_LONG >> 1;
ulong m = “QUL >> s;
V%Jhile (s)
if (x&1) a=(C(@&m <<s) " ((@a& (Cm)) > s );
x >>= 1;
s >>= 1;
m "= (m<<s);

return a;

}

Then, for example, R” = r® B* (see relation [L.18-4a] on page [48). The yellow code is the bit-wise Reed-
Muller transform (described in section [22.12] on page [459) of a binary word. The symbolic powering is
equivalent to selecting individual levels of the transform.

1.19 DMoves of the Hilbert curve

pibt

L

Figure 1.19-A: The Hilbert curve.

dx+dy: +H—tt—ttto bbb bbb bbb bbb
oD s i 2 e A At

dir: >7<KTTOUDTOVVKUDDTOUDS TS TLKKLYULT T TOYS> TS Ty Ty Ty T 7> T
turn: 0--+0++——++0+--0-++-0-—++--0-++00++-0——++——0—-++-0——+0++——++0+-—

Figure 1.19-B: Moves and turns of the Hilbert curve.

A rendering of the Hilbert curve is shown in figure An efficient algorithm that computes the
direction of the n-th move of the Hilbert curve is based on the parity of the number of threes in the

radix-4 representation of n (see section [36.9.1] on page [713).

Let d, and d, correspond to the moves at step n in the Hilbert curve. Then d,,d, € {—1,0,+1} and
exactly one of them is zero. Thereby for both p := d, + d, and m := d, — d, we have p,m € {—1,+1}.

The following function computes p and returns 0,1 if p = —1, 41, respectively [FXT: |bits/hilbert.h]:

inline ulong hilbert_p(ulong t)

// Let dx,dy be the horizontal,vertical move

// with step t of the Hilbert curve.

// Return zero if (dx+dy)==-1, else one (then: (dx+dy)==+1).
// Algorithm: count number of threes in radix 4

{
ulong d = (t & 0x5555555555565555UL) & ((t & OxaaaaaaaaaaaaaaaaUL) >> 1);

return parity( d );
}

The function can be slightly optimized as follows (64-bit version only):
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inline ulong hilbert_p(ulong t)

{

(t & OxaaaaaaaaaaaaaaaaUL) >> 1);
>>2;

>>4;

Yy Y ) R

ot ot ot ~

t
t
t
t
t
t
r

eturn t & 1;
}

The value of m can be computed as:

inline ulong hilbert_m(ulong t)

// Let dx,dy be the horizontal,vertical move

// with step t of the Hilbert curve.

// Return zero if (dx-dy)==-1, else one (then: (dx-dy)==+1).
{

}

return hilbert_p( -t );

It remains to merge the values of p and m into a two-bit value d that encodes the direction of the move:

inline ulong hilbert_dir(ulong t)
// Return d encoding the following move with the Hilbert curve.

//
// d \in {0,1,2,3} as follows:
// 4 : direction
// 0 : right (+x: dx=+1, dy= 0)
// 1 : down (-y: dx= 0, dy=-1)
// 2 :up  (+y: dx= 0, dy=+1)
// 3 : left (-x: dx=-1, dy= 0)
{

ulong p = hilbert_p(t);

ulong m = hilbert_m(t);

ulong d = p = (m<<1);
} return d;

To print the value of d symbolically, one can use the C++ statement cout << ("v><~")[d];.
The turn u between steps can be computed as

inline int hilbert_turn(ulong t)
// Return the turn (left or right) with the steps
// t and t-1 of the Hilbert curve.
// Returned value is
0 for no turn
// +1 for right turn

{/ -1 for left turn

ulong d1 = hilbert_dir(t);

ulong d2 = hilbert_dir(t-1);

di "= (d1>>1);

d2 "= (d2>>1);

ulong u = d1 - d2;

// at this point, symbolically: cout << ("+.-0+.-")[ u + 3 ];
if ( O==u ) return O;

if ( (long)u<0 ) u += 4;

return (1==u ? +1 : -1);

To print the value of u symbolically, one can use cout << ("-0+") [d+1];.

The values of p and m, followed by the direction and turn of the Hilbert curve are shown in figure|1.19-B
The list was created with the program [FXT: bits/hilbert-moves-demo.cc|. Figure [1.19-A| was created
with the program [FXT: bits/hilbert-texpic-demo.cc].
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Figure 1.20-A: The Z-order curve.

1.20 The Z-order

A 2-dimensional space-filling curve that traverses all points in each quadrant before it enters the next
can be obtained by the Z-order. Figure [T.20-A] shows a rendering of the Z-order curve, it was created
with the program [FXT: bits/zorder-texpic-demo.cc]. The conversion between a linear parameter to a
pair coordinates achieved by separating the bits at the even and odd indices. The simple routine is [FXT:
bits/zorder.h|:

inline void lin2zorder(ulong t, ulong &x, ulong &y) { bit_unzip2(t, x, y); }
The routine bit_unzip2() is described in section on page The inverse is
inline ulong zorder2lin(ulong x, ulong y) { return bit_zip2(x, y); }

From any coordinate pair the next pair can be computed with the following (constant amortized time)
routine:

inline void zorder_next(ulong &x, ulong &y)

{
ulong b = 1;
do
{
X "= b; b &= 7x;
y "=b; b &= "y;
b <<= 1;
}
while ( b );
}

The previous pair is obtained similarly:

inline void zorder_prev(ulong &x, ulong &y)

{
ulong b = 1;
do
{
X "= b; b &= x;
y "=b; b &= y;
b <<= 1;
}
while ( b );
}

The routines are written in a way that generalizes trivially to more dimensions:

inline void zorder3d_next(ulong &x, ulong &y, ulong &z)

{
ulong b = 1;
do
{
X "= b; b &= 7x;
y "=b; b &= Ty;
z "=b; Db &= "z;
b <<= 1;
}
while ( b );
}
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inline void zorder3d_prev(ulong &x, ulong &y, ulong &z)

{

ulong b = 1;

do

{
X "= b; b &= x;
y "= b; b=y
z "=b; Db &= z;
b <<= 1;

while ( b );

}

Chapter 1: Bit wizardry

Unlike the Hilbert curve there are steps where the curve advances more than one unit.

1.21 Scanning for zero bytes

The function (32-bit version)

static inline ulong contains_zero_byte(ulong x)

{
return ((x-0x01010101UL)"x) & ("x) & 0x80808080UL;

from [FXT: bits/zerobyte.h| determines if any sub-byte of the argument is zero. It returns zero when x
contains no zero-byte and nonzero when it does. The idea is to subtract one from each of the bytes and
then look for bytes where the borrow propagated all the way to the most significant bit. In order to scan
for other values than zero (e.g. 0Oxa5) one can use contains_zero_byte( x ~ OxababababUL ).

Using the simplified version

return ((x-0x01010101UL) ~ x) & 0x80808080UL;

gives false alarms when a byte equals 0x80. For one byte (in hex, omitting prefixes ‘0x’):

x-01 = 80-01 = 7f
(x-01)"x =7f ~ 80 = ff
((x-01)"x) & 80 = ff £ 80 =80 !=0

For strings where the high bit of every byte is known to be zero (for example ASCII-strings) the simple

version can be used.
The function [FXT: auxl/bytescan.cc]

ulong long_strlen(const char *str)
// Return length of string starting at str.
{

ulong x;

const char *p = str;

// Alignment: scan bytes up to word boundary:
while ( (ulong)p % BYTES_PER_LONG )

if ( 0 == xp ) return (ulong)(p-str);
++p;

}
x = *(ulong *)p;
while ( ! contains_zero_byte(x) )

p += BYTES_PER_LONG;
x = *x(ulong *)p;
}

// now a zero byte is somewhere in x:
while ( 0 != *p ) { ++p; }

return (ulong) (p-str);
¥

may be a win for very long strings and word sizes of 64 or more bits.
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1.22 2-adic inverse and square root

1.22.1 Computation of the inverse

The 2-adic inverse can be computed using an iteration (see section [28.1.5( on page [543) with quadratic
convergence. The number to be inverted has to be odd [FXT: bits/bit2adic.h]:

inline ulong inv2adic(ulong x)

// Return inverse modulo 2**BITS_PER_LONG

// x must be odd

// The number of correct bits is doubled with each step
// ==> loop is executed prop. log_2(BITS_PER_LONG) times

// precision is 3, 6, 12, 24, 48, 96, ... bits (or better)
{

if ( 0==(x&1) ) return O; // not invertible

ulong i = x; // correct to three bits at least

ulong p;

do

{

p=1*Xx;

i *= (2UL - p);
}
while ( p!=1);
return 1i;

}

Let m be the modulus (a power of two), then the computed value i is the inverse of z modulo m:
i = x! mod m. It can be used for the so-called exact division: to compute the quotient a/z for a
number a that is known to be divisible by z, simply multiply by ¢. This works because a = bz (a is
divisible by z), so ai = bz i = b mod m.

1.22.2 Exact division by ¢ =2F +1

We use the relation (for power series)

g = % — AQ+Y)(A+Y)A+YH(I+YS . (1+Y?) moda®  (1.22-1)

where Y = 1 — C. The relation can be used for efficient exact division over Z by C = 2F + 1. For
C =2F+1 use

g = AQ-25)14+2"%) (1 4+28) (1 +2%) ... 1+2F%)  mod 2V (1.22-2)
where k2% > N. For C =2 — 1 use (A/C = -A/ - C)

el —AQ 2P +28) A+ 28 (14258 - (14 2F2)  mod 2V (1.22-3)

The equivalent method for exact division by polynomials (over GF(2)) is given in section [38.1.6| on

page [T98]

1.22.3 Computation of the square root

With the inverse square root we choose the start value to match |d/2] + 1 as that guarantees four bits
of initial precision. Moreover, we get control to which of the two possible values the inverse square root
is finally reached. The argument modulo 8 has to be equal to one.

inline ulong invsqrt2adic(ulong d)

// Return inverse square root modulo 2%*BITS_PER_LONG
// Must have: d==1 mod 8

// The number of correct bits is doubled with each step
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X N 1= 1 X
1NV = e e e e e e 1 inv
SATL = e 1
X = 1111111114441 44111442111 114111111 = -1 %nv
inv = 11111111111111111111111111111111
K T e 1.= 2 *
b4 = 1111111111141111111111111111111. = -2 x
X S e e ezesesesesezesezesese 11 = 3 ?nv
inv = 1.1. 1 .1.1.1.1.1.1.1.11
X = 1111 111 1111111111111111.1 = -3 %nv
inv = .1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1 sqrt
b4 T e e 1.. = 4 X
SqQrt = L. 1.
b4 = 1111111111141111111111111111111. . = -4 x
X
inv
sqrt

............................. 1.1= 5
11..11..11..11..11..11..11..11.1
111111111111113111111111111111.11 = -5
Lo11.001100110 01100110011 011 01
............................. 11. = 6
11111111111111111111111111111.1. = -6
............................. 111 =7
1.11.11.11.11.11.11.11.11.11.111
11111111141111311141141131111111. .1 = -7
.1..1..1..1..1..1..1..1.,1,.1..1
1..111..1..11...11...... 1.11.1.1
............................ 1 = 8
11111111111111111111111111111. .. = -8
............................ = 9

Figure 1.22-A: Examples of the 2-adic inverse and square root of x where —9

inverse or square root is given, it does not exist.

<z < +49. Where no

// ==> loop is executed prop. log_2(BITS_PER_LONG) times

// precision is 4, 8, 16, 32, 64, . bits (or better)

{
if (1 != (d&7) ) return O; // no inverse sqrt
// start value: if d == ***%x10001 ==> x := ***x1001
ulong x = (d > 1) | 1;
ulong p, ¥y;
do
{

X3

(B-d=*y=*y);

(y *p) > 1;

®o <
W nn

}
while ( x!=y );
return x;

}

The square root can be obtained by a final multiplication with d:

inline ulong sqrt2adic(ulong d)

// Return square root modulo 2%*BITS_PER_LONG
// Must have: d==1 mod 8 or d==4 mod 32,
// ... d==4x*k mod 4x**(k+3)

{/ Result undefined if condition does not hold

if ( 0==d )
ulong s = 0;
while ( 0==(d&1) ) { d >>=1; ++s; }
d *= invsqrt2adic(d);

d <<= (s>>1);

return d;

return O;

}

d==16 mod 128

Note that the 2-adic square root is something completely different from the integer square root in general.
If the argument d is a perfect square then the result equals £v/d. The output of the program [FXT:
bits/bit2adic-demo.cc] is shown in figure[1.22-Al For further information on 2-adic (more generally p-adic)

numbers see [I55], [105], and also [152].

1.23 Radix —2 representation

The radix —2 representation of a number n is

no= > t(-2)
k=0

where the ¢; are zero or one.

k

(1.23-1)
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1.23.1 Conversion from binary

k: bin (k) m=bin2neg(k) g=gray(m) dec(g)
0: ool e e, 0<=0
1. oL, . 1 L. 1 1 <=1
2: ... 1. R ....1.1 5
3: .. 11 o111 R 4
4: R o1, R 2
5: ... 1.1 ... 1.1 R 3<=5
6: oG 11. B A .1.111 19
7: o111 11011 .1.11. 18
8: R R B PR R 20
9: ..1..1 1101 ..1.1.1 21
10: ..1.1. 1111, 10001 17
11: ..1.11 11111 S 16
12: 11, G111, S R 14
13: o111 11101 .11 15
14: o111, R U 11011 7
15: o0 1111 10011 .11.1. 6
16: R R R s A 8
17: 1001 10001 1101 9
18: B A ..1.11. 11101 13
19: o101 .1.0111 G111 12
20: S A 1.1, o111t 10
21: ..1.1.1 ..1.1.1 o11111 11 <= 21
22: .1.011. 11.1.1. 1.11111 75
23: 01,111 11.1.11 1.1111. 74
24: B A, 11.1... 1.111.. 76
25: 11001 11.1..1 1.111.1 77
26: G111, 11.111. 1.11..1 73
27: o111 11.1111 1.11... 72
28: B 5 11.11.. 1.11.1. 70
29: L1111 11.11.1 1.11.11 71
30: . 1111, 11...1. 1.1..11 79
31: Lo11111 11...11 1.1..1. 78

Figure 1.23-A: Radix —2 representations and their Gray codes. Lines ending in ‘<=N’ indicate that all
values less or equal N occur in the last column up to that point.

Item 128 of [30] gives a surprisingly simple algorithm to obtain the coefficients ¢, of the radix —2 repre-
sentation of a binary number [FXT: |bits/negbin.h]:

inline ulong bin2neg(ulong x)
// binary --> radix(-2)

{
const ulong m = OxaaaaaaaaUL; // 32 bit
x += m;
X "= m;
return Xx;
}

An example:

14 -=> ..1..1. == 16 - 2 == (-2)74 + (-2)"1
The inverse routine is obtained by executing the inverse of the two steps in reversed order:
inline ulong neg2bin(ulong x)
// radix(-2) --> binary

// inverse of bin2neg()

const ulong m = OxaaaaaaaaUL;

X "= m;

X -= m;

return Xx;
}
Figure|1.23-Alshows the output of the program [FXT: bits/negbin-demo.cc]. The sequence of Gray codes
of the radix —2 representation is a Gray code for the numbers in the range 0,...,k for the following
values of k:

k = 1,5, 21, 85, 341, 1365, 5461, 21845, 87381, 349525, 1398101, ..., (4" —1)/3
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1.23.2 Fixed points of the conversion

The sequence of fixed points of the conversion starts as

O OO0 O~OYUHHO
s

00000000NIIDININI- =+

.
N

This the Moser — De Bruijn sequence, entry A000695 of [214]. A related power series is

H(1+x4k) = l1+a+a'+2° +20+ 217+ 220 4 221 + 2% + 2% + 2% + ... (1.23-2)
k=0

The k-th fixed point can be obtained moving all bits of the binary representation of k to position 2z
where x > 0 is the index of the bit under consideration:

inline ulong negbin_fixed_point(ulong k)

ulong £ = 0;

for (ulong m=1, s=0; m!=0; m<<=1, ++s) £ "= ( (k&m)<<s );

return f;
The sequence of radix —2 representations of 0, 1, 2, ..., interpreted as binary numbers, is entry /A005351
of [214]:

0,1,6,7,4,5,26,27,24,25,30,31,28,29,18,19,16,17,22,23,20,21,106,107,104, 105,110,111,
The corresponding sequence for the negative numbers —1, —2, —3, ... is entry A005352:
3,2,13,12,15,14,9,8,11,10,53,52,55,54,49,48,51,50,61,60,63,62,57,56,59,58,37,36,39, 38,

More information about ‘non-standard’ representations of numbers can be found in [I55].

1.23.3 Generating negbin words in order

...................... 1 0 e A 0 e A K A R e A A A e A e
...................... 1 0 e e e e e e e e e e s s s S
...... 0 e e e s e e s A A A e e e e s s
...... e e A A A A s s e e s A A s PRy s A s e A A A
CJ1111. 001111 s 1 s R s s e A s s PR s s Ay I I I A
JU 1 R s Ry s s e A I s PR e s A A I P s Ry s A I |
.1.17.1.4.2.2.2.2.20.2.0.20.0.20.2.0.20.0.2.10.001000101000101010101 01
........................................... 111111111111111111111
........................................... 111111111111111111111
........... 0 e A e e e A e A A e e e s
........... 0 0 e e e s e s A A e A e A e s s A
PR s e s A 11111111, ....... 11111111, ....... 11111111.....
FRR s e s R s Sy s e s s PR s s s AR I s s
.11..11, .11, .11, .11, .11, .41, .41, .11, 011,011, 011,011,011, 011 10
.1.1.12.12.2.2.2.2.20.20.20.2.2.20.2.20.20.0.0.00100.00001.01.100101010101
Figure 1.23-B: Radix —2 representations of the numbers 0... 4+ 63 (top), and 0... — 63 (bottom).

A radix —2 representation can be incremented by the function [FXT: bits/negbin.h|:

inline ulong next_negbin(ulong x)
// With x the radix(-2) representation of n
// return radix(-2) representation of n+1.
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const ulong m = OxaaaaaaaaUL; // 32-bit version
X "= m;

++X;

X "= m;

return x;

}

A version without constants is

ulong s x << 1;
ulong y = x ~ s;
y =1

s "=y;

return s;

Decrementing can be done via

inline ulong prev_negbin(ulong x)
// With x the radix(-2) representation of n
// return radix(-2) representation of n-1.

{
const ulong m = OxaaaaaaaaUL;
X "= m;
—
X "=m
return x;
}
or via
const ulong m = 0x55555555UL;
X "= m;
++X;
X "= m;
return x;

The functions are quite fast, about 440 million words per second are generated (5 cycles per increment
or decrement). Figure|1.23-B|shows the generated words in forward (top) and backward (bottom) order,
it was created with the program [FXT: bits/negbin2-demo.cc].

1.24 A sparse signed binary representation

An algorithm to compute a representation of a number x as

oo

= > sp-28 where s € {-1,0, +1} (1.24-1)
k=0

such that two consecutive digits sy, sx1 are never simultaneously nonzero is given in [194]. Figure[l.24-A
gives the representation of several small numbers, it is the output of [FXT: bits/bin2naf-demo.cc|.

We can convert the binary representation of x into a pair of binary numbers that correspond to the
positive and negative digits [FXT: bits/bin2naf.hl:

inline void bin2naf(ulong x, ulong &np, ulong &nm)

// Compute (nonadjacent form, NAF) signed binary representation of x:
// the unique representation of x as

//  x=\sum_{k}{d_k*2"k} where d_j \in {-1,0,+1}

//  and no two adjacent digits d_j, d_{j+1} are both nonzero.

// np has bits j set where d_j==+1
// nm has bits j set where d_j==-1
// Thereby: x = np - nm

{

ulong xh = x >> 1; // x/2

ulong x3 = x + xh; // 3xx/2
ulong ¢ = xh ~ x3;

np = x3 & c;

nm = xh & c;

}

Converting back to binary is trivial:

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/demo/bits/negbin2-demo.cc
file:@FXTDIR@/demo/bits/bin2naf-demo.cc
file:@FXTDIR@/src/bits/bin2naf.h

Chapter 1: Bit wizardry

60

0: ...,
1: 1
2: .
3: 1
4: PR I
5: ...1.1
6: PR
7: ... 111
8: R
9: L1001
10: .11,
11: .11
12: J I AP
13: G111
14: B I
15: LW 1111
16: [
17: F A |
18: G101,
19: G101
20: PR A
21: L1011
22: o111,
23: o111
24 : R
25: G111
26: PR I A
27: L1111
28: P I
29: F I e A
30: R
31: L1111
32: 1.....

. _'uvwvuwouo: - -
9. -

=

Raviivhiviiviaviaviaviaviavivks v LR R IR I
o

LR

L= .
=0, = g =g = g =g = g =g =2

. .

RHOWOWONOUTHRWNFROWONOUTIHRWN—RO

NP

22
2

+32

Figure 1.24-A: Sparse signed binary representations (nonadjacent from, NAF). The symbols ‘P’ and ‘M’
are respectively used for +1 and —1, dots denote zeros.

inline ulong naf2bin(ulong np, ulong nm)

{
}

return ( np - nm );

The representation is one example of a nonadjacent form (NAF). A method for the computation of certain
nonadjacent forms (w-NAF) is given in [I83]. A Gray code for the signed binary words is described in

section [I12.5] on page 290}

O: ... Ll 0 =

1: ... 1 P 1= +1

2: L. 1. oo P. 2 = +2

4: ... ... ... P.. 4 = +4

5: ..., 1.1 ... P.P 5= +4 +1

8: R ....PoL 8 = +8

9: 1001 ....P..P 9 = +8 +1

10: T T ....P.P. 10 = +8 +2

16: R ...Poll 16 = +16

17: 10001 ...P...P 17 = +16 +1
18: .11 ...P..P. 18 = +16 +2
20: R R ...P.P.. 20 = +16 +4
21: ..1.1.1 ...P.P.P 21 = +16 +4 +1
32: B LPooll, 32 = +32
33: P A | ..P....P 33 = +32 +1
34: R P ..P...P. 34 = +32 +2
36: R R ..P..P.. 36 = +32 +4
37: ..1..1.1 ..P..P.P 37 = +32 +4 +1
40: 1.1 ..P.P.. 40 = +32 +8
41: ..1.1..1 ..P.P..P 41 = +32 +8 +1
42: ..1.1.1. ..P.P.P 42 = +32 +8 +2
64: 1...... P, 64 = +64

Figure 1.24-B: The numbers whose negative part in the NAF representation is zero.

When a binary word contains no consecutive ones then the negative part of the NAF representation is
zero. The sequence of values is [0, 1, 2, 4, 5, 8, 9, 10, 16, ...], entry |A003714| of [2T4], see figure [1.24-B
The numbers are called the Fibbinary numbers.
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1.25 Generating bit combinations

1.25.1 Co-lexicographic (colex) order of the subsets

word = set = set (reversed)
11 ={ 0, 1, 2 } ={2,1,01}
1.11=4{0, 1, 3%} ={3,1,01}
11.1=4{0, 2, 3} ={3,2,01%}
A1, = {1, 2, 3} ={3,2,1}
d..11={0, 1, 4} ={4,1,01}
1.1.1 =40, 2,473 ={4,2,0}
d111. =41, 2, 4} ={4 ,2 ,1}
1.1 =40, 3, 4} ={4 ,3,01}
1.1, ={1, 3, 4} ={4 ,3,1}
111 ={2, 3, 4%} ={4 ,3,2}
1...11=4{0, 1, 5} ={5,1,01}
1..1.1 =40, 2, 5} ={5,2,01}
1..11. ={1, 2, 5} ={5,2,1}
1.1..1=4{0, 3, 5%} ={5,3,01%}
1.1.1. ={1, 3, 5} ={5,3,1}
1.11.. ={ 2, 3, 5} ={5,3,2}
11...1={0, 4, 5} ={5,4,0}
11..1. ={ 1, 4, 5} ={5,4 ,1}
11.1 ={2,4, 5%} =4{5,4 ,2}
111. ={3, 4, 5} =4{5,4 ,3}

Figure 1.25-A: Combinations (g) in co-lexicographic order. The reversed sets are sorted.

Given a binary word with k bits set the following routine computes the binary word that is the next
combination of k bits in co-lexicographic order (see figure . When considering the delta sets
(leftmost column), the ordering would be lexicographic. So a more precise term for our ordering is
subset-colex (for sets written with elements in increasing order). The delta-set-colex ordering would be
the same sequence as shown, but bit-reversed.

The underlying mechanism to determine the successor is to determine the lowest block of ones and move
its highest bit one position up. The rest of the block is then moved to the low end of the word [FXT:
bits/bitcombcolex.h|:

inline ulong next_colex_comb(ulong x)

{
ulong r = x & -Xx; // lowest set bit
X +=r1; // replace lowest block by a one left to it
if ( 0==x ) return O; // input was last combination
ulong z = x & -Xx; // first zero beyond lowest block
zZ -=rT; // lowest block (cf. lowest_block())
while ( 0==(z&1) ) { z >>=1; } // move block to low end of word
return x | (z>>1); // need one bit less of low block
}

One could replace the while-loop by a bit scan and shift combination. The combinations (gg)

at a rate of about 165 million per second. The rate is about 135 M/s for the combinations (?3)

are generated

The following routine computes the predecessor of a combination:

inline ulong prev_colex_comb(ulong x)
// Inverse of next_colex_comb()

x = next_colex_comb( “x );
if ( 0!'=x ) x = "x;
return Xx;

The first and last combination can be computed via

inline ulong first_comb(ulong k)
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// Return the first combination of (i.e. smallest word with) k bits,
// i.e. 00..001111..1 (k low bits set)

// Must have: O <= k <= BITS_PER_LONG
{

ulong t = “OUL >> ( BITS_PER_LONG - k );

if ( k==0 ) t = 0; // shift with BITS_PER_LONG is undefined
return t;

}

and

inline ulong last_comb(ulong k, ulong n=BITS_PER_LONG)

// return the last combination of (biggest n-bit word with) k bits
// i.e. 1111..100..00 (k high bits set)

{/ Must have: O <= k <= n <= BITS_PER_LONG

return first_comb(k) << (n - k);

The if-statement in first_comb () is needed because a shift by more than BITS_PER_LONG—1 is undefined
by the C-standard, see section [I.I.5] on page

A variant of the presented (colex-) algorithm appears in [30, item 175]. The variant used here avoids
the division of the HAKMEM-version and was given by Doug Moore and Glenn Rhoads. The listing in
figure [1.25-Al can be created with the program [FXT: bits/bitcombcolex-demo.cc|:

ulong n = 6, k = 3;

ulong last = last_comb(k, n);
ulong g = first_comb(k);
ulong gg = 0;

do

// visit combination given as word g
gg = &
g = next_colex_comb(g);

while ( gg'=last );

1.25.2 Lexicographic (lex) order of the subsets

lex (5, 3) colex (5, 2)
word = set word = set
111 ={0, 1, 2} .11 ={0, 1%}
.1.11=4{0,1, 3} ..1.1={0, 2}
1..11={0, 1, 4%} L1 =41, 2}
.11.1={0, 2, 3} 1..1t={0, 3}
1.1.1=4{0, 2, 4} 1.1. =41, 3}
11..1={0, 3, 4} A1..={2, 3}
A11.={1, 2, 3} 1...1={0, 47
111, ={1, 2, 4} 1..1.={1, 4}
11.1. ={1, 3, 4} 1.1.. ={2, 4}
111.. = {2, 3, 4%} 11... ={3, 4}

Figure 1.25-B: Combinations (g) in lexicographic order (left columns). The sets are sorted. The binary

words corresponding to lexicographic order are obtained from the bit-reversed complements of the words

corresponding to the co-lexicographic order of combinations (g) = (553).

The binary words corresponding to combinations (Z) in lexicographic order can be obtained as the bit-

reversed complements of the words for the combinations (n’_L k) in colex order, see figure [1.25-B| Note a
g

more precise term for the order is subset-lex (for sets written with elements in increasing order). The
sequence is identical to the delta-set-colex order backwards.

The program [FXT: bits/bitcomblex-demo.cc| shows how to compute the subset-lex sequence efficiently:

ulong n = 5, k = 3;
ulong x = first_comb(n-k); // first colex (n-k choose n)
const ulong m = first_comb(n); // aux mask

const ulong 1 = last_comb(k, n); // last colex
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ulong ct = 0;

ulong y;

do

{
y = revbin("x, n) & m; // lex order
// visit combination given as word y
x = next_colex_comb(x);

}
while (y !'=1);

The bit-reversal routine revbin() is shown in section [I.13| on page Sections [6.1.1] on page and
section give iterative algorithms for combinations (represented by arrays) in lex and colex order,
respectively.

1.26 Generating bit subsets of a given word

1.26.1 Counting order

In order to generate all bit-subsets of a binary word one can use the sparse counting idea shown in
section on page The implementation is [FXT: class bit_subset in bits/bitsubset.h]:

class bit_subset

public:
ulong u_; // current subset
ulong v_; // the full set
public:

bit_subset(ulong v) : u_(0), v_(v) { ; %}
“bit_subset() { ; }

ulong current() const { return u_; }

ulong next() { u_ (u_ - v_) & v_; return u_; }
ulong prev() { u_ (u_ - 1) & v_; return u_; }

ulong first(ulong v) { v_=v; wu_=0; return u_; }
ulong first() { first(v_); return u_; }

ulong last(ulong v) { v_=v; wu_=v; return u_; }
ulong last() { last(v_); return u_; }

};
With the word [...11.1.] the following sequence of words is produced by subsequent next ()-calls:
...... 1.
P
L. 1l1.
R
G101,
R s A
1101,

A block of ones at the right will result in the binary counting sequence, see [FXT: bits/bitsubset-demo.cc].

1.26.2 Gray code order

We use a method to isolate the changing bit from counting order that does not depend on shifting:

*kkkkkx0111 = u

**kxkk%xx1000 = u+l

00000001111 = (u+l) "~ u

00000001000 = ((u+1) ~ uw) & (u+l) <--= bit to change

The method still works if the lowest one are separated by any amount of zeros. In fact, we want to find
the single bit that changed from zero to one. The bits that are switched from zero to one in the transition
from the word A to B can also be isolated via X=B&~A. The implementation is [FXT: class bit_subset
in bits/bitsubset-gray.h|:

class bit_subset_gray

{
public:
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bit_subset S_;

ulong g_; // subsets in Gray code order
ulong h_; // highest bit in S_.v_; needed for the prev() method
public:

bit_subset_gray(ulong v) : S_(v), g_(0), h_(highest_bit(v)) { ; }
“bit_subset_gray() { ; }

ulong current() const { return g_; }
ulong next()

ulong u0 = S_.current();

if (u0 == S_.v_ ) return first();
ulong ul = S_.next();

ulong x = "u0 & ul;

g "=x;

return g_;

}

ulong first(ulong v) { S_.first(v); h_=highest_bit(v); g_=0; return g_; }
ulong first() { S_.first(); g_=0; return g_; }

[--snip--]
With the word [...11.1.] the following sequence of words is produced by subsequent next ()-calls:

...... 1.
o101,
el

B
G1101.
o100,

1.

A block of ones at the right will result in the binary Gray code sequence, see [FXT: bits/bitsubset-gray-
demo.cc]. The method prev() computes the previous word in the sequence, note the swapped roles of
the variables u0 and ul:

[--snip--]

ulong prev()

{
ulong ul = S_.current();
if (ul == 0 ) return last();
ulong u0 = S_.prev();
ulong x = "ul0 & ul;
g "=x;
return g_;

}

ulong last(ulong v) { S_.last(v); h_=highest_bit(v); g_=h_; return g_; }
ulong last() { S_.last(); g_=h_; return g_; }

1.27 Binary words as subsets in lexicographic order

1.27.1 Next and previous word in lexicographic order

The (bit-reversed) binary words in lexicographic order with respect to the subsets can be generated by
successive calls to the following function [FXT: bits/bitlex.h]:

static inline ulong next_lexrev(ulong x)
// Return next word in subset-lex order.

ulong x0 = x & -x; // lowest bit
if ( 1!=x0 ) // easy case: set bit right of lowest bit

x0 >>= 1;

x "= x0;
return x;

}
?1se // lowest bit at word end

~= x0; // delete lowest bit
x & -x; // new lowest bit ...

X
x0
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1: 1... = 8 {0}

2: 11.. =12 {0, 1}

3: 111. = 14 {0, 1, 2%}
4: 1111 = 15 {0, 1, 2, 3}
5: 11.1 = 13 {0, 1, 3%}
6: 1.1. =10 {0, 2}

7: 1.11 =11 {0, 2, 3}
8: 1..1 = 9 {0, 3}

9: .1.. = 4 {1}

10: .11. = 6 {1, 2}
11: 111 = 7 {1, 2, 3}
12: .1.1 = 5 {1, 3}
13: 1. = 2 {2}

14: 11 = 3 {2, 3}
15: 1 = 1 {3}

Figure 1.27-A: Binary words corresponding to non-empty subsets of the 4-element set in lexicographic
order with respect to subsets. Note the first element of the subsets corresponds to the highest set bit.

x0 >>=1; x -=x0; // ... is moved one to the right
return Xx;
}
}

The bit-reversed representation was chosen because the isolation of the lowest bit is often cheaper than
the same operation on the highest bit. Starting with a one-bit word at position n — 1 one generates the
2™ bit-subsets of length n. The function is used as follows [FXT: bits/bitlex-demo.cc]:

ulong n = 4; // n-bit binary words
ulong x = 1UL<<(n-1); // first subset
do

// visit word x

while ( (x=next_lexrev(x)) );

The output for of the program is shown in figure About 225 million words per second are generated.

An equivalent routine for arrays is given in section on page [192

[0: ...... = 0 *] 16: .1...1 =17 32: 1....1 =
1: ..., 1 = 1% 17: .1..11 =19 33: 1...11 =
2: ....11 = 3 18: .1..1. = 18 * 34: 1...1. =
3: ....1. = 2 19: .1.1.1 =21 35: 1..1.1 =
4: ...1.1 = 5 20: .1.111 = 23 36: 1..111 =
5: ...111 = 7 21: .1.11. = 22 37: 1..11. =
6: ...11. = 6 * 22: .1.1.. = 38: 1..1.. =
7 ...1.. = 4 23: .11..1 =25 39: 1.1..1 =
g: ..1..1 = 9 24: .11.11 =27 40: 1.1.11 =
9: ..1.11 =11 26: .11.1. = 26 41: 1.1.1. =
10: ..1.1. = 10 =* 26: .111.1 = 29 42: 1.11.1 =
11: ..11.1 = 13 27: 11111 = 31 43: 1.1111 =
12: ..1111 = 15 28: .1111. = 30 44: 1.111. =
13: ..111. = 14 29: .111.. = 28 45: 1.11.. =
14: ..11.. = 12 30: .11.. = 24 46: 1.1... =
15: ..1.. = 8 31: .1.. = 16 47: 11...1 =

33 48: 11..11 = 51
35 9: 11..1. =50
34 * 50: 11.1.1 = 53
37 51: 11.111 = 55
39 52: 11.11. = 54
38 53: 11.1.. =52
36 54: 111..1 = 57
41 55: 111.11 = 59
43 56: 111.1. = 58
42 57: 1111.1 = 61
45 58: 111111 = 63
47 59: 11111. = 62
46 0: 1111. = 60 *
44 61: 111.. = 56
40 62: 11.. = 48
49 63: 1..... = 32

Figure 1.27-B: Binary words corresponding to the subsets of the
prev_lexrev(). Fixed points are marked with asterisk.

The following function goes backward:

static inline ulong prev_lexrev(ulong x)
// Return previous word in subset-lex order.

{
ulong x0 = x & -x; // lowest bit
if ( x & (x0<<1) ) // easy case: next higher bit is set
{

x "= x0; // delete lowest bit
return x;

}

else
{
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x += x0; // move lowest bit to the left
x |=1; // set rightmost bit
return x;

}

About 250 million words are generated per second. Starting with zero one obtains, by repeated calls to
prev_lexrev(), a sequence of words that just before the 2™-th call has visited every word of length n.
The generated sequence of words corresponding to subsets of the 6-element set is shown in figure [I.27-B]
The sequence 1, 3, 2, 5, 7, 6,4, 9,... in the right column is entry A108918 of [214]. It turns out to be
useful for a special version of fast Walsh transforms described in section on page {444

1.27.2 Conversion between binary- and lex-ordered words

A little contemplation on the structure of the binary words in lexicographic order leads to the routine
that allows random access to the k-th lex-rev word (unrank algorithm) [FXT: bits/bitlex.h]:

inline ulong negidx2lexrev(ulong k)

{
ulong z = 0;
ulong h = highest_bit(k);
while ( k )
{
while ( 0==(h&k) ) h >>= 1;
z "= h;
++k;
k &= h - 1;
by
return z;
}

Let the inverse function be T'(z), then we have T(0) = 0 and, with h(z) being the highest power of two
not greater than z,

T(x—nh(x) if 2x—h(z)#0

T(z) = h(x)—1+{ () e (1.27-1)

We obtain the rank algorithm by starting with the lowest bit:
inline ulong lexrev2negidx(ulong x)
{
if ( 0==x ) return O;
ulong h = x & -x; // lowest bit
ulong r = (h-1);
while ( x"=h )
{
r
h = x & -x; // next higher bit

}
r += h; // highest bit
return r;

1.27.3 Minimal decompositions into terms 2¥ — 1 *

The least number of terms needed in the sum = = Y, 2¥ — 1 equals the number of bits of the lex-word
as shown in figure The number can be computed as

¢ = bit_count( negidx2lexrev( x ) );

Alternatively, one can subtract the greatest integer of the form 2% — 1 until z is zero and count the number
of subtractions. The sequence of these numbers is entry A100661| of [214]:

1,2,1,2,3,2,1,2,3,2,3,4,3,2,1,2,3,2,3,4,3,2,3,4,3,4,5,4,3,2,1,2,3,2,3, ...

The following function can be used to compute the sequence:
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... 1 o1 = 1= 1

o011 2 o1, = 2= 1+1

o101 .11 = 3= 3

..1.1 2 ..1..= 4= 3+1

..111 3 ..1.1= 5= 3+1+1
1102 .11.= 6= 3+ 3

10001 LIl = 7T = 7

1..1 2 d...= 8= T7+1

.1.11 3 d..1= 9= 7+1+1
1.1, 2 1.1, =10= 7 + 3

.11.1 3 d.11=11= 7+ 3+ 1
L1111 4 1., =12 = 7 +3 +1+ 1
111, 3 A1.1 =13 = 7+ 3+ 3
1.0 2 A1l =14 = 7T+ 7

10001 .1111 = 156 = 15

1...1 2 1.... =16 =15+ 1

1..11 3 1...1=17=15+1+ 1
1..1. 2 1..1. =18 =156 + 3

1.1.1 3 1..11 =19 =15+ 3 + 1
1.111 4 1.1..=20=156+3+1+1
1.11. 3 1.1.1 =21 =15+ 3+ 3
1.1.. 2 1.11. =22 =156+ 7

11..1 3 1.111 =23 =16 + 7 + 1
11.11 4 11... =24 =156 +7+ 1+ 1
11.1. 3 11..1 =26=15+7 + 3
111.1 4 11,1, =26=15+7 + 3 + 1
11111 5 11,11 =27 =156 +7 + 3 + 1+ 1
1111. 4 111.. =28 =15+7 + 3 + 3
111.. 3 111.1 =29 =16+ 7 + 7
11... 2 1111. = 30 = 15 + 15
1....1 11111 = 31 = 31

Figure 1.27-C: Binary words in subset-lex order and their bit counts (left columns). The least number
of terms of the form 2% — 1 needed in the sum z = Y, 2% — 1 (right columns) equals the bit count.

void S(ulong f, ulong n) // A100661

{
static int s = 0;
++s;
cout << s << ",";
for (ulong m=1; m<n; m<<=1) S(f+m, m);
s
cou% << s << ",y
}

When called with arguments f = 0 and n = 2* it prints the first 2**! — 1 numbers of the sequence
followed by a zero.

A generating function of the sequence is given by

Zw) = 207 ?1 H’Z; G (1.27-2)

1+ 2z + 2% + 223 + 32 4+ 22° + 28 4+ 227 + 328 + 22° + 3210 + 42t + 3212 4 2213 .

1.27.4 The sequence of fixed points *

The sequence of fixed points of the conversion to and from indices is 0, 1, 6, 10, 18, 34, 60, 66, 92, 108,
116, 130, 156, 172, 180, 204, 212, 228, 258, 284, 300, 308, 332, 340, 356, 396, 404, 420, 452, 514, 540, 556,

is sequence |A079471| of [214]. Their values as bit patterns are shown in figure The crucial
observation is that a word is a fixed point exactly if (it equals zero or) its bit-count equals 27 where j is
the index of the lowest set bit.

Now we can find out whether x is a fixed point of the sequence by the following function:

static inline bool is_lexrev_fixed_point(ulong x)
// Return whether x is a fixed point in the prev_lexrev() - sequence

if (x&1)

if ( 1==x ) return true;
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0: ... ... 514: B 1.

1: L. 1 540: .00 111

6: ..., 11. 556: 0001011
10: ... 1.1. [--snip--]

18: ..., 1..1. 1556: B A A A
34: ..... 1...1. 1572: JA1.0.0.1001. .
60: ..... 1111.. 1604 : T R T
66: T A 1668: A1,
92: o111t 1796: B I 1..
108: o111 2040: 11111111
116: oo 11101 2050: 1......... 1
130: B 1 2076: 1...... 111..
156: .10111 2092: 1..... 1.11..
172: .1.1.11 2100: 1..... 11.1..
180: ..1.11.1 2124: 1. 1..11..
204 : 110011 2132: 1 1.1.1..
212: 110101 2148: 1 11..1..
228: ...111..1 [--snip--]
268: ..1...... 1. 4644: 1..1...1..1..
284: ..1...111.. 4676 1..1..1...1..
300: ..1..1.11.. 4740 1..1.1....1..
308: ..1..11.1.. 4868: 1..11..... 1..
332: ..1.1..11.. 5112: 1..1111111...
340: ..1.1.1.1.. 5132: 1.1...... 11..
356: ..1.11..1.. 5140: 1.1..... 1.1..
396: ..11...11.. 5166: 1.1....1..1..
404: ..11..1.1.. 5188: 1.1...1...1..
420: ..11.1..1.. 5262: 1.1..1....1..
452: . .111...1.. 5380 1.1.1..... 1..

Figure 1.27-D: Fixed points of the binary to lex-rev conversion.

else return false;
else

ulong w = bit_count(x);

if (w!= (w & -w) ) return false;
if ( 0==x ) return true;
return 0 !'= ( (x & -x) & w );
}
}
One can also use either of the following tests:
x == negidx2lexrev(x)
x == lexrev2negidx(x)

1.27.5 Recursive generation and relation to a power series *

The following function generates the bit-reversed binary words in reversed lexicographic order:

void C(ulong f, ulong n, ulong w)
{

for (ulong m=1; m<n; m<<=1) C(f+m, m, w'm);
print_bin(" ", w, 10); // visit

Calling C(0, 64, 0) we obtain the list of words shown in figure with the all-zeros word moved to
the last position. A slight modification of the function

void A(ulong f, ulong n)

{

cout << "1,";
for (ulong m=1; m<n; m<<=1) A(f+m, m);
cout << "0,";

generates the power series (sequence A079559| of [214])
H <1+w2n_1) = 14428+t +2" 428+ 20+t 2 4204 (1.27-3)
n=1
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Calling A(0, 32) we obtain:
1,1,0,1,1,0,0,1,1,0,1,1,0,0,0,1,1,0,1,1,0,0,1,1,0,1,1,0,0,0,0,

Indeed, the lowest bit of the k-th word of the bit-reversed sequence in reversed lexicographic order equals
the (k—1)-st coefficient in the power series. The sequence can also be generated with a string substitution

engine (see chapter [16| on page [331):

Start: 1

: (#=8)
1101100
: #=16
1101100%1011000
.1101100110110001101100110110000
.110110011011000110110011011000011011001101100011011001101100000

We note that the sequence of sums, prepended by one,

I, (1 + xgn_l)

1
Tt 1—=2x

T+la+22%4+22%+32% +42°5 +425 + ... (1.27-4)

has series coefficients
1, 1, 2, 2, 3, 4, 4, 4, 5, 6, 6, 7, 8, 8, 8, 8, 9, 10, 10, 11, 12, 12, 12, 13,

This sequence is entry |A046699| of [214]. We have a(1) = a(2) = 1 and the sequence satisfies the peculiar
recurrence

a(n) = an—an—1))+an—1-—a(n—2)) for n>2 (1.27-5)

1.28 Minimal-change bit combinations

The wonderful routine [FXT: bits/bitcombminchange.h]

static inline ulong igc_next_minchange_comb(ulong x)
// Return the inverse graycode of the next combination in minchange order.
// Input must be the inverse graycode of the current combination.

{
ulong g = rev_gray_code(x);
ulong i = 2;
ulong cb; // ==candidateBits;
do
{
ulong y = (x & ~(i-1)) + i;
ulong j = lowest_bit(y) << 1;
ulong h = !'(y & j);
cb = ((j-h) ~ g) & (j-1);
i=j;
}
while ( O==cb );
return x + lowest_bit(cb);
}

together with

static inline ulong igc_last_comb(ulong k, ulong n)
// Return the (inverse graycode of the) last combination
// as in igc_next_minchange_comb()

if ( 0==k ) return O;
ulong f = first_sequency(k);
ulong ¢ = first_comb(n);
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return ¢ - (£>>1);
// ="= (by Doug Moore)
{/ return ((1UL<<n) - 1) ~ (((1UL<<k) - 1) / 3);

(the function first_sequency() is defined in section on page can be used as

static inline ulong next_minchange_comb(ulong x, ulong last)
// not efficient, just to explain the usage

// of igc_next_minchange_comb()

// Must have: last==igc_last_comb(k, n)

{
X = inverse_gray_code(x);
if ( x==last ) return O;
x = igc_next_minchange_comb(x);
return gray_code(x);
}

Each combination is different from the preceding one in exactly two positions. For example, using n =5
and k = 3 we obtain

X inverse_gray_code (x)
J111 ..1.1 == first_sequency(k)
11 1 1..1
111, .1.11
1014 (11.1
i1..1 1...1
11;1°% 1..11
1147 1.111
1,11 11..1
1.11° 11.11
1..11 111.1 == igc_last_comb(k, n)

The same run of bit combinations could be obtained by going through the Gray codes and omitting all
words where the bit-count is not equal to k. The algorithm shown here, however, is much more efficient.

For reasons of efficiency one may prefer code as

ulong last = igc_last_comb(k, n);
ulong c, nc = first_sequency(k);
do
{
¢ = nc;
nc = igc_next_minchange_comb(c);
ulong g = gray_code(c);
// Here g contains the bitcombination

}
while ( c!=last );

which avoids the repeated computation of the inverse Gray code.

n=6 k=2 n=6 k=23 n=6 k=4

D e S 1 A I | 1. S 1 e e R
B e 1101 011 ... 1. 11,11 1.1, R
D s S S A s i R 111, 1.1, R
B e R .11 L1101 L1 1111 01011, R
B I P 11,01 010001 R .1.111 .11.1. ..
B e I e 1.1 01011 1. 11..11 1...1. R
I L 11,0 010111 oW1 11.11. 1..1.. R
B e I R 111 1101 oW1 11.1.1 1..11. R
B e I 1011, 11011 R 1111, 1.1... R
10001 1111 Ll T .1..11 .111.1 1. 111.1. 1.11.. R
11.... 1..... R 11...1 1....1 .o 1. 111..1 1.111. R
1.1... 11.. 1 11..1. 1...11 L1, 1.1.11 11..1. R
1..1.. 111. 1. 11.1.. 1..111 ... 1.111. 11.1.. R
1...1. 1111 .. 1. 111... 1.1111 ... 1. 1.11.1 11.11. L1
1....1 11111 1. 1.1..1 11...1 .. 1. 1..111 111.1. ..

1.1.1. 11..11 1.

1.11.. 11.111 .. 1.

1..1.1 111..1 .. 1.

1..11. 111.11 .. 1.

1...11 1111.1 ..

Figure 1.28-A: Minimal-change combinations, their inverse Gray codes and the differences of the inverse
Gray codes. The differences are powers of two.

The algorithm in igc next minchange_comb() uses the fact that the difference of two (inverse Gray
codes of) successive combinations is always a power of two, see figure [1.28-A] See also [FXT:
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bits/bitcombminchange-demo.cc|. Using this observation one can derive a different version that checks
the pattern of the change:

static inline ulong igc_next_minchange_comb(ulong x)
// Alternative version.

ulong gx = gray_code( x );
ulong i = 2;
do
{
ulong y = x + i;
i<k=1;
ulong gy = gray_code( y );
ulong r = gx "~ gy;
// Check that change consists of exactly one bit
// of the new and one bit of the old pattern:
if ( is_pow_of_2( r & gy ) && is_pow_of _2( r & gx ) ) Dbreak;
// is_pow_of_2(x):=((x & -x) == x) returns 1 also for x==0.
// But this cannot happen for both tests at the same time

¥
while ( 1 );
return vy;

}

This version is the fastest, the combinations (i’g) are generated at a rate of about 96 million per second,
32

the combinations (20

) at a rate of about 83 million per second.

Here is another version which needs the number of set bits as a second parameter:

static inline ulong igc_next_minchange_comb(ulong x, ulong k)
// Alternative version, uses the fact that the difference
// of two successive x is the smallest possible power of 2.

{
ulong y, i = 2;
do
{ .
y=x+1;
i<=1;
}
while ( bit_count( gray_code(y) ) !=k );
return y;
}

The routine will be fast if the CPU used has a bitcount instruction. The necessary modification for the
generation of the previous combination is trivial:

static inline ulong igc_prev_minchange_comb(ulong x, ulong k)

// Returns the inverse graycode of the previous combination in minchange order.
// Input must be the inverse graycode of the current combination.

// With input==first the output is the last for n=BITS_PER_LONG

{
ulong y, i = 2;
do
{ .
y =x - i;
i<<=1;
}
while ( bit_count( gray_code(y) ) !=k );
return y;
}

1.29 Fibonacci words

A Fibonacci word is a word that does not contain two successive ones. Whether a given binary word is
a Fibonacci word can be tested with the function [FXT: bits/fibrep.h]

inline bool is_fibrep(ulong f)

{
return ( 0==(£&(£>>1)) );
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1.29.1 Lexicographic order

0: ........ 11: ...1.1.. 22: .1..... 1 33: .1.1.1.1 44: 1..1..1.
1: ..., 1 12: ...1.1.1 23: .1....1 34: 1....... 45: 1..1.1..
2: L., 1. 13: ..1..... 24: .1...1. 35: 1...... 1 46: 1..1.1.1
3: ... 1.. 14: ..1....1 256: .1...1.1 36: 1..... 1 a7: 1.1.....
4: ..., 1.1 16: ..1...1 26: .1..1.. 37: 1....1 48: 1.1....1
5: N 16: ..1..1 27: .1..1..1 38: 1....1.1 49: 1.1...1.
6: 1001 17: ..1..1.1 28: .1..1.1 39: 1...1. 50: 1.1..1..
7: o101, 18: ..1.1. 29: .1.1... 40: 1...1..1 51: 1.1..1.1
8: ...1.... 19: ..1.1..1 30: .1.1...1 41: 1...1.1 52: 1.1.1...
9: ...1...1 20: ..1.1.1 31: .1.1..1 42: 1..1... 53: 1.1.1..1
10: B 21: 1., 32: .1.1.1 43: 1..1 1 54: 1.1.1.1.

Figure 1.29-A: All 55 Fibonacci words with 8 bits in lexicographic order.

To generate all Fibonacci words use the following functions from [FXT: bits/fibrep.h|. For forward order

(see figure [1.29-A)):

inline ulong next_fibrep(ulong x)
// With x the Fibonacci representation of n
// return Fibonacci representation of n+1.

{
// 2 examples: // ex. 1 // ex.2
// // x == [*x]0 010101 // x == [*]0 01010
ulong y = x | (x>>1); // y == [x]7 011111 // y == [x]7 01111
ulong z = y + 1; // z == [*]?7 100000 // z == [x]? 10000
z=2z& -z; // z == [0]0 100000 // z == [0]O 10000
x "= z; // x == [*]0 110101 // x == [*]0 11010
x &= "(z-1); // x == [x]0 100000 // x == [*]0 10000
) return x;

The routine can be used as shown in [FXT: bits/fibrep2-demo.cc]:

ulong n = 7;

const ulong f = 1UL << n;
ulong t = 0;

do

// visit(t)
t = next_fibrep(t);

}
while ( t!=f );

The reversed order can be obtained via

ulong £ = 1UL << n;
v{ahile (£)

ulong t = prev_fibrep(f);
f =1t;
// visit(t)

which uses the function (64-bit version)
inline ulong prev_fibrep(ulong x)

// With x the Fibonacci representation of n
// return Fibonacci representation of n-1.

{
ulong i = lowest_bit_idx(x);
x "= (1UL<<i);
++1i;
x "= (0x5555555555555555UL >> (BITS_PER_LONG-1i));
return x;
}

The forward version generates about 200 million words per second, the backward version about 135 million
words per second.
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j: k(j) k(j)-k(j-1)  x=bin2neg(k) gray (x)

1: S I A | LoW1110001 o101 =0 27
2: R I R I I 10010000 = 26
3: ..1.1111 L.o111..011 ..1..1.10 = 28
4: o111, L.11111. . 100010 =023
5: .1.1.11 o1111111 B . = 21
6: ..1.1.1. 111111, B 1= 22
7: 101001 .1111001 ..1...1.1 = 25
8: B I R L.1111. .. L1010 = 24
9: R A 5 L.o1100111 ..1.1.1.. = 32
10: B I L.o11..11, ..1.1.1.1 = 33
11: S I | .11 .1 ..1.1...1 = 30
12: R R I L1l =029
13: ..., 11111 L11...11 1010010 = 31
14: ... 1 A B B 1..1. = 10
15: ... 1 e 11111 L 1....= 8
16: ...... s e s N 1...1= 9
17: ... s e 1.1 ..., 1.1.1 = 12
18: ... 1 ... ... 1.1.. = 11
19: ... e 111 ... 1..= 3
20 L. e S 1.1 = 4
21 oLl e 1 o 1= 1
8 = 0
23: 1111111111 oLl Ll 11 o 1. = 2
24: 11111111, ool 1 Ll 1. ... 1.1. = 7
25: 111111111 ool Ll 1111 ... 1...= 5
26: 11111111, ool oL 111, Lo 1..1= 6
27: 111111...1 11...1 11001 =19
28: 111111.. .. 11.... .11, = 18
29: 11111.1111 11..11 ..1.1.1. = 20
30: 11111.11.. 1111, . ..1...1. = 15
31: 11111.1.11 111111 B = 13
32: 11111.1.1. 11111, 100001 = 14
33: 11111.1..1 111. .1 100101 =017
34: 11111.1... 111. 100100 = 16

Figure 1.29-B: Gray code for the binary Fibonacci words (rightmost column).

1.29.2 Gray code order

A Gray code for the binary Fibonacci words (shown in figure|1.29-B|) can be obtained by using the Gray
code of the radix —2 representations (see section on page [56) of binary words whose difference is of
the form

L

3 e 1

= 1.

9 1.,

19 ool 1..1

37 o 1..1.
T3 o 1..1.

147 ... 1..1..1
293 ... 1..1..1
585 ..., 1..1..1

S 1..1..1..1

2341 ..., 1..1..1..1.

4681 SR A A AP A

9363 1001001001001

The algorithm is to try these values as increments starting from the least, same as for the minimal-
change combination described in section [1.28] on page The next valid word is encountered if it is
a valid Fibonacci word, that is, if it does not contain two consecutive set bits. The implementation is
[FXT: class bit_fibgray in bits/bitfibgray.h]:
class bit_fibgray
// Fibonacci Gray code with binary words.
{
public:

ulong x_; // current Fibonacci word

ulong k_; // aux

ulong fw_, lw_; // first and last Fibonacci word in Gray code
ulong mw_; // max(fw_, lw_)
ulong n_; // Number of bits
public:
bit_fibgray(ulong n)
{
n_ = n;
fw_=0;
for (ulong m=(1UL<<(n-1)); m!=0; m>>=3) fw_ |= m;
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lw_ = fw_ >> 1;
if ( 0==(n&1) ) { ulong t=fw_; fw_=lw_; lw_=t; }

mv_ = ( lw_>fw_ ? 1lw_ : fw_ );
x_ = fw_;
k_ inverse_gray_code(fw_);

k

neg2bin(k_);
}
“bit_fibgray() {;}

ulong next()
// Return next word in Gray code.
// Return “0 if current word is the last one.

if ( x_ == 1lw_ ) return ~OUL;
ulong s = n_;
while ( 1)
{
—-s;
ulong ¢ = 1 | (mw_ >> s);
ulong i = k_ - c;
ulong x = bin2neg(i);
x "= (x>>1);
if ( 0==(x&(x>>1)) )
{ :
k_=1i;
X_ = X,
return x;
}

}
}s

More than 100 million words per second are generated. The program [FXT: bits/bitfibgray-demo.cc
shows how to use the class, figure |[1.29-B| was created with it. Section [12.1| on page [282] gives a recursive
algorithm for Fibonacci words in Gray code order.

1.30 Binary words and parentheses strings *

0 .. P [empty string] ..... [empty string]
1 1P O 10

2 1. L.o11 cO)

3 11 P (O 1.1 00

4 1.. 111 (O

5 1.1 P OO 1011 (OO)

6 J11. A1 OO)

7 111 P (CON 111 (CCOdN

8 1... 1..11 ()OO

9 1..1 1.1.1 OO0

10 1.1. 1.111 (COON
11 1.11 P (OO) 11.11 (OO
12 11.. 111.1 OO
13 11.1 O 11111 (CCCONN
14 111,

15 1111 Ccco

Figure 1.30-A: Left: some of the 4-bit binary words can be interpreted as a string parentheses (marked
with ‘P’). Right: all 5-bit words that correspond to well-formed parentheses strings.

A subset of the binary words can be interpreted as a (well formed) string of parentheses. The 4-bit
binary words that have this property are marked with a ‘P’ in figure (left) [FXT: bits/parenword-
demo.cc]. The strings are constructed by scanning the word from the low end and printing a ‘ (’ with each
one and a ‘)’ with each zero. In order to find out when to terminate one adds up +1 for each opening
parenthesis and —1 for a closing parenthesis. When the ones in the binary word have been scanned then
s closing parentheses have to be added where s is the value of the sum [FXT: bits/parenwords.h]:

inline void parenword2str(ulong x, char *str)
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{
int s = 0;
ulong j = 0;
for (j=0; x!=0; ++j)
{
s += (x%1 7 +1 : -1)
strljl = ") (" [x&1];
x >>= 1;
}
while ( s——= > 0 ) str[j++] = ’)’
str[jl = 0; // terminate string
}

; // finish string

75

The 5-bit binary words that are valid ‘paren words’ together with the corresponding strings are shown in
figure (right). Note that the lower bits in the word (right end) correspond to the beginning of the
string (left end). If a negative value for the sums occurs at any time of the computation then the word is
not a paren word. We use that fact to create a routine that determines whether a word is a paren word:

inline bool is_parenword(ulong x)

int s = 0;
for (ulong j=0; x!=0; ++j)

s += ((x&1 7 +1 : -1 );

if ( s<0 ) break; // invalid word

x >>= 1;

return (8>=0);

The sequence

i, 3, 5, 7, 11, 13, 15, 19, 21, 23, 27, 29, 31, 39, 43, 45, 47, 51, 53, 55, 59, 61, 63, ...

of nonzero integers x so that is_parenword(x) returns true is entry A036991 of [2I4]. If we fix the
number of paren pairs then the following functions generate the least and biggest valid binary word. The

function simply returns a word with a block of n ones at the low end:

inline ulong first_parenword(ulong n)

// Return least binary word corresponding to n pairs of parens

// Example, n=5: ..... 11111 (CCCO
{

return first_comb(n);

2)))

The last paren word is the word with a sequence of n blocks ‘01’ at the low end:

inline ulong last_parenword(ulong n)

// Return biggest binary word corresponding to n pairs of parens.

// Must have: 1 <= n <= BITS_PER_LONG/2.

// Example, n=5: .1.1.1.1.1 (OQO0O
{

return 0x5555555555555555UL >> (BITS_PER_LONG-2#n) ;

00

...... 11111 = (CCCONN Sl 1111 = CCCoOMN O Sl 1111 = CCCOON O
..... 1.1111 = ((COO) 1010111 = (COOYO) Slaoa1111 = (COONO
..... 11.111 = (COCO))) 111011 = COO))YO) Llooa1111 = COONO
..... 111.11 = (O CCON) 111101 = OWOYO) 11111 = OON O
..... 1111.1 = O CCO))) 1100111 = (COYOO) o111 = (COYON O
1..1111 = (CCOYO)) 101111 = (O000) 1101011 = (OO0
1.1.111 = (COOQO)) 10101101 = OO0 0) L1111 = QOO0
1.11.11 = (OO O)) 111011 = (CO)YCO0O) L1111 = CODON O
1.111.1 = QO CCOO)) 11111 = OO0 0) 11111 = 0000
11..111 = (CO)Y O Lol 111 = CCON ) Ll 111 = CCONNO0
11.1.11 = (O0OC0O)) Loal1o01011 = OO0 101001011 = (OO0
11.11.1 = QOO 1101101 = O O) ) L1101 = QOO0
111..11 = (O)CO)) Loal1i1011 = COYO0)) 10110011 = (OO 00
111.1.1 = OO O 110111 = O000) 11,111 = 00000
Figure 1.30-B: The 42 binary words corresponding to all valid pairings of 5 parentheses, in colex order.

The sequence of all binary words corresponding to n pairs of parens in colex order can be generated with

the following (slightly cryptic) function:
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inline ulong next_parenword(ulong x)
// Next (colex order) binary word that is a paren word.

if ( x & 2 ) // Easy case, move highest bit of lowest block to the left:
{

ulong b = lowest_zero(x);

X "= b;

x "= (b>>1);

return x;

¥
else // Gather all low "O1"s and split lowest nontrival block:

{

if ( 0==(x & (x>>1)) ) return O;

ulong w = 0; // word where the bits are assembled
ulong s = 0; // shift for lowest block
ulong i = 1; // == lowest_bit(x)
%o // collect low "O1"s:
X "= 1i;
w <<= 1;
wl=1;
++s;
i <<= 2; // == lowest_bit(x);

}
while ( 0==(x&(i<<1)) );

x ~ (x+i); // lowest block

Z;
&= (z>>1);
&= (z>>1);
= (z>>8);
|= w;

}

Chapter 1: Bit wizardry

The program [FXT: bits/parenword-colex-demo.cc] shows how to create a list of binary words corre-

sponding to n pairs of parens (code slightly shortened):

ulong n = 4; // Number of paren pairs
ulong pn = 2*n+1;
char *str = new char[n+1]; str[n] = 0;
ulong x = first_parenword(n);
zhile (x)
print_bin(" ", x, pn);
parenword2str(x, str);
cout << " = " << str << endl;

X = next_parenword(x) ;

}

Its output with n = 5 is shown in figure[1.30-B| The 1,767,263, 190 paren words for n = 19 are generated
at a rate of about 153 million words per second. Chapter [L3|on page gives a different formulation of

the algorithm.

Knuth gives [I57] a very elegant rout
instructions:
inline ulong next_parenword(ulong x)

{
const ulong m0 = -1UL/3;

ulong t = x ~ mO;

if ( (t&x)==0 ) return O;
ulong u = (t-1) ~ t;

ulong v = x | u;

ulong y = bit_count( u & m0 );
ulong w = v + 1;

t=v & “w;

y=t>>y;

y t=w;

return y;

}

ine for generating the next paren word, the comments are MMIX

XO0R t, x, mO;
current is last

SUBU u, t, 1; XOR u, t, u;

// OR v, x, u;
// SADD y, u, m0;
// ADDU w, v, 1;
// ANDN t, v, w;
// SRU y, t, y;
// ADDU y, w, y;

The routine is slower, however, about 81 million words per second are generated. A bit-count instruction
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in hardware would speed it up significantly. By treating the case of easy update separately as in the
other version, a rate of about 137 million words per second is obtained.

1.31 Error detection by hashing: the CRC

A hash value is an element from a set H that is computed via a hash function f that maps any (finite)
sequence of input data to H.

For the sake of simplicity we now consider the case that the input sequences are of fixed size so they are
in a fixed set, say S. We further assume that the set S is (much) bigger than H.

f:8—H, s—h (1.31-1)

where s € S and h € H.

Two input sequences with different hash values are necessarily different. But, as the hash function maps
a larger set to a smaller one, there are different input sequences with identical hash values.

A trivial example is the set H = {0, 1} together with a function that count binary digits modulo two,
the parity function. Another example is the sum-of-digits test (see section on page used to
check the multiplication of large numbers. In the test we compute the value of a multi digit number
decimal s € S modulo nine. The crucial additional property of this hash is that with f(A) = a, f(B) = b,
f(C) =c (were A, B,C are decimal numbers), then A- B = C implies a - b = c.

A hash function f that is actually useful should have the mizing property: it should map the elements
s € S ‘randomly’ to H. With the sum-of-digits test we could have used rather arbitrary moduli for the
hash function. With one exception: the value modulo ten as hash would be pretty useless. No change in
any digit except for the last could ever be detected.

The so-called cyclic redundancy check (CRC) is a hash where the hash values are binary words of fixed
length. The hash function (basically) computes h = s mod ¢ where s is a binary polynomial build from
the input sequence and ¢ is a binary polynomial that is primitive (see chapter [38[on page . We will
use polynomials ¢ of degree 64 so the hash values (CRCs) are 64-bit words.

An C++ implementation is given as [FXT: class crc64 in bits/crc64.h]:

class crc64
// 64-bit CRC (cyclic redundancy check)

L.

public:
uint64 a_; // internal state (polynomial modulo c)
uint64 c_; // a binary primitive polynomial

// (non-primitive ¢ lead to smaller periods)
// The leading coefficient needs not be present.
uint64 h_; // auxiliary

static const uint64 cc[]; // 16 "random" 64-bit primitive polynomials

public:
Erc64(uint64 c=0)

if ( O0==c ) c¢ = Ox1bULL; // ="= 64,4,3,1,0 (default)
init(c);

~“crc64() {;}
void init(uint64 c)

c_ =c;

c_ >>=1;

h_ = 1ULL<<63;

c_ I=h_; // leading coefficient
reset();

}
void reset() { set_a("OULL); } // all onmes
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void set_a(uint64 a) { a_=a; }

uint64 get_a() const { return a_; }
[--snip--]

Note that a nonzero initial state (member variable a) is used: starting with zero will only go to a nonzero
state with the first nonzero bit in the input sequence. That is, input sequences differing only by initial
runs of zeros would get the same CRC.

After an instance is created one can feed in bits via bit_in(b) where lowest bit of b must contain the
bit to be used:

[--snip--]
¥oid shift ()

uint64 bit_in(unsigned char b)
{

a_ "= (b&l);

shift();

return a_;

[--snip--]

When a byte is to be checksummed we can do better than just feeding in the bits one by one. This is
achieved adding the byte followed by eight calls to shift():

[--snip--]
uint64 byte_in(unsigned char b)
{
#if 1
a_ "= b;
shift(); shift(); shift(); shift();
shift(); shift(); shift(); shift();
#else // identical but slower:
bit_in(b); b>>=1; // bit
bit_in(b); b>>=1; // bit
bit_in(b); b>>=1; // bit
bit_in(b); b>>=1; // bit
bit_in(b); b>>=1; // bit
bit_in(b); b>>=1; // bit

~NOoO O WNRLO

bit_in(b); b>>=1; // bit
bit_in(b); b>>=1; // bit
#endif
return a_;
}
[--snip--]

The lower block implements the straightforward idea. The program [FXT: bits/crc64-demo.cc] computes
the 64-bit CRC of a single byte in both ways.

Binary words are fed in byte by byte, starting from the lower end:
uint64 word_in(uint64 w)
ulong k = BYTES_PER_LONG_LONG;
while ( k-- ) { byte_in( (uchar)w ); w>>=8; }
return a_;
To feed in a given number of bits of a word, use the following method:

uint64 bits_in(uint64 w, uchar k)
{/ Feed in the k lowest bits of w

if (k&1 ) { a_ "= (w&l); w >>=1; shift(Q; }

k >>= 1;

if (k&1 ) { a_ "= (w&3); w >>= 2; shift(); shiftQ; }

k >>= 1;

if (k&1 ) { a_ "= (w&15); w >>= 4; shift(); shift(); shift(); shift(); }
k >>=1;

while ( k-- ) { byte_in( (uchar)w ); w>>=8; }
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return a_;

The operation is the optimized equivalent to
while ( k-- ) { bit_in( (uchar)w ); w>>=1; }

If two sequences differ in a single block of up to 64 bits, their CRCs will be different. The probability
that two different sequences have the same CRC equals 274 ~ 5.42 - 1072%. If that is not enough (and
one does not want to write a CRC with more than 64 bits) then one can simply use two (or more)
instances where different polynomials must be used. Sixteen ‘random’ primitive polynomials are given
[FXT: bits/crc64.cc| as static class member:

const uint64 crc64::ccl[] = {
0x5a0127dd34af1e81ULL, // [0]
Ox4ef12e145d0e3ccdULL, // [1]
0x16503f45acce9345ULL, // [2]
0x24e8034491298b3fULL, // [3]
0x9e4a8ad2261db8b1ULL, // [4]
0xb199aecfbb17a13fULL, // [5]
0x3f1fa2ccO0dfbbf51ULL, // [6]
0xfb6e45b2f694fb1fULL, // [7]
0xd4597140a01d32edULL, // [8]
0xbd08bala2d621bffULL, // [9]
0xae2b680542730db1ULL, // [10]
0x8ec0B6ec4a8fe8f6dULL, // [11]
0xb89a2ecea2233001ULL, // [12]
0x8b996e790b615ad1ULL, // [13]
0x7eaef8397265e1f9ULL, // [14]
0xf368ae22deecc7c3ULL, // [15]

};

These are taken from the list [FXT: |data/rand64-hex-primpoly.txt|. Initialize multiple CRCs as follows:

crc64 crca( crc64::ccl[0] );
crc64 crcb( crc64::cc[1] );

A class for 32-bit CRCs is given in [FXT: class crc32 in bits/crc32.h]. Its usage is completely equivalent.

The CRC can easily be implemented in hardware and is, for example, used to detect errors in hard disk
blocks. When a block is written its CRC is computed and stored in an extra word. When the block is
read, the CRC is computed from the data and compared to the stored CRC. A mismatch indicates an
€error.

One property that the CRC does not have is cryptographic security. It is possible to intentionally create
a data set with a prescribed CRC. With secure hashes (like MD5 and SHA1) it is (practically) not
possible to do so. Secure hashes can be used to ‘sign’ data. Imagine you distribute a file (for example an
binary executable) over the Internet. You want to make sure that someone downloading the file (from
any source) can verify that it is not an altered version (like, in the case of an executable, a malicious
program). To do so you create a (secure!) hash value which you publish on your web site. Any person
can verify the authenticity of the file by computing the hash and comparing it to the published version.
[Note added: recently successful attacks on both MD5 (see [236]) and SHA1 were reported].

1.31.1 Optimization via lookup tables

One can feed in an n-bit word w into the CRC in one step (instead of n steps) as follows: add w to (the
CRC word) a. Save the lowest n bits of the result to a variable z. Right shift @ by n bits. Add to a the
entry x of an auxiliary table t. For n = 8 the operation can be implemented as [FXT: class tcrc64 in
bits/tcrc64.hj:

uint64 byte_in(uchar b)

{
a_ "= b;
uint64 x = t_[a_ & 255];
a_ >>= 8;
a_ "= x;

return a_;
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}

The size of the table t is 2" = 256 words. For n = 1 the table would have only two entries, zero and c,
the polynomial used. Then the implementation reduces to

uint64 bit_in(uchar b)
{

a_ "= (b&l);

bool s = (a_ & 1);

a_ >>= 1;

if (O'=s ) a_ "= c_; // t[0]=0; tl[1l]l=c_;
return a_;

}

which is equivalent to the bit_in() routine of the unoptimized CRC.
The lookup table is computed upon class initialization as follows:
for (ulong w=0; w<256; ++uw)

set_a(0);
for (ulong k = 0; k<8; ++k) Dbit_in( (uchar)w>>k );
t_[w]l = a_;

The class can use tables of either 16 or 256 words. When a table of size 16 is used, the computation is
about 6 times faster than with the non-optimized routine. A table of size 256 gives a speedup by a factor
of 12. Optimization techniques based on lookup tables are often used in practical applications, both in
hardware and in software, see [5§].

1.31.2 Parallel CRCs

A very fast method for checksumming is to compute the CRCs for each bit of the fed-in words in parallel.
An array of 64 words is used [FXT: class pcrc64 in bits/pcrc64.h):

template <typename Type>

class pcrc64

// Parallel computation of 64-bit CRCs for each bit of the input words.
// Primitive polynomial used is x"64 + x"4 + x"3 + x"2 + 1

éublic:
Type x_[64]; // CRC data
// bit(i) of x_[0], x_[1], ..., x_[63] is a 64-bit CRC
//  of bit(i) of all input words
uint pos_; // position of constant polynomial term
const uint m_; // mask to compute mod 64

Upon initialization all words are set to all ones:

public:
pcrcé4 ()
: m_(63)
reset();

“perc64() { ; }

void reset()
pos_ = 0;
Type ff = 0; £f = "ff;
for (uint k=0; k<64; ++k) =x_[k] = ff;
The cyclic shift of the array is avoided by working modulo 64 when feeding in words:

void word_in(Type w)

{ uint p = pos_;
pos_ = (p+1) & m_;
uint h = (p-1) & m_;
Type a = x_[p &m.]; // O
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p

i _p&ml; //2
a = x_[p&mld; //3
++p;

a"=x_[p&ml; //4
X

h] = a ~ w;

The algorithm corresponds to the Fibonacci setup of the linear feedback shift registers (see section [39.2]
on page [836]). There is no primitive trinomial with degree a multiple of eight so we use the pentanomial

204 4+ 2% 4+ 23 + 22 4+ 1. With an array size where a primitive trinomial exists the modulo computations
would be more expensive. A unrolled routine can be used to feed in multiple words:

void words_in(Type *w, ulong n)

{
if ( n&1 ) { word_in(w[01); ++w; }
n >>= 1;
if ( n&1 ) { word_in(w[0]); word_in(w([1]); w+=2; }
n >>= 1;
for (ulong k=0; k<n; ++k)
{
word_in(w[0]);
word_in(w[1]);
word_in(w[2]);
word_in(w[3]);
w += 4;
}
}

The program [FXT: |bits/pcrc64-demo.cc| feeds the numbers up to a given value into a pcrc64<uint>:

int main()

Type n = 32768;
pcrc64<Type> P;
for (Type k=0; k<n; ++k) P.word_in(k);

// print array P.x_[] here

}

This rather untypical type of input data illustrates the independence of the bits in the array x_[]:
O s 1..1.1.11.111..
1: 11111111111411114141.11.1.1111.111.
2: 111111111111 111411. .11, .1,
3: 11111111111 111111.1. 1111, . . .11,
4: 1111111111131113111.1..1. 111111,
B 11...1..1..... 1
B i 1.1.11111.1.11.
7: 111111111111111111.,1.1.11.1..1..
g: 1111111111111111111.1...1.11111.
9: 111111111111111111.1111.1.1.1...

10 ... 111...1..1..1
11: 11111111111111111;.1111.1..1.1.1
120 oo 11..1.11.11..1.
13 e 11.1.1..11.1111
[--snip--]

B L ...1.11.11.1.1
60: 111111111113111111.1..11.111 .1
6l: ... L1111, 11.
62: 11111111111111111,.1..11..1.....
63: e 111..1.1111.111

The implementation can process about 2 GB of data per second when 64-bit types are used, 1 GB/s with
32-bit types, 500 MB/sec with 16-bit types, and about 230 MB/sec with 8-bit types.

1.32 Permutations via primitives

We give two methods to specify permutations of the bits of a binary word via one or more control words.
The methods are suggestions for machine instructions that can serve as primitives for permutations of
the bits of a word.
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A restricted method
Generalizing the symbolic-powering idea given in section on page [A5] we can specify a subset of all
permutations by selecting bit-blocks of the masks (for 32-bit words)

................ 111111111%

[y

1
1
.1

r—w—-» N

111
111
111
J11..110011. .11
diiriiiidiiiii
b

Subsets of the blocks of the masks can
highest bit of each block:

e determined with the bits of a 32-bit word by considering the

................ 1o, bits 15 ...

........ S bits 7 ...

B 1....... 1....... 1... bits 3 11 ...

B e O A O N bits 1 5 9 13 ...
.1.1.1.1.10101.101.1.01.101.0101 0 bits 0 2 4 6 8 10 12 14 ...

Thereby one can use all (except for the highest) bits of a word to select the blocks where the bits defined
by the block and those left to it should be swapped. A implementation of the implied algorithm can be
found in [FXT: bits/bitperml-demo.cc|. Arrays are used to give more readable code:

void perml(uchar *a, ulong ldn, const uchar *x)
// Permute al] according to the ’control word’ x[].
// The length of a[] must be 2%*1dn.

{
long n = 1L<<1dn;
for (long s=n/2; s>0; s/=2)
for (long k=0; k<n; k+=s+s)
if ( x[k+s-1]1'=°0’ )
// swap regions [a+k,...,a+k+s-1], [atk+s,...,a+k+2*s-1]:
swap(a+tk, atk+s, s);
}
}
}
}

No attempt has been made to optimize or parallelize the algorithm. We just explore how useful a machine
instruction for the permutation of bits would be.

The program uses a fixed size of 16 bits, an ‘x’ is printed whenever the corresponding bit is set:

a=0123456789ABCDEF  bits of the input word
x=00}0011900110110 control word

11x
bx

Ht\prOO

3
1
0 _2x

a—01326754CDFEAB9

00O

13x
6x 8 10x 12 14x
result

The control word used leads to the Gray code permutation (see on page @ Assume we use words
with N bits. We cannot (for N > 2) obtain all N! permutations as we can choose between only 2V~!
control words. Now set the word length to N := 2. The reachable permutations are those where the
intervals [k-27, ..., (k+1) -2/ — 1] contain all numbers [p-27, ..., (p+1)-27 —1] for all j < n and
0< k<2, choosmg p for each interval arbitrarily (0 < p < 2" J). For example, the lower half of
the permuted array must contain a permutation of either the lower or the upper half (j = n — 1) and
each pair agy,, agy+1 must contain two elements 2z, 2z + 1 (j = 1). The bit-reversal can be obtained
using a control word with all bits set. Alas, the (important!) zip permutation (bit-zip, see section m
on page is unreachable.

The inverse permutation is achieved by changing a single line:

for (long s=1; s<n; s+=s)

A machine instruction could choose between the two routines via the highest bit in the control word.
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A general method

All permutations of N = 2" elements can be obtained using n control words of N bits. Assume we have
a machine instruction that collects bits according to a control word. An eight bit example:

a
X

abcdefgh  input data

L.1.1101 control word (dots for zeros)
cefh bits of a where x has a one
abdg bits of a where x has a zero

abdgcefh  result, bits separated according to x

We need n such instructions that work on all length-2* sub-words for 1 < k < n. For example, the
instruction working on half words of a 16-bit word would work as

a = abcdefgh ABCDEFGH input data
x = ..1.11.1 1111.... control word (dots for zeros)
cefh ABCD bits of a where x has a one
abdg EFGH bits of a where x has a zero

abdgcefh EFGHABCD result, bits separated according to x

Note the bits of the different sub-words are not mixed. Now all permutations can be reached if the control
word for the 2F-bit sub-words have exactly 2~! bits set in all ranges [j - 2%, ..., (j + 1) - 2¥].

A control word together with the specification of the instruction used defines the action taken. The
following leads to a swap of adjacent bit pairs

1.1.1.1.1.1.1.1.1.1.1.10010.101 01 k= 1 (2-bit sub-words)
while this
1.1.1.1.1.1.1.1.1.1.1.10010.101 01 k= 5 (32 bit sub-words)

results in gathering the even and odd indexed bits in the halfwords.

A complete set of permutation primitives for 16-bit words and their effect on a symbolic array of bits
(split into groups of four elements for readability) is

0123 4567 89ab cdef

3 s s =4 ==> 89ab cdef 0123 4567
1111, .. .1111. ... = 3 ==> cdef 89ab 4567 0123
11..11..11. .11, . = 2 ==> efcd ab89 6745 2301
1.1.1.1.1.1.1.1. =1 ==> fedc ba98 7654 3210

The top primitive leads to a swap of the left and right half of the bits, the next to a swap of the halves of
the half words and so on. The obtained permutation is array reversal. Note that we use array notation
(least index left) here.

The resulting permutation depends on the order in which the primitives are used. Starting with full
words

0123 4567 89ab cdef
== 1357 9bdf 0246 8ace
== 37bf 159d 26ae 048c
1.1. 1.1, 1.1, 1.1. == 7£3b 5d19 6e2a 4c08
1.1. 1.1, 1.1, 1.1. = ==> £f7b3 d591 eba2 c480
The result is different when starting with 2-bit sub-words:

0123 4567 89ab cdef
== 1032 5476 98ba dcfe
== 0213 4657 8a9b cedf
==> 2367 0145 abef 89cd
==> 3715 bf9d 2604 ae8c

1.1. 1.1. 1. 1.1.
1.1. 1.1 1.1. =

e
R

|
HNW

e

e
[

NV

e

1.1. 1.
1.1. 1.
1.1. 1.
1.1. 1.

e
e

There are (2;) possibilities to have z bits set in a 2z-bit word. There are 2"~ * length-2* sub-words in a
2"-bit word so the number of valid control words for that step is

G5

The product of the number of valid words in all steps gives the number of permutations:
n 2k 2n7k:
e = ] [(2,”)} (1.32-1)
k=1
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1.33 CPU instructions often missed

Essential

e Bit-shift and bit-rotate instructions that work properly for shifts greater or equal to the word length:
the shift instruction should zero the word, the rotate instruction should take the shift modulo word
length. The C-language standards leave the results for these operations undefined and compilers
simply emit the corresponding assembler instructions. The resulting CPU dependent behavior is
both a source of errors and makes certain optimizations impossible.

e A bit-reverse instruction. A fast byte-swap mitigates the problem, see section [1.13|on page
e Instructions that return the index of highest or lowest set bit in a word.
e Fast conversion from integer to float and double (both directions).

e A fused multiply-add instruction for floats.

e Instructions for the multiplication of complex floating point numbers. For example, with 128-bit
(SIMD) registers and 64-bit floats:

// Here: R1 == A, B; R2 == C, D;
CMUL R1, R2;
// Here: R2 == A*C-BxD, A*D+Bx*C;
e A sum-diff instruction, such as:
// Here: R1 == A; R2 == B;
SUMDIFF R1, R2;
// Here: R1 == A+B; R2 == A-B;
It serves as a primitive for fast orthogonal transforms.

e An instruction to swap registers. Even better, a conditional version of that.

Nice to have

e A parity bit for the complete machine word. The parity of a word is the number of bits modulo
two, not the complement of it. Even better would be an instruction for the inverse Gray code, see

section [I.I5] on page [36]
e A bit-count instruction, see section [1.8 on page This would also give the parity at bit zero.
e A random number generator: LHCAs (see section on page may be candidates.
e A conditional version of more than just the move instruction, possibly as an instruction prefix.

e An instruction to detect zero bytes in a word, see section [1.21] on page The C-convention is to
use a zero byte as string terminator. Performance of the string related functions in the C-library
could thereby be increased significantly. Ideally the instruction should exist for different word sizes:
4-byte, 8-byte and 16-byte (possibly using SIMD extensions).

e A bit-zip and a bit-unzip instruction, see section [I.14] on page [35] Note this is polynomial squaring
over GF(2).

e A bit-gather and a bit-scatter instruction, see [FXT: bits/bitgather.h] and [FXT: bits/bitseparate.h)].
This would include bit-zip and its inverse.

e Primitives for permutations of bits, see section [I.32 on page [81}

e Multiplication corresponding to XOR as addition. That is, a multiplication without carries, the
one used for polynomials over GF(2). See section on page and [FXT: bitpolmult() in
bpol/bitpol-arith.h].
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Chapter 2

Permutations

In this chapter we first study several special permutations that are used as part of other algorithms like
the revbin permutation used in radix-2 FFT algorithms. Then permutations in general together with the
operations on them, like composition and inversion, are described.

Algorithms for the generation of all permutations of a given number of objects are given in chapter
The connection to mixed radix numbers in factorial base is given in section [10.3]

2.1 The revbin permutation

0: [ * ]

1: [ * ]

2: [ * ]

3: [ * ]

4: [ * ]

5: [ * ]

6: [ * ]

7: [ * ]

8: [ = ] 0: [ * 1

9: [ * ] 1: [ * ]

10: [ * ] 2: [ * ]

11: [ * ] 3: [ * ]

12: [ * ] 4: [ * ] 0: [ * ]
13: [ * ] 5: [ * ] 1: [ * ]
14: [ * ] 6: [ * ] 2: [ = ]
15: [ * ] 7: [ * ] 3: [ * ]

Figure 2.1-A: Permutation matrices of the revbin permutation for sizes 16, 8 and 4. The permutation
is self-inverse.

The permutation that swaps elements whose binary indices are mutual reversals is called revbin permu-
tation (sometimes also bit-reversal- or bitrev permutation). For example, for length n = 256 the element
with index x = 4319 = 001010115 is swapped with the element whose index is £ = 110101005 = 21215.
Note that & depends on both x and on n. Pseudo code for a naive implementation is

procedure revbin_permute(al[], n)
// al0..n-1] input,result

{
for x:=0 to n-1
r := revbin(x, n)
if r>x then swap(alx], alrl)
}
}
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The condition r>x before the swap() statement makes sure that the swapping is not undone later when
the loop variable x has the value of the present r. The key ingredient for a fast permutation routine

is the observation that we only need to update as bit-reversed values. Given & we can compute 41
efficiently. Methods to do this are given in section [1.13.3] A faster routine will be of the form

procedure revbin_permute(al]l, n)
// al0..n-1] input,result
if n<=2 return
r := 0 // the reversed 0
for x:=1 to n-1

r := revbin_upd(r, n/2) // inline me
if r>x then swap(alx], alrl)

}
A method to generate all revbin pairs via linear feedback shift registers is given in section[39.3]on page[337]

About (n —+/n)/2 swap()-statements will be executed with the revbin permutation of n elements. That
is, almost every element is moved for large n, as there are only few numbers with symmetric bit patterns:

n: | 2 # swaps # symm. pairs
2 0 2
4: 2 2
8: 4 4
16: 12 4
32: 24 8
64: 56 8
210; 992 32
220: | 0.999 - 220 210
00 : n—+/n Vn

The sequence
0, 2, 4, 12, 24, 56, 112, 238, 480, 992, 1980, 4032, 8064, 16242, 32512, 65280,

is entry |A045687| of [214].

Optimizations using the symmetries of the permutation

The following symmetry can be used for further optimization: if for even z < % there is a swap (for
the pair x, &) then there is also a swap for the pairn —1 -2, n—1—-%. Asx < § and & < § one
hasn —1—2 > g and n —1 -2 > 5. That is, the swaps are independent. A routine that uses these
observations is

procedure revbin_permute(al], n)

{
if n<=2 return
nh :=n
r := 0 // the reversed 0
%hiie x<nh
// x odd:
r :=r + nh
swap(al[x], alr])
X :=x + 1
// x even:
r := revbin_upd(r,n/2) // inline me
%f r>x then
swap(alx], alrl)
swap(a[n-1-x], aln-1-r])
x :=x +1
}
}
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The code above can be used to derive an optimized version for zero padded data:

procedure revbin_permuteO(al[]l, n)

{
if n<=2 return
nh := n/2
r := ? // the reversed 0
%hiie x<nh
// x odd:
r :=r + nh
alr] := a[x]
alx] :=0
X :=x +1
// x even:
r := revbin_upd(r, n) // inline me
if r>x then swap(alx], alr]l)
// Omit swap of a[n-1-x] and al[n-1-r] as these are zero
x :=x+1
}
}

One can carry the scheme further, distinguishing whether x mod 4 = 0, 1, 2 or 3. This is done in the
actual C++ implementation [FXT: revbin permute() in perm/revbinpermute.h|. The parameters

#define RBP_SYMM 4 // 1, 2, 4 (default is 4)
#define FAST_BIT_SCAN // define if machine has fast bit scan

determine how much of the symmetry is used (RBP_SYMM) and which flavor of the revbin-update routine
is chosen (FAST_BIT_SCAN). With a fast bit-scan instruction the table driven version is slightly faster.
We further define a convenient macro to swap elements:

#define idx_swap(k, r) { ulong kx=(k), rx=(r); swap2(flkx], flrx]l); }

The main routine uses unrolled versions of the revbin permutation for small values of n. These are given
in [FXT: perm/shortrevbinpermute.h|. For example, the unrolled routine for n = 16 is

template <typename Type>
inline void revbin_permute_16(Type *f)
{
swap2(£f[1], £[81);
swap2(£f[2], £[41);
swap2(f[3], £[12]);
swap2(f[5], £[10]);
swap2(£[7]1, £[141);
swap2(£[11], £[131);
}

The code was generated with the program [FXT: |perm/cycles-demo.cc], see section [2.11.3| on page
The routine revbin_permute_le_64(f,n) that is called for n < 64 selects the correct routine for the
parameter n:

template <typename Type>
void revbin_permute(Type *f, ulong n)

if ( n<=64 )
{

revbin_permute_le_64(f, n);
return;
}
}

If the table driven update is used, the table has to be initialized and, depending on the amount of
symmetry used, also some auxiliary variables:

const ulong nh = (n>>1);
#ifdef FAST_BIT_SCAN
make_revbin_upd_tab(nh);

#endif
#if ( RBP_SYMM >= 2 )
const ulong nl =n - 1; // = 11111111
#if ( RBP_SYMM >= 4 )
const ulong nxl = nh - 2; // = 01111110
const ulong nx2 = nl - nx1; // = 10111101

#endif // ( RBP_SYMM >= 4 )
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#endif // ( RBP_SYMM >= 2 )

Chapter 2: Permutations

In what follows we set RBP_SYMM to 4 and omit the corresponding preprocessor statements. The cryptic

and powerful main loop is

ulong k = 0, r = 0;
while ( k<n/RBP_SYMM )
{

/] === K4 == 0:
%f ( >k )

idx_swap(k, r);

// n>=16, n/2>=8, n/4>=4

// <nh, <nh 11

idx_swap(nl~k, nl1°r); // >nh, >nh 00
idx_swap(nx1~k, nxl°r); // <nh, <nh 11
idx_swap(nx2°k, nx2°r); // >nh, >nh 00

// <nh, >nh 10

idx_swap(nl~k, ni1°r); // >nh, <nh 01

}

r "= nh;

++k;

/] —==—= k%4 ==

%f ( >k )
idx_swap(k, r);

}

#ifdef FAST_BIT_SCAN

r = revbin_tupd(r, k);

#else

r = revbin_upd(r, nh);
#endif

+k;

/] == k4 == 2:

%f ( >k )

idx_swap(k, r);

// <nh, <nh 11

idx_swap(nl~k, nl1°r); // >nh, >nh 00

}

r "= nh;

++k

/] === k%4 == 3:

if ( >k )

{
idx_swap(k, r);
idx_swap(nx1~k, nx1°r);

}

#ifdef FAST_BIT_SCAN

// <nh, >nh 10
// <nh, >nh 10

r = revbin_tupd(r, k);

#else

r = revbin_upd(r, nh);

#endif
++k;

} // end revbin_permute()

It turns out that the routine takes, for large n, about six times of the simple reverse() operation that
swaps elements k with n — k — k. Much of the time is spend waiting for memory which suggests that
further optimizations would best be attempted with special (machine) instructions to bypass the cache

or with non-temporal writes.

The routine [FXT: revbin_permute0() in perm/revbinpermute0.h] is a specialized version optimized for
zero padded data. Some memory access can be avoided for that case. For example, revbin-pairs with
both indices larger than n/2 need no processing at all. Therefore the routine is faster than the general

version.

If, for complex data, one works with separate arrays for the real and imaginary parts one can remove
half of the bookkeeping as follows:

procedure revbin_permute(al]

{

if n<=2 return

r := 0 // the reversed 0

for x:=1 to n-1

» b[1, n)
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r := revbin_upd(r, n/2) // inline me
if r>x then

swap(alx], alrl)
swap(b[x], blrl)

}

If both real and imaginary part fit into level-1 cache the method can lead to a speedup. However, for
large arrays the routine can be drastically slower than two separate calls of the simple method: typically
the real and imaginary element for the same index lie apart in memory by a power of two, leading to one
hundred percent cache miss for large array sizes.

2.2 The radix permutation

The radix permutation is the generalization of the revbin permutation to arbitrary radices. Pairs of
elements are swapped when their indices, written in radix r are reversed. For example, in radix 10 and
n = 1000 the elements with indices 123 and 321 will be swapped. The radix permutation is self-inverse.

C++ code for the radix r permutation of the array £[] is given in [FXT: perm/radixpermute.h]. The
routine must be called with n a perfect power of the radix r. Using radix r = 2 gives the revbin
permutation.

extern ulong radix_permute_nt[]; // == 9, 90, 900, ... for r=10
extern ulong radix_permute_kt[]; // == 1, 10, 100, ... for r=10
#define NT radix_permute_nt
#define KT radix_permute_kt

template <typename Type>
void radix_permute(Type *f, ulong n, ulong r)

{

ulong x = 0;

NT[0] = r-1;

KT[0] = 1;

Yhile (1)
ulong z = KT[x] * r;
if ( z>n ) break;
++x;
KT[x] = z;
NT[x] = NT[x-1] * r;

// here: n == p¥*x

for (ulong i=0, j=0; i < n-1; i++)
if (i<j ) swap2(£[il, £[j1);
ulong t = x - 1;
ulong k = NT[t]l; // ="= k = (r-1) * n / r;
while ( k<=j )
{

J =k
k = NT[--t]; // ="= k /=r;

}
j +=KT[t)l; // ="= j += (&/(r-1));

}

}

2.3 In-place matrix transposition

Transposing a matrix is easy when it is not done in-place. The simple routine [FXT: transpose() in
aux2/transpose.h| does the job:
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template <typename Type>
void transpose(const Type * restrict f, Type * restrict g, ulong nr, ulong nc)
// Transpose nr x nc matrix f[] into an nc x nr matrix g[].

for (ulong r=0; r<nr; r++)

{ ulong isrc = r * nc;
ulong idst = r;
for (ulong c=0; c<nc; c++)
{
glidst] = flisrc];
isrc += 1;
idst += nr;
}
}

}

Matters get more complicated for the in-place equivalent. We have to find the cycles (see section on
page [104)) of the underlying permutation. To transpose a n, X n.- matrix first identify the position i of
the entry in row r and column c:

i = ren.+ec (2.3-1)
After the transposition the element will be at position ¢’ in the transposed n!. x n.- matrix
i = ronl+c (2.3-2)

Obviously, ' = ¢, ¢/ = r, nl. = n. and n., = n,, so:

i’ = cong.+r (2.3-3)
Multiply the last equation by n.
i ne = c-npone+rone (2.3-4)
With n :=n, -n. and r - n, =i — ¢ we get
i'"“ne = cn+i—c (2.3-5)
i = i n.—c-(n—-1) .3-6)
Take the equation modulo n — 1 to get
i = i -n. mod (n—1) (2.3-7)

That is, the transposition moves the element ¢ = i’ - n. to position i’. Multiply by n,. to get the inverse:

in. = i neony (2.3-8)
iy = i (n—1+1) (2.3-9)
in, = i (2.3-10)

That is, element ¢ will be moved to i’ =4 -n, mod (n—1).

The routine [FXT: transpose () in aux2/transpose.h| uses the a bit-array to keep track of the elements
that have been processed so far:

#define SRC(k) (((unsigned long long) (k)*nc)%nl)

template <typename Type>

void transpose(Type *f, ulong nr, ulong nc, bitarray *ba=0)
// In-place transposition of an nr X nc array

//  that lies in contiguous memory.

{
if ( 1>=nr ) return;
if ( 1>=nc ) return;

if ( nr==nc ) transpose_square(f, nr);
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%lse

const ulong nl = nr * nc - 1;
bitarray *tba = 0;
if ( O==ba ) tba
else tba
tba->clear_all();
for (ulong k=1; k<nl; k=tba->next_clear(++k) ) // O and nl are fixed points
{

new bitarray(nl);
ba;

// do a cycle:
ulong ks = SRC(k);
ulong kd = k;
tba->set (kd) ;

Type t = f£[kd];
}Jhile (ks !'=k)

f[kd] = f[ks];
kd = ks;

tba->set (kd) ;
ks = SRC(ks);

}
fkd] = t;
}

if ( O==ba ) delete tba;
}

Note that one should take care of possible overflows in the calculation i - n.. For the case that n is a
power of two (and so are both n, and n.) the multiplications modulo n — 1 are cyclic shifts. Thus any
overflow can be avoided and the computation is also significantly cheaper. A C++ implementation is
given in [FXT: aux2/transpose2.h].

2.4 Revbin permutation and matrix transposition *

How would you rotate an (length-n) array by s positions (left or right), without using any scratch space.
If you do not know the solution then try to find it before reading on.

The trick is to use reverse() three times as in the following [FXT: rotate_left() in perm/rotate.h]:

template <typename Type>

void rotate_left(Type *f, ulong n, ulong s)
// Rotate towards element #0

{/ Shift is taken modulo n

if ( s==0 ) return;
if ( s>=n )

if (n<2) return;

s %= n;
}
reverse(f, s);
reverse(f+s, n-s);
reverse(f, n);

}

The technique is usually called the triple reversion trick. For example left-rotating an 8-element array
by 3 positions is achieved by the following steps:

[12345678]

[ 3214567 8] reverse first 3 elements
[32187654] reverse last 8-3=5 elements
[45678123] reverse whole array

Similarly for the other direction. A right rotation of an n-element array by s positions is identical to a
left rotation by n — s positions:

[12345678]
[ 5432167 8] reverse first 8-3=5 elements
[ 5432187671 reverse last 3 elements
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[67 812345 ] reverse whole array

template <typename Type>

void rotate_right(Type *f, ulong n, ulong s)
// Rotate away from element #0

{/ Shift is taken modulo n

if ( s==0 ) return;
if ( s>=n )

if (n<2) return;

s %= n;
}
reverse (f, n-s);
reverse(f+n-s, s);
reverse(f, n);

}

What this has to do with our subject? When transposing an n, X n, matrix whose size is a power of two
(thereby both n, and n. are also powers of two) the above mentioned rotation is done with the indices
(written in base two) of the elements. We know how to do a permutation that reverses the complete
indices and reversing a few bits at the least significant end is not any harder:

template <typename Type>

void revbin_permute_rows(Type *f, ulong ldn, ulong ldnc)

// Revbin-permute the length 2%xldnc rows of £[0..2%*1ldn-1]
{/ (£f[] considered as an 2**(1ldn-ldnc) x 2**1ldnc matrix)

ulong n = 1UL<<1ldn;
ulong nc = 1UL<<ldnc;
for (ulong k=0; k<n; k+=nc) revbin_permute(f+k, nc);

}
And there we go:

template <typename Type>
void transpose_by_rbp(Type *f, ulong ldn, ulong ldnc)
// Transpose f[] considered as an 2**(ldn-ldnc) x 2**ldnc matrix

{

revbin_permute_rows(f, 1ldn, ldnc);

ulong n = 1UL<<1ldn;

revbin_permute(f, n);

revbin_permute_rows(f, 1ldn, ldn-ldnc); // ... that is, columns
}

The triple-reversion trick can also be used to swap two blocks in an array: first reverse the three ranges
(first blocks, range between block, last block), then reverse the range that consists of all three. This is
the quadruple reversion trick. The corresponding code is given in [FXT: |perm/swapblocks.h]:

template <typename Type>

void swap_blocks(Type *f, ulong x1, ulong nl, ulong x2, ulong n2)
// Swap the blocks starting at indices x1 and x2

// nl and n2 are the block lengths

{
if ( x1>x2 ) { swap2(x1,x2); swap2(nl,n2); }
f += x1;
x2 -= x1;

ulong n = x2 + n2;
reverse(f, nl);
reverse(f+nl, n-ni1-n2);
reverse (f+x2, n2);
reverse(f, n);

The elements before x1 and after x2+n2 are not accessed. An example [FXT: perm/swap-blocks-demo.cc|:

VVVVYVY VVVYVY <--= want to swap these blocks
[01234 abcde78wxyz NNIJ] orig. data
[01234 edcba78wxyz NNIJ] reverse first block
[01234 edcba87wxyz NNI reverse range between blocks
[01234 edcba87zyxw NNJ] reverse second block
[01234 wxyz78abcde NNI] reverse whole range

“““““ <--= the swapped blocks

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/src/perm/swapblocks.h
file:@FXTDIR@/demo/perm/swap-blocks-demo.cc

2.5: The zip permutation 93

The effect of swap_blocks(f, x1, nl, x2, n2) can be undone via
swap_blocks(f, x1, n2, x2+n2-nl, nl).

2.5 The zip permutation

0: [ * ] 0: [ * 1
1: [ * ] 1: [ * ]
2: [ = ] 2: [ * ]
3: [ * ] 3: [ * ]
4: [ * ] 4: [ * 1
5: [ * ] 5: [ * ]
6: [ * ] 6: [ * ]
7: [ * ] 7: [ * ]
8: [ * ] 8: [ = ]
9: [ * ] 9: [ * ]
10: [ * ] 10: [ * ]
11: [ * ] 11: [ * ]
12: [ * ] 12: [ * ]
13: [ * ] 13: [ * 1
14: [ * ] 14: [ * ]
15: [ * ] 15: [ * ]

Figure 2.5-A: Permutation matrices of the zip permutation (left) and its inverse, the unzip permutation
(right). The zip permutation moves the lower half of the array to the even indices and the upper half to
the odd indices.

The zip permutation moves the elements from the lower half to the even indices and the elements from
the upper half to the odd indices. Symbolically,

[abcdABCD] |-->[aAbBcCdD]
The size of the array must be even. A routine for the permutation is

template <typename Type>
void zip(const Type * restrict f, Type * restrict g, ulong n)

ulong nh = n/2;
for (ulong k=0, k2=0; k<nh; ++k, k2+=2) g[k2]
for (ulong k=nh, k2=1; k<n; ++k, k2+=2) g[k2]

fk];
f[k];

}

When the array size is a power of two we can use a special case of the ‘transposition by revbin permutation’
idea to do the operation in-place [FXT: zip() in perm/zip.h|:

template <typename Type>
void zip(Type *f, ulong n)
{

ulong nh = n/2;
revbin_permute(f, nh); revbin_permute(f+nh, nh);
revbin_permute(f, n);

}

If we have a type Complex consisting of two doubles lying contiguous in memory we can optimize the
procedure:

void zip(double *f, long n)
{

revbin_permute(f, n);
revbin_permute ((Complex *)f, n/2);
}

The inverse of the zip permutation is the unzip permutation. We only give the in-place version based on
the revbin permutation, the array size must be a power of two:

template <typename Type>
void unzip(Type *f, ulong n)
{
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ulong nh = n/2;
revbin_permute(f, n);
revbin_permute(f, nh); revbin_permute(f+nh, nh);

}
The routine can for the type double again be optimized as
void unzip(double *f, long n)

revbin_permute((Complex *)f, n/2);
revbin_permute(f, n);

Connection to matrix transposition
For arrays whose size n is not a power of two the in-place zip permutation can be obtained by transposing
the data as a 2 x n/2 matrix:

transpose(f, 2, n/2); // ="= zip(f, n)

The routines for in-place transposition are given in section [2:3]on page[89} The inverse is clearly obtained
by transposing the data as a n/2 x 2 matrix:

transpose(f, n/2, 2); // ="= unzip(f, n)
0: [ * ] 0: [ = ]
1: [ * ] 1: [ * ]
2: [ * ] 2: [ * ]
3: [ * ] 3: [ * 1
4: [ * ] 4: [ * ]
5: [ * ] 5: [ * 1
6: [ * ] 6: [ * ]
7: [ * ] 7: [ * 1
8: [ * ] 8: [ = ]
9: [ * ] 9: [ * ]
10: [ * ] 10: [ * ]
11: [ * ] 11: [ * ]
12: [ * ] 12: [ * ]
13: [ * ] 13: [ * ]
14: [ * ] 14: [ * ]
15: [ * ] 15: [ * ]

Figure 2.5-B: Revbin permutation matrices that, when multiplied together, give the zip permutation
and its inverse. Let L. and R be the permutations given on the left and right side, respectively. Then
Z=RLand Z7'=LR.

While the above mentioned technique is usually not a gain for doing a transposition it may be used
to speed up the revbin permutation itself. We operator-ize the idea to see how. Let R be the revbin
permutation revbin_permute (), T'(n,, n.) the transposition of the n, xn, matrix and R(n.) the operation
done by revbin_permute_rows() (see section on page . Then

T(nqmn.) = R(n;)-R-R(n.) (2.5-1)
The R-operators are their own inverses while T is in general not self inverseﬂ

R = R(n,) -T(nyne)- R(ne) (2.5-2)

There is a degree of freedom in this formula: for fixed n = n,. X n. one can choose one of n, and n. (only
their product is given).

1For n, = n. it of course is.
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2.6 The reversed zip permutation

A permutation closely related to the zip permutation is the reversed zip permutation. It moves the lower
half of an array to the even indices and the upper half to the odd indices in reversed order. Symbolically,

[abcdABCD] |-->[aDbCcBdA]
A C++ routine is [FXT: zip_rev() in perm/ziprev.h:

template <typename Type>
void zip_rev(const Type * restrict x, Type * restrict y, ulong n)
// n must be even

const ulong nh = n/2;

for (ulong k=0, k2=0; k<nh; k++, k2+=2) y[k2] = x[k];
for (ulong k=nh, k2=n-1; k<n; k++, k2-=2) y[k2] = x[k];
}

0: [ * ] 0: [ * 1
1: [ * ] 1: [ * ]
2: [ * ] 2: [ * 1
3: [ * ] 3: [ * ]
4: [ * ] 4: [ * 1
5: [ * ] 5: [ * ]
6: [ * ] 6: [ * ]
7: [ * ] 7: [ * ]
8: [ * ] 8: [ * ]
9: [ * ] 9: [ * 1
10: [ * ] 10: [ * ]
11: [ * ] 11: [ * ]
12: [ * ] 12: [ * 1
13: [ * ] 13: [ * ]
14: [ * ] 14: [ * 1
15: [ * ] 15: [ * ]

Figure 2.6-A: Permutation matrices of the reversed zip permutation (left) and its inverse (right).

The in-place version can, if the array length is a power of two, be implemented as

template <typename Type>
void zip_rev(Type *x, ulong n)
// n must be a power of two

{
const ulong nh = n/2;
reverse(x+nh, nh);
revbin_permute(x, nh); revbin_permute(x+nh, nh);
revbin_permute(x, n);
}

The inverse permutation [FXT: unzip_rev() in perm/ziprev.h| can be implemented as

template <typename Type>
void unzip_rev(const Type * restrict x, Type * restrict y, ulong n)
// n must be even

const ulong nh = n/2;
for (ulong k=0, k2=0; k<nh; k++, k2+=2) y[k]
for (ulong k=nh, k2=n-1; k<n; k++, k2-=2) y[k]

x[k2];
x[k2];

}
The in-place version is

template <typename Type>
void unzip_rev(Type *x, ulong n)
// n must be a power of two

{

const ulong nh = n/2;

revbin_permute(x, n);

revbin_permute(x, nh); revbin_permute(x+nh, nh);
) reverse (x+nh, nh);
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The given permutation is used in an algorithm where the cosine transform is computed using the Hartley

transform, see section on page

We write Z and Z~! for the zip permutation and its inverse, Z and Z~! for the reversed zip permutation
and its inverse, and R for the revbin permutation. Then the following relations hold:

Z = RZ'R=22'Z (2.6-1a)

Z = RZ'R=27"Z (2.6-1b)

Z' = RZR =7Z'27"" (2.6-1c)

Z' = RZR =21'Zz77! (2.6-1d)

2.7 The XOR permutation
0: [ * D I 10 * ]
1: 0 * 1 [ 10 * I R ]
2: [ * 10 * 1D 10 = ]
3: [ * 10 o« 10 = 1 [ ]
a: [ * 1 S * 10 * ]
5: [ « 1 * 10 x1 0 x ]
6: [ * 1 0 *1 * 1 1 * 1
7: [ 1 [ x 1 I « 10 * ]
x=0 x =1 x =2 x =3
0: [ * 10 « 10 * 10 * ]
1: [ « 10 * 10 x1 0 x ]
2: [ « 10 *1 [ * 10 ]
3: [ x1 L « 10 « 10 * ]
4: [ 10+ 10 10 * ]
5: [ x 1 [+ 10 * I ]
6: [ * 10 * 1 [ 10 = ]
7: [ * R 10 = 1 [ ]
x =4 x =5 x =6 x =7

Figure 2.7-A: Permutation matrices of the XOR permutation for length 8 with parameter z =0...7.
Compare to the table for the dyadic convolution shown in figure on page (446

The XOR permutation may be explained most simply by its trivial implementation: [FXT:
xor_permute () in [perm/xorpermute.h]:

template <typename Type>
void xor_permute(Type *f, ulong n, ulong x)

if ( 0==x ) return;
for (ulong k=0; k<n; ++k)
{

ulong r = k7x;
if ( r>k ) swap2(flr]l, £[k]);

}

The XOR permutation is evidently self-inverse. The array length n must be divisible by the smallest
power of two that is greater than x: for example, n must be even if x = 1, n must be divisible by four if
x =2 or x =3. With n a power of two and x < n one is on the safe side.

The XOR permutation contains a few other permutations as important special cases (for simplicity assume
that the array length n is a power of two): when the third argument x equals n — 1 then the permutation
is the reversion, with z = 1 neighboring even and odd indexed elements are swapped, with = n/2 the
upper and the lower half of the array are swapped.
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One has
X, Xy, = Xp X, = X, where ¢c=aXORD (2.7-1)

For the special case a = b the relation expresses the self-inverse property as X is the identity. The XOR
permutation often occurs in relations between other permutations where we will use the symbol X, the
subscript denoting the third argument.

2.8 The Gray code permutation

0: [ * ] 0: [ * ]
1: [ * ] 1: [ * 1
2: [ * ] 2: [ * ]
3: [ * ] 3: [ * ]
4: [ * ] 4: [ * ]
5: [ * ] 5: [ * ]
6: [ * ] 6: [ * 1
7: [ * ] 7: [ * ]
8: [ * ] 8: [ * 1
9: [ * ] 9: [ * ]
10: [ * ] 10: [ * ]
11: [ * ] 11: [ * ]
12: [ * ] 12: [ * ]
13: [ * ] 13: [ * ]
14: [ * ] 14: [ * ]
15: [ * ] 15: [ * ]

Figure 2.8-A: Permutation matrices of the Gray code permutation (left) and its inverse (right).

The Gray code permutation (or simply Gray permutation) reorders (length-2") arrays according to
the binary Gray code described in section |1.15] on page A routine for the permutation is [FXT:
perm/graypermute.h|:

template <typename Type>
inline void gray_permute(const Type *f, Type * restrict g, ulong n)
// Put Gray permutation of f[] to gl[l, i.e. glgray_code(k)] == f[k]

for (ulong k=0; k<n; ++k) glgray_code(k)] = f[k];
}
Its inverse is

template <typename Type>

inline void inverse_gray_permute(const Type *f, Type * restrict g, ulong n)
// Put inverse Gray permutation of f[] to gl[l, i.e. glkl == f[gray_code(k)]
// (same as: glinverse_gray_code(k)] == f[k])

for (ulong k=0; k<n; ++k) glk] = flgray_code(k)];
}

We again use calls to gray_code() because they are cheaper than the computation of
inverse_gray_code().

We now give in-place versions of the above routines that offer very good performance. It is necessary to
identify the cycle leaders (see section on page [104)) of the permutation and find an efficient way to
generate them.

2.8.1 Cycles of the permutation
It is instructive to study the complementary masks that occur for cycles (see section on page [104])
of different lengths. The cycles of the Gray code permutation for length 128 are shown in figure [2.8-B]

No structure is immediately visible.
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0: ( 2, 3) #=2

1: ( 4, 7, 5, 6) #=4

2: ( 8, 15, 10, 12) #=4

3: (9, 14, 11, 13) #=4

4: (16, 31, 21, 25, 17, 30, 20, 24) #=8
5: (18, 28, 23, 26, 19, 29, 22, 27) #=8
6: ( 32, 63, 42, 51, 34, 60, 40, 48) #=8
7: (33, 62, 43, 50, 35, 61, 41, 49) #=8
8: ( 36, 56, 47, 53, 38, 59, 45, 54) #=8
9: (37, 57, 46, 52, 39, 58, 44, 55) #=8
10: ( 64,127, 85,102, 68,120, 80, 96) #=8
11: ( 65,126, 84,103, 69,121, 81, 97) #=8
12: ( 66,124, 87,101, 70,123, 82, 99) #=8
13: ( 67,125, 86,100, 71,122, 83, 98) #=8
14: ( 72,112, 95,106, 76,119, 90,108) #=8
15: (73,113, 94,107, 77,118, 91,109) #=8
16: ( 74,115, 93,105, 78,116, 88,111) #=8
17: (75,114, 92,104, 79,117, 89,110) #=8
126 elements in 18 nontrivial cycles.
cycle lengths: 2 ... 8

2 fixed points: [0. 1]

Figure 2.8-B: Cycles of the Gray code permutation of length 128.

However, one can generate the cycle maxima as follows: for each range 2% ...2F+1 — 1 generate a bit-
mask z that is obtained from the k 4+ 1 leftmost bits of the infinite word that has bits set at positions
0,1,2,4,8,...,2, ...

[111010001000000010000000000000001000 . ..]

An example: for k = 6 we have 2 =[1110100]. Then take v to be k + 1 leftmost bits of the complement,
v =[0001011] in our example. Now the set of words ¢ = z + s where s is a subset of v contains exactly

one element of each cycle in the range 2% ... 281 = 64...127:
1.
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The words obtained are actually the cycle maxima. The list can be generated with the program
[FXT: perm/permgray-leaders-demo.cc] which uses [FXT: class gray_cycle_leaders in comb/gray-
cycle-leaders.h|:

o

LTI 1 T T T (O T 1}

.
=]
W e
H R S e i

e

1.
1.1
1.1
111
111,
111
111
1.1.

z

1 1.

class gray_cycle_leaders
// Generate cycle leaders for Gray code permutation
// where highest bit is at position 1ldn.

{

public:
bit_subset b_;
ulong za_; // mask for cycle maxima
ulong zi_; // mask for cycle minima

ulong len_; // cycle length
ulong num_; // number of cycles

public:
gray_cycle_leaders(ulong 1ldn) // 0<=1dn<BITS_PER_LONG
: b_(0)
init(1ldn);

“gray_cycle_leaders() {;}

void init(ulong 1ldn)
{

za_ = 1;
ulong cz = 0; // "z
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len_ = 1;

num_ = 1;

for (ulong ldm=1; ldm<=ldn; ++1ldm)
{

za_ <<= 1;
cz <<= 1;
if ( is_pow_of_2(1dm) )

++za_;
len_ <<= 1;
else

++cz;
num_ <<= 1;

}
zi_ = 1UL << 1ldn;

b_.first(cz);
}

ulong current_max() const { return b_.current() | za_; }
ulong current_min() const { return b_.current() | zi_; }

bool next()
{

return ( O0!'=b_.next() );

ulong num_cycles() const { return num_; }
ulong cycle_length() const { return len_; }

};

The implementation uses the bit-subset class described in section [1.26] on page

2.8.2 In-place routines

For the in-place versions of the permutation routines are obtained by inlining the generation of the cycle
leaders. The forward version is [FXT: perm/graypermute.h]:

template <typename Type>
void gray_permute(Type *f, ulong n)
{

ulong z = 1; // mask for cycle maxima
ulong v = 0; // "z

ulong cl = 1; // cycle length

for (ulong ldm=1, m=2; m<n; ++1ldm, m<<=1)

{
z <<= 1;
v <<= 1;
if ( is_pow_of_2(1ldm) )
++z;
cl <<= 1;
else ++v;
bit_subset b(v);
do
{
// --- do cycle: ---
ulong i = z | b.next(); // start of cycle
Type t = £[i]; // save start value
ulong g = gray_code(i); // next in cycle
for (ulong k=cl-1; k!=0; --k)
{
Type tt = flgl;
flgl = t;
t = tt;
g = gray_code(g);
}
flgl = t;
// --- end (do cycle) ---
}
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while ( b.current() );
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The function is_pow_of_2() is described in section on page The inverse routine differs only in

the block that processes the cycles:

template <typename Type>
void inverse_gray_permute(Type *f, ulong n)

{
[--snip--]
// --- do cycle: ---
ulong i = z | b.next(); // start of cycle
Type t = £[i]; // save start value
ulong g = gray_code(i); // next in cycle
for (ulong k=cl-1; k!=0; --k)
{
f[i] = flgl;
i=g;
g = gray_code(i);
}
£[i] = t;
// --- end (do cycle) ---
[--snip--]
}

2.8.3 Performance of the routines

How fast is the Gray code permutation? We use the convention that the speed of the trivial (and
completely cache-friendly, therefore running at memory bandwidth) reverse () is 1.0, our hereby declared
time unit for comparison [FXT: perm/reverse.h|. A little benchmark gives, for large (16 MB) arrays:

arg 1: 21 == 1dn [Using 2#*1ldn elements] default=21
arg 2: 10 == rep [Number of repetitions] default=10

Memsize = 16384 kiloByte == 2097152 doubles
reverse(f,n); dt= 0.0103524 MB/s= 1546
revbin_permute(f,n); dt= 0.0674235 MB/s= 237
revbin_permuteO(f,n); dt=  0.061507 MB/s= 260
gray_permute (f,n) ; dt= 0.0155019 MB/s= 1032
inverse_gray_permute(f,n) ; dt= 0.0150641 MB/s= 1062
reverse(f,n); dt= 0.0104008 MB/s= 1538

rel= 1
rel= 6.51282
rel= 5.94131
rel= 1.49742
rel= 1.45512
rel= 1.00467

We timed reverse() twice to get an impression how much we can trust the observed numbers.

While the revbin permutation takes about 6 units (due to its memory access pattern that is very prob-
lematic with respect to cache usage) the Gray code permutation needs only 1.50 units. The difference
gets bigger for machines with relatively (to the CPU) slow memory. The Gray code permutation can
be used to speed up fast transforms of large lengths a power of two, notably the Walsh transform, see

chapter [22] on page [429

The bandwidth of the reverse() is about 1500 MB/sec which should be compared to the output of a
memory testing program, revealing that it actually runs at about the bandwidth of copying via a simple

loop using pointers to doubles:

avg: 16777216 [ 0] "memcpy" 2522.
avg: 16777216 [ 1]"char *" 471
avg: 16777216 [ 2]"short *" 711
avg: 16777216 [ 3]"int *" 956.
avg: 16777216 [ 4]"long *" 1514.
avg: 16777216 [ 5]1"long * (4x unrolled)" 1330.
avg: 16777216 [ 6]"int64 *" 1329.
avg: 16777216 [ 7]1"double *" 1329.
avg: 16777216 [ 8]"double * (4x unrolled)"  1325.

084

.873
.853

682
360
786
902
507
437

MB/s
MB/s
MB/s
MB/s
MB/s
MB/s
MB/s
MB/s
MB/s

/] <=

The relative speeds are quite different for small arrays. Using a size of 16 kB (2048 doubles) we obtain

arg 1: 11 == ldn [Using 2**1ldn elements] default=21
arg 2: 100000 == rep [Number of repetitions] default=51
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Memsize = 16 kiloByte == 2048 doubles
reverse(f,n); dt=1.88726e-06 MB/s= 8279 rel= 1
revbin_permute(f,n); dt=3.22166e-06 MB/s= 4850 rel= 1.70706
revbin_permuteO(f,n); dt=2.69212e-06 MB/s= 5804 rel= 1.42647
gray_permute(f,n); dt=4.75155e-06 MB/s= 3288 rel= 2.51769
inverse_gray_permute(f,n); dt=3.69237e-06 MB/s= 4232 rel= 1.95647
reverse(f,n); dt=1.88833e-06 MB/s= 8275 rel= 1.00057

due to the small size, the cache problems are gone.

The memory benchmark gives for that size

avg: 16384 [ 0] "memcpy" 3290.353 MB/s
avg: 16384 [ 1]"char =" 572.922 MB/s
avg: 16384 [ 2]"short x" 973.552 MB/s
avg: 16384 [ 3]"int *" 1495.920 MB/s
avg: 16384 [ 4]"long *" 3560.506 MB/s
avg: 16384 [ 5]"long * (4x unrolled)" 3220.792 MB/s
avg: 16384 [ 6]"int64 *" 2498.137 MB/s
avg: 16384 [ 7]"double *" 2498.285 MB/s // <--=
avg: 16384 [ 8]"double * (4x unrolled)"  3219.784 MB/s

2.9 The reversed Gray code permutation

0: [ * ] 0: [ * ]
1: [ * ] 1: [ * ]
2: [ * ] 2: [ * 1
3: [ * ] 3: [ * 1
4: [ * ] 4: [ * ]
5: [ * ] 5: [ * ]
6: [ * ] 6: [ * ]
7: [ * 1 7: [ * ]
8: [ * ] 8: [ * ]
9: [ = ] 9: [ * 1
10: [ * ] 10: [ * ]
11: [ * ] 11: [ * 1
12: [ * ] 12: [ * ]
13: [ * ] 13: [ * ]
14: [ * ] 14: [ = ]
15: [ * ] 15: [ * ]

Figure 2.9-A: Permutation matrices of the reversed Gray code permutation (left) and its inverse (right).

If the length-n array is permuted in the way the upper half of the length-2n array would be permuted by
gray_permute () then all cycles are of the same length. The resulting permutation is equivalent to the
reversed Gray code permutation:

template <typename Type>

inline void gray_rev_permute(const Type *f, Type * restrict g, ulong n)
// gray_rev_permute() ="=

// { reverse(); gray_permute(); }

for (ulong k=0, m=n-1; k<n; ++k, --m) glgray_code(m)] = f[k];
}

The routine, its inverse and in-place versions are given in [FXT: perm/grayrevpermute.h].

All cycles have the same length, gray_rev_permute(f, 64) gives:

0: ( 0, 63, 21, 38, 4, 56, 16, 32) #=8
1: ( 1, 62, 20, 39, 5, 57, 17, 33) #=8
2: ( 2, 60, 23, 37, 6, 59, 18, 35) #=8
3: ( 3, 61, 22, 36, 7, 58, 19, 34) #=8
4: ( 8, 48, 31, 42, 12, 55, 26, 44) #=8
5: ( 9, 49, 30, 43, 13, 54, 27, 45) #=8
6: (10, 51, 29, 41, 14, 52, 24, 47) #=8
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7: (11, 50, 28, 40, 15, 53, 25, 46) #=8
64 elements in 8 nontrivial cycles.
cycle length is ==

No fixed points.

If 64 is added to the indices then the cycles in the upper half of the array as in gray_permute(f, 128)
are reproduced (by construction).

Let G denote the Gray code permutation, G the reversed Gray code permutation. Symbolically one can
write

Gn) = {...,G(n/8),G(n/4), G(n/2)} (2.9-1a)
G 'n) = {...,G ' (n/8),G " (n/4), G (n/2)} (2.9-1Db)

Now let r be the reversion and h the permutation that swaps the upper and the lower half of an array.
Then

G Gr = hG (2.9-2a)
Gt o= rg7t (2.9-2b)
G'G = G'G=r=X,, (2.9-2¢)
GG' = GG'=h =X, (2.9-2d)

Throughout it is assumed that the array length n is a power of two.

2.10 Decomposing permutations *

In this section we will see some algorithms that use a certain type of decomposition (factorization in
term of matrices) of some of the permutations we have studied so far. The resulting algorithms involve
proportional n-log(n) computations for length-n arrays. This might seem to render the schemes worthless
as one can always obtain a permutation with work proportional to n. There are, however, situations
where one can use the algorithms advantageously. Firstly, with bit manipulations, where the whole
binary words are modified in one or a few statements. The corresponding algorithms are therefore
only proportional log(n). Secondly, when the algorithm can be used implicitly in order to integrate the
permutation in a fast transform. The work can sometimes be reduced to zero in that case.

Array reversal

The most simple example might be the reversion via

template <typename Type>
void perml(Type *f, ulong n)
// From shorter to longer sub-arrays.

{
for (ulong k=2; k<=n; k*=2)

for (ulong j=0; j<n; j+=k) func(f+j, k);
}
where func() swaps the upper and lower half of an array:

template <typename Type>
void func(Type *f, ulong ldn) { swap(f, f+n/2, n/2); }

This idea has been exploited in section [1.13| on page in order to obtain a bit-reversal routine. The
reversal is a self-inverse operation. Therefore one can alternatively execute the steps in reverse order and
still get the same permutation:
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template <typename Type>
void perm2(Type *f, ulong n)
// From longer to shorter sub-arrays.

for (ulong k=n; k>=2; k/=2) // k == n, n/2, n/4, ... , 4, 2
{

}

for (ulong j=0; j<n; j+=k) func(f+j, k);
}

Note that func() in turn can be obtained via

reverse(f, n);
reverse(f, n/2); reverse(f+n/2, n/2);

or the same statements in reversed order.

Gray code permutation

Let us try a less obvious example, use perm1 () with func() defined to swap the third and fourth quarter:
swap(f+n/2, f+n/2+n/4, n/4); // quarters: [0,1,2,3]1-->[0,1,3,2]
The resulting permutation is the Gray permutation. The other way round (using perm2()) one obtains
the inverse Gray permutation.
Using func () defined as
reverse(f+n/2, n/2);
one gets the Gray permutation through perm2(), its inverse through perm1 (). This idea has been used

in the core-routine for the sequency-ordered Walsh transform described in section [22.9| on page The
work for the Gray permutation has been completely vaporized there.

Note that the routine that swaps the halves of the upper half array could be obtained as either of

inverse_gray_permute(f, n);
gray_permute(f, n/2); gray_permute (f+n/2, n/2);

or

inverse_gray_permute(f, n/2); inverse_gray_permute(f+n/2, n/2);
gray_permute(f, n);

Similarly, the routine that reverses the upper half can be obtained as either of

gray_permute(f, n/2); gray_permute (f+n/2, n/2);
inverse_gray_permute(f, n);

or

gray_permute(f, n);
inverse_gray_permute(f, n/2); inverse_gray_permute(f+n/2, n/2);

The corresponding routines to Gray-permute the bits of a binary word are given in [FXT:
bits/bitgraypermute.h].

Zip and revbin permutation

Using func() defined to swap the second and third quarter
swap(f+n/4, f+n/2, n/4); // quarters: [0,1,2,3]-->[0,2,1,3]

Then with perm2() one gets the zip permutation, perm1 () gives the inverse. This idea has been used for
the bit-wise zip shown in section [1.14] on page

Using func() to cycle the second, third and fourth quarter:
// quarters: [0,1,2,3]1-->[0,2,3,1]

which was obtained using
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zip_rev(f, n);
unzip_rev(f, n/2); unzip_rev(f+n/2, n/2);

both the reversed zip permutation and its inverse can be computed in the now hopefully obvious way.

The revbin permutation can be generated through the zip permutation or its inverse. However, the zip
permutation is the more complicate one, so absorbing the revbin permutation into fast transforms does
not seem to be easy. The other way round it makes more sense:

revbin_permute(f, n/2); revbin_permute(f+n/2, n/2);
revbin_permute(f, n);

Is a convenient (though not the most effective) way to compute the zip permutation.

Clearly, the idea presented here is in analogy with the decomposition of linear transforms. Finally the
permutations are (very simple forms of) linear transforms. See also section on page

2.11 General permutations and their operations

So far we treated special permutations that occurred as part of other algorithms. It is instructive to
study permutations in general with the operations (as composition and inversion) on them.

2.11.1 Basic definitions and operations

A straightforward way to represent a permutation is to consider the array of indices that for the original
(unpermuted) data would be the length-n canonical sequence 0, 1, 2, ..., n — 1. The mentioned trivial
sequence represents the ‘do-nothing’ permutation or identity. The concept is best described by the routine
that applies a given permutation x on an array of data f: after the routine has finished the array g will
contain the elements of f reordered according to x [FXT: apply_permutation() in perm/permapply.h]:

template <typename Type>

void apply_permutation(const ulong *x, const Type *f, Type * restrict g, ulong n)
// Apply the permutation x[] on f[]

// i.e. set gl[k] <—- f[x[k]] \forall k

for (ulong k=0; k<n; ++k) glk] = f[x[k]];
¥

An example using strings (arrays of characters): the permutation represented by
r=[76325104]

and the input data
f=[ABadCafel]l wouldproduce
g=[efdaaBAC]

Routines that test various properties of permutations are given in [FXT: perm/permq.h]. To check
whether a given permutation is the identity is trivial:

bool is_identity(const ulong *f, ulong n)
// Return whether f[] is the identical permutation,
// i.e. whether f[k]==k for all k= 0...n-1

for (ulong k=0; k<n; ++k) if ( f[k] != k ) return false;
return true;
A fixed point of a permutation is an index where the element is not moved:

ulong count_fixed_points(const ulong *f, ulong n)
// Return number of fixed points in f[]

ulong ct = 0;

for (ulong k=0; k<n; ++k) if ( f[k] == k ) ++ct;
return ct;
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A derangement is a permutation that has no fixed points. To check whether a permutation is a derange-
ment of identity use:

bool is_derangement(const ulong *f, ulong n)
// Return whether f[] is a derangement of identity,
// i.e. whether f[k]'!=k for all k

for (ulong k=0; k<n; ++k) if ( f[k] == k ) return false;
return true;

}
Whether two arrays are mutual derangements can be determined by:

bool is_derangement(const ulong *f, const ulong *g, ulong n)
// Return whether f[] is a derangement of gl[],
// i.e. whether f[k]!=g[k] for all k

for (ulong k=0; k<n; ++k) if ( f[k] == glk] ) return false;
return true;

}

To check whether a given array really describes a valid permutation one has to verify that each index in
the valid range appears exactly once. The bitarray class described in section on page allows us
to do the job without modification of the input:

bool
is_valid_permutation(const ulong *f, ulong n, bitarray *bp/*=0%/)

// Return whether all values O...n-1 appear exactly once,
// i.e. whether f represents a permutation of [0,1,...,n-1].

{

// check whether any element is out of range:
for (ulong k=0; k<n; ++k) if ( f[k]>=n ) return false;

// check whether values are unique:

bitarray *tp = bp;

if ( 0==bp ) tp = new bitarray(n); // tags
tp->clear_all();

ulong k;

for (k=0; k<n; ++k)

if ( tp—>test_set(f[k]) ) break;

if ( O==bp ) delete tp;

return (k==n);

}

We note two rather trivial operations for permutation, computing the complement [FXT:
perm/permcomplement.h]

inline void make_complement(const ulong *f, ulong *g, ulong n)
// Set (as permutation) g to the complement of f.

// Can have f==g.

{

}

and computing the reversal [FXT: perm /reverse.h]

for (ulong k=0; k<n; ++k) glk] =n - 1 - £[k];

template <typename Type>
inline void reverse(Type *f, ulong n)
// Reverse order of array f.

{
}

for (ulong k=0, i=n-1; k<i; ++k, --i) swap2(f[k], f£[i]);

2.11.2 Compositions of permutations

One can apply several permutations to an array, one by one. The resulting permutation is called the
composition of the applied permutations. The routines are given in [FXT: perm/permq.cc|]. As an
example, the check whether some permutation g is equal to f applied twice, or f squared, use:
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bool is_square(const ulong *f, const ulong *g, ulong n)
// Return whether f * f == g as a permutation

for (ulong k=0; k<n; ++k) if ( g[k] != f[f[k]] ) return false;
return true;

Note that in general f-g # g - f for f # g, the operation of composition is not commutative.
A permutation f is said to be the inverse of another permutation g if it undoes its effect, that is f-g = id:

bool is_inverse(const ulong *f, const ulong *g, ulong n)
// Return whether f[] is the inverse of gl[]

for (ulong k=0; k<n; ++k) if ( f[g[k]l] != k ) return false;
return true;

One has g- f = f - g =1id, in a group the left-inverse is equal to the right-inverse and we can simply call
g ‘the inverse’ of f.

A permutation that is its own inverse (like the revbin permutation) is called an involution. Checking
that is easy:

bool is_involution(const ulong *f, ulong n)
// Return whether max cycle length is <= 2,
// i.e. whether f * f = id.

for (ulong k=0; k<n; ++k) if ( £[£f[k]] != k ) return false;
return true;

}
The following routine computes the inverse of a given permutation [FXT: perm/perminvert.cc]:

void make_inverse(const ulong *f, ulong * restrict g, ulong n)
// Set (as permutation) g to the inverse of f

for (ulong k=0; k<n; ++k) glf[k]] = k;

2.11.3 Representation as disjoint cycles

If one wants to do the operation in-place a little bit of thought is required. The idea underlying all
subsequent routines working in-place is that every permutation entirely consists of disjoint cycles. A
cycle of a permutation is a subset of the indices that is rotated (by one) by the permutation. The term
disjoint means that the cycles do not ‘cross’ each other. While this observation is pretty trivial it allows
us to do many operations by following the cycles of the permutation, one by one, and doing the necessary
operation on each of them. As an example consider the following permutation of an array originally
consisting of the (canonical) sequence 0, 1, ..., 15. Extra spaces are inserted for readability:

[0, 1, 3, 2, 7, 6, 4, 5, 15, 14, 12, 13, 8, 9, 11, 10 ]
There are two fixed points (0 and 1) and these cycles:
<-- 3)
<== 7 <-- 5 <= 6)

<-- 15 <-- 10 <-- 12 )
<-- 14 <-- 11 <-- 13 )

~AAAA
© 00N

The cycles do ‘wrap around’, for example, the initial 4 of the second cycle goes to position 6, the last
element of the second cycle.
Note that the inverse permutation could formally be described by reversing every arrow in each cycle:
(2--> 3)
(4--> 7--> 5--> 6)
(8 -—>15 -—> 10 -—> 12 )
(9 -->14 --> 11 --> 13 )

Equivalently, one can reverse the order of the elements in each cycle:
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(3<—- 2)

(6 <= 5<— 7<= 4)
(12 <—- 10 <-- 15 <—- 8)
(13 <—- 11 <—- 14 <— 9 )

If we begin each cycle with its smallest element the inverse permutation is written as

(2<- 3)

(4<- 6<—- 5<—= 7))
(8 <—- 12 <—- 10 <-—- 15 )
(9 <—- 13 <-- 11 <-- 14 )

This form is obtained by reversing all alements except the first in each cycle of the (forward) permutation.
The last three sets of cycles all describe the same permutation:

[0, 1, 3, 2, 6, 7, 5, 4, 12, 13, 15, 14, 10, 11, 9, 8 1]
The cycles above were printed with [FXT: print_cycles() in perm/printcycles.cc]

ulong print_cycles(const ulong *f, ulong n, bitarray *bp=0)
// Print the cycles of the permutation.
// Return number of fixed points.

{
bitarray *tp = bp;
if ( 0==bp ) tp = new bitarray(n); // tags
tp->clear_all();

ulong ct = 0; // # of fixed points
for (ulong k=0; k<n; ++k)

{
if ( tp—>test_clear(k) ) continue; // already processed
tp->set (k) ;
// follow a cycle:
ulong i = k;
ulong g = f[i]l; // next index
if ( g==i ) // fixed point ?
++ct;
continue;
cout << "(" << setw(3) << i;
while ( 0==(tp->test_set(g)) )
{
cout << " <-- " << setw(3) << g;
g = flgl;
cout << " )" << endl;
}

if ( O==bp ) delete tp;
return ct;

The bit-array (see section on page for the implementation) is used to keep track of the elements
already processed.

A utility class to compute the decomposition of a permutation into cycles is [FXT: class cycles in
perm/cycles.h]. A program that shows its usage is [FXT: perm/cycles-demo.cc], it prints the cycles

Using: gray_permute(y, n)
Computing cycles:
0: ( 2, 3) #=2
1: ( 4, 7, 5, 6) #=4
2: ( 8, 15, 10, 12) #=4
3: (9, 14, 11, 13) #=4
14 elements in 4 nontrivial cycles.
cycle lengths: 2 ... 4
number of fixed points = 2

and code for a permutation of given size

template <typename Type>

inline void foo_perm_16(Type *f)
// unrolled version for length 16
{
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swap2(f[2], £[3]);

{ Type t=£[4]; £[4]1=£[7]1; £[7]1=£[5]; f[51=f[6]; fl6]l=t; }

{ Type t=f[8]; f[8]=f[15]; f[151=f[10]; f[10]=f[12]; f[12]=t; }
{ Type t=£[9]; £[9]=£f[14]; f[14]=f[11]; £([11]=£[13]; £[13]=t; }

2.11.4 Cyclic permutations

A permutation consisting of exactly one cycle is called cyclic. Whether a given permutation has this
property can be tested with [FXT: is_cyclic() in perm/permq.cc|:

bool

is_cyclic(const ulong *f, ulong n)

// Return whether permutation is exactly one cycle.

{
if ( n<=1 ) return true;
ulong k = 0, e = 0;
do { e=fl[el; ++k; } while ( e!=0 );
return (k==n);
}

The method used is to follow the cycle starting at position zero and counting how long it is. The
permutation is cyclic exactly if the length found equals the array length. There are (n — 1)! cyclic
permutations of n elements.

2.11.5 Sign and parity of a permutation

Every permutation can be written as a composition of transpositions (cycles of length two). This com-
position is not unique, but its number modulo two is unique. The sign of a permutation is defined to
be +1 the number is even and —1 if the number is odd. The minimal number of transpositions whose
composition give a cycle of length [ is [ — 1. So the minimal number of transpositions for a permutation

consisting of k cycles where the length of the j-th cycle is [; equals 2521 lj—1= (Z?Zl l;) —k. The sign

corresponds to the homomorphic mapping into the group of the elements +1 and —1 with multiplication
as group operation. If we count the transpositions modulo two (corresponding to the mapping into the
additive group modulo two) we obtain what may be called the parity of a permutation.

2.11.6 Inverse and square, in-place

For the computation of the inverse we have to reverse each cycle [FXT: perm/perminvert.cc|:

void make_inverse(ulong *f, ulong n, bitarray *bp/*=0%/)
// Set (as permutation) f to its own inverse.
// In-place version.

{
bitarray *tp = bp;
if ( 0==bp ) tp = new bitarray(n); // tags
tp->clear_all();

for (ulong k=0; k<n; ++k)

{
if ( tp—>test_clear(k) ) continue; // already processed

tp->set(k);

// invert a cycle:

ulong i = k;

ulong g = f[i]; // next index
while ( O==(tp->test_set(g)) )

{
ulong t = flgl;
flgl = i;
i=g;
g =1

}
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flgl = i;

if ( O==bp ) delete tp;
}

The extra array of tag bits can be avoided by using the highest bit of each word as tag bit. The scheme
would fail if any word of the permutation array had the highest bit set. However, on byte-addressable
machines such an array will not fit into memory at all (for word sizes of 16 or more bits). To keep the
code similar to the version using the bit-array we define

static const ulong sl = 1UL << (BITS_PER_LONG - 1); // highest bit is tag bit
static const ulong sO = “s1; // all bits but tag bit

static inline void SET(ulong *f, ulong k) { f[k&sO] |= s1; }
static inline void CLEAR(ulong *f, ulong k) { f[k&sO0] &= sO; }
static inline bool TEST(ulong *f, ulong k) { return (0!=(f[k&s0]&s1)); }

9

Note that we have to mask out the tag-bit when using the value ‘k’ as index. The routine can then be

implemented as

void

make_inverse(ulong *f, ulong n)

// Set (as permutation) f to its own inverse.

// In-place version using highest bits of array as tag-bits.

for (ulong k=0; k<n; ++k)
{

if ( TEST(f, k) ) { CLEAR(f, k); continue; } // already processed
SET(f, k);

// invert a cycle:

ulong i = k;

ulong g = f£[i]; // next index
while ( 0==TEST(f, g) )

{
ulong t = flgl;
flgl = 1i;
SET(f, g);
i=g;
g =1

}

flgl = i;

CLEAR(f, k); // leave no tag bits set

}

The extra CLEAR() statement at the end removes the tag-bit of the cycle minima. Its effect is that no
tag-bits are set after routine has finished. The routine has about the same performance as the bit-array
version. For the routine [FXT: perm/permcompose.cc]

void make_square(const ulong *f, ulong * restrict g, ulong n)
// Set (as permutation) g = f * f
{

}

we obtain the following in-place version:

for (ulong k=0; k<n; ++k) glk] = f[f[k]];

void make_square(ulong *f, ulong n, bitarray *bp/*=0%/)
// Set (as permutation) f = f * f
// In-place version.
{ bitarray *tp = bp;
if ( 0==bp ) tp = new bitarray(n); // tags
tp->clear_all();

for (ulong k=0; k<n; ++k)
{

if ( tp—>test_clear(k) ) continue; // already processed

tp->set (k) ;

// square a cycle:

ulong i = k;

ulong t = £[i]; // save

ulong g = f[i]; // next index
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while ( 0==(tp->test_set(g)) )

{
fli] = £lgl;
i=g;
g = flgl;

¥

f[i] = t;

}
if ( O==bp ) delete tp;

2.11.7 Powers of a permutation

The e-th power of a permutation f is computed (and returned in g) by a version of the binary exponen-
tiation algorithm described in section [27.6{ on page m [FXT: perm/permcompose.cc):

void

power (const ulong *f, ulong * restrict g, ulong n, long e,
ulong * restrict t/*=0%/)

// Set (as permutation) g = f ** e

if ( e==0)

for (ulong k=0; k<n; ++k) gl[k] = k;
return;

if (e==1)

copy(f, g, n);
return;

}
if ( e==-1)
{
make_inverse(f, g, n);

return;

}

// here: abs(e) > 1
ulong x = e>0 7 e : -e;

if ( is_pow_of_2(x) ) // special case x==2"n

make_square(f, g, n);
while ( x>2 ) { make_square(g, n); x /= 2; }

}
else
ulong *tt = t;
if ( 0==t ) { tt = new ulong[n]; }
copy(f, tt, n);
int firstq = 1;
x‘r{Ihile (1)
%f ( xk1 ) // odd
if ( firstq ) // avoid multiplication by 1
copy(tt, g, n);
firstq = 0;
}
else compose(tt, g, n);
if ( x==1)  goto dort;
}
make_square(tt, n);
x /= 2;
}
dort:

if ( 0==t ) delete [] tt;

if ( e<0 ) make_inverse(g, n);
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2.11.8 Applying permutations to data, in-place

The in-place analogue for the routine

template <typename Type>

void apply_permutation(const ulong *x, const Type *f, Type * restrict g, ulong n)
// Apply the permutation x[] to the array f[]

// i.e. set glkl <-- f[x[k]] \forall k

for (ulong k=0; k<n; ++k) glk] = f[x[k]];
}

is [FXT: jperm/permapply.h]:

template <typename Type>
void apply_permutation(const ulong *x, Type * restrict f, ulong n, bitarray *bp=0)
// Apply the permutation x[] to the array f[]

// i.e. set f[k] <-- f[x[k]] \forall k
// In-place version.

{
bitarray *tp = bp;
if ( 0==bp ) tp = new bitarray(n); // tags
tp->clear_all();
for (ulong k=0; k<n; ++k)
{
if ( tp—>test_clear(k) ) continue; // already processed
tp->set (k) ;
// --- do cycle: ---
ulong i = k; // start of cycle
Type t = f[i];
ulong g = x[i];
while ( O==(tp->test_set(g)) ) // cf. inverse_gray_permute()
{
£[i] = £(gl;
i=g;
= x[il;
}
fli] = t;
// -—- end (do cycle) ---
}
if ( O==bp ) delete tp;
}

To apply the inverse of a permutation without actually inverting the permutation itself use

template <typename Type>

void apply_inverse_permutation(const ulong *x, const Type *f, Type * restrict g, ulong n)
// Apply the inverse permutation of x[] to the array f[],

// i.e. set glx[k]] <-- f£[k] \forall k

for (ulong k=0; k<n; ++k) glx[k]] = f[k];
}

The in-place version is

template <typename Type>

void apply_inverse_permutation(const ulong *x, Type * restrict f, ulong n, bitarray *bp=0)
// Apply the inverse permutation of x[] to the array f[]

// i.e. set f[x[k]] <-- f[k] \forall k

// In-place version.

{
bitarray *tp = bp;
if ( 0==bp ) tp = new bitarray(n); // tags
tp->clear_all();

for (ulong k=0; k<n; ++k)

if ( tp—>test_clear(k) ) continue; // already processed
tp->set (k) ;
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// --- do cycle: ---

ulong i = k; // start of cycle

Type t = £[il;

ulong g = x[il;

while ( O==(tp->test_set(g)) ) // cf. gray_permute()

{
Type tt = flgl;
flgl = t;
t = tt;
g = x[gl;
}
flgl = t;
// --- end (do cycle) ---
}
if ( 0==bp ) delete tp;
}
When a permutation of the set S := {0, 1, ..., n — 1} is given as a function X (where X(S5) = S) the

permutation can be applied to an array f via [FXT: apply_permutation() in [perm/permapplyfunc.hj:

template <typename Type>

void apply_permutation(ulong (*x)(ulong), const Type *f, Type * restrict g, ulong n)
// Set glkl <-- f[x(k)] \forall k

{/ Must have: 0<=x(k)<n \forall k

for (ulong k=0; k<n; ++k) glk] = f[x(k)];
}

For example, the statement apply_permutation(inverse_gray_code, f, g, n) is equivalent to
gray_permute(f, g, n). The inverse routine is

template <typename Type>

void apply_inverse_permutation(ulong (*x)(ulong), const Type *f, Type * restrict g, ulong n)
// Set glx(k)] <-- f[k] \forall k

// Must have: O0<=x(k)<n \forall k

for (ulong k=0; k<n; ++k) glx(k)] = f£[k];
}

The in-place versions of these routines are identical to the routines that apply permutations given as
arrays. Only a tiny change must be made in the processing of the cycles. For example, the fragment

void apply_permutation(const ulong *x, Type * restrict f, ulong n, bitarray *bp=0)
[--snip--]
ulong i = k; // start of cycle
Type t = f£[i];
ulong g = x[i]l; // <--=
while ( 0==(tp->test_set(g)) )

{
f[i]l = flgl;
i=g;
) g = x[il; // <--=
f[i] = t;
[--snip--]

must be changed to (replace ‘x[i]’ by ‘x(i)’)

void apply_permutation(ulong (*x) (ulong), Type *f, ulong n, bitarray *bp=0)
[--snip--]
ulong i = k; // start of cycle
Type t = f[il;
ulong g = x(i); // <--=
while ( O==(tp->test_set(g)) )

{
£l = £[gl;
i=g;
g =x(1); // <--=
f[l] = t;
[--snip--]

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/src/perm/permapplyfunc.h

2.11: General permutations and their operations 113

2.11.9 Random permutations

Routines for random permutations are given in [FXT: perm/permrand.h]. The following routine randomly
permutes an array with arbitrary elements:

template <typename Type>
void random_permute(Type *f, ulong n)

{
for (ulong k=1; k<n; ++k)
{
ulong r = (ulong)rand();
r "= r>>16; // avoid using low bits of rand alone
ulong i = r % (k+1);
swap2(f[k], f[il);
}
}

The method is given in [I02]. A random permutation can be obtained by applying the function to the
canonical sequence:

void random_permutation(ulong *f, ulong n)
// Create a random permutation

{
for (ulong k=0; k<n; ++k) f[k] = k;
random_permute(f, n);
}
We note that a slight modification of the underlying idea can be used for a routine for random selection
from a list with only one linear read. Let L be a list of n items Ly, ..., L,.

1. Set t = Ly, set k= 1.
2. Set k=k+ 1. If £ > n return ¢.
3. With probability 1/k set t = Ly.
4. Go to step 2.
A routine to apply a random cyclic permutation (as defined in section on page to an array is

template <typename Type>
void random_permute_cyclic(Type *f, ulong n)
// Permute the elements of f by a random cyclic permutation.

for (ulong k=n-1; k>0; --k)
{

ulong r = (ulong)rand();
r "= r>>16; // avoid using low bits of rand alone
ulong i = r % k;
swap2(f[kx], £[i]);
3
}

Finally, a random cyclic permutation can be obtained by applying a random cyclic permutation to the
canonical sequence:

inline void

random_cyclic_permutation(ulong *f, ulong n)

// Create a random permutation that is cyclic.

for (ulong k=0; k<n; ++k) f[k] = k;
random_permute_cyclic(f, n);

}

The cycle representation of a cyclic permutation can be obtained by applying a random permutation to
all elements (of the identical permutation) except for the first element.
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Chapter 3

Sorting and searching

In this chapter some practical flavors of sorting algorithms are given. These include plain sorting, sorting
index arrays, pointer sorting; all optionally with a supplied comparison function. Massive literature exist
about the topic so we will not go into the algorithmic details. Very readable text are both [89] and [212],
in-depth information can be found in [I56]. The sorting algorithms used in this chapter are selection sort,
quicksort, counting sort and radix sort.

Some algorithms on sorted arrays like binary searching and determination of unique elements are included.
Finally, some functions for scanning unsorted arrays are given.

3.1 Sorting

Selection sort

[nowsortme]
Leowsor tmn]
L mwsorton]
L nsorto wl
L oorts wj
L or ts wl
L rts wj
L s t wj
r tw:
- w:
Lemnoor st wl

Figure 3.1-A: Sorting the string ‘nowsortme’ with the selection sort algorithm.

There are a several algorithms for sorting that scale with ~ n? where n is the size of the array to be sorted.
Here we use selection sort whose idea is to find the minimum of the array, swap it with the first element
and repeat for all elements but the first. A demonstration of the algorithm is shown in figure
this is the output of [FXT: sort/selection-sort-demo.cc]. The implementation is straightforward [FXT:
sort/sort.h|:

template <typename Type>

void selection_sort(Type *f, ulong n)

// Sort f[] (ascending order).

// Algorithm is proportional to O(n*n), use for short arrays only.

for (ulong i=0; i<n; ++i)
Type v = £[i];

ulong m = i; // position of minimum
ulong j = n;
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while ( -=j > i ) // search (index of) minimum
if ( £[jl<v )
{

m
v

Js

f[m];
}

}

swap2(f[i], f[m]);

}
A verification routine is always handy:

template <typename Type>

bool is_sorted(const Type *f, ulong n)

// Return whether the sequence £[0], f£[1], ..., f[n-1]
// is sorted in ascending order.

for (ulong k=1; k<n; ++k) if ( f[k-1] > f[k] ) return false;
return true;

}
A test for descending order is

template <typename Type>
bool is_falling(const Type *f, ulong n)

for (ulong k=1; k<n; ++k) if ( f[k-1] < f[k] ) return false;
return true;

Quicksort

The quicksort algorithm scales ~ nlog(n) (in the average case). It does not just obsolete the more simple
schemes because for arrays small enough the ‘simple’ algorithm is usually the fastest method because
of its minimal bookkeeping overhead, and it can be used inside the quicksort for lengths below some
threshold.

The main ingredient of quicksort is to partition the array. The corresponding routine reorders the array
and returns an pivot index p so that max(fy,..., fp—1) < min(fp,..., fan—1) [FXT: sort/sort.h]:

template <typename Type>
ulong partition(Type *f, ulong n)

// Avoid worst case with already sorted input:
const Type v = median3(f[0], f[n/2], f[n-11);

ulong i = OUL - 1;

ulong j - n;

zhile 1)
do { ++i; } while ( f[il<v );
do { --j; } while ( £[jl>v );

if (i<j ) swap2(£[il, £[j1);
else return j;

}
}

The function median3() is defined in [FXT: sort/minmaxmed23.h]:

template <typename Type>

static inline Type median3(const Type &x, const Type &y, const Type &z)
// Return median of the input values

{return x<y ? (y<z 7y : (x<z2 72z : x)) : (2<y 7y : (2<x 7?72 :x)); }

The function does 2 or 3 comparisons, depending on the input. One could simply use the element £ [0]
as pivot. However, the algorithm will be ~ n? (that is, quadratic) when the array is already sorted.

Quicksort calls partition on the whole array, then on the two parts left and right from the partition
index, then for the four, eight, ... parts, until the parts are of length one. Note that the sub-arrays are
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usually of different lengths.

template <typename Type>
void quick_sort(Type *f, ulong n)

{

if ( n<=1 ) return;

ulong p = partition(f, n);

ulong 1n = p + 1;

ulong rn = n - 1n;

quick_sort(f, 1n); // £[0] ... f[1n-1] 1left

quick_sort(f+ln, rn); // £[1ln] ... f[n-1] right
}

The actual implementation uses two optimizations: Firstly, when the size of the subproblems is smaller
than a certain threshold selection sort is used. Secondly, the recursive calls are made for the smaller of
the two sub-arrays, thereby the stack size is bounded by [log,(n)].

template <typename Type>
void quick_sort(Type *f, ulong n)

{
start:
if ( n<8 ) // parameter: threshold for nonrecursive algorithm

{
selection_sort(f, n);
return;

}
ulong p = partition(f, n);
ulong 1n = p + 1;
ulong rn = n - 1n;
if ( 1n>rn )

{

// recursion for shorter sub-array

quick_sort(f+ln, rn); // f[ln] ... f[n-1] right
n = 1ln;

else
guick_sort(f, 1n); // f[0] ... f[ln-1] 1left
= rn;
f += 1n;
}

goto start;

}

The quicksort algorithm will be quadratic with certain inputs. A clever method to construct such inputs
is described in [I79]. A heapsort algorithm is ~ n - log(n) also in the worst case, it is described in
section |3.10[on page Inputs that lead to quadratic time for the quicksort algorithm with median-of-3
partitioning are described in [I85]. There it is suggested to use quicksort but detect problematic behavior
during runtime and switch to heapsort if needed. The corresponding algorithm is called introsort (for
introspective Sorting).

3.2 Binary search

The main reason for sorting may be that a fast search has to be performed repeatedly. The binary search
algorithm works by the obvious subdivision of the data [FXT: bsearch() in sort/bsearch.h|:

template <typename Type>
ulong bsearch(const Type *f, ulong n, const Type v)
// Return index of first element in f[] that equals v

// Return ~“0 if there is no such element.
// £[] must be sorted in ascending order.
{/ Must have n!=0

ulong nlo=0, nhi=n-1;
¥hile ( nlo !'= nhi )
ulong t = (nhi+nlo)/2;

if ( f[t] < v ) nlo
else nhi

nn
ot
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}
if ( f[nhil==v ) return nhi;
else return ~OUL;

The algorithm uses ~ logy(n) operations. For very large arrays the algorithm can be improved by
selecting the new index t different from midpoint (nhi+nlo)/2, dependent of the value sought and the
distribution of the values in the array. As a simple example consider an array of floating point numbers
that are equally distributed in the interval [min(v), max(v)]. If the sought value equals v one would want
to use the relation

n — min(n) _ v — min(v)

max(n) — min(n) max(v) — min(v) (3.2-1)

where n denotes an index, and min(n), max(n) denote the minimal and maximal index of the current
interval. Solving for n gives the linear interpolation formula

max(n) — min(n)

n = min(n)+ (v — min(v)) (3.2-2)

max(v) — min(v)

The corresponding interpolation binary search algorithm would select the new subdivision index t ac-
cording to the given relation. One could even use quadratic interpolation schemes for the selection of t.
For the majority of practical applications the midpoint version of the binary search will be good enough.

A simple modification of bsearch makes it search the first element greater than or equal to v: replace the
operator == in the above code by >= and you have it: [FXT: bsearch_ge() in sort/bsearch.h|. Similar
for the ‘<=’ relation: bsearch_le().

Approximate matches are found by [FXT: bsearch_approx() in [sort/bsearchapprox.h]:

template <typename Type>

ulong bsearch_approx(const Type *f, ulong n, const Type v, Type da)
// Return index of first element x in f[] for which |(x-v)| <= da
// Return “0 if there is no such element.

// £[] must be sorted in ascending order.

// da must be positive.

/
// Makes sense only with inexact types (float or double).
{/ Must have n!=0

ulong k = bsearch_ge(f, n, v-da);
if ( k<n ) k = bsearch_le(f+k, n-k, v+da);
return k;

3.3 Index sorting

While the ‘plain’ sorting reorders an array f so that, after it has finished, fi < fr41 the following routines
sort an array of indices without modifying the actual data. The index-sort routines reorder the indices
in an array x such that x applied to £ as a permutation (in the sense of section on page will
render £ a sorted array [FXT: sort/sortidx.h]:

template <typename Type>

void idx_selection_sort(const Type *f, ulong n, ulong *x)

// Sort x[] so that the sequence

// £[x[0]1], £[x[1]11, ... flx[n-1]]

// is sorted in ascending order.

// Algorithm is proportional to O(n*n), use for short array only.

for (ulong i=0; i<n; ++i)
Type v = flx[il];

ulong m = i; // position-ptr of minimum
ulong j = n;
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while ( --j > i ) // search (index of) minimum

1f ( £Ix[311<v )

m
v

Js

flx[m]];
}

}

swap2(x[i], x[m]);
}

Apart from the ‘read only’-feature the index-sort routines have the nice property to perfectly work on
non-contiguous data. The verification code is

template <typename Type>
bool is_idx_sorted(const Type *f, ulong n, const ulong *x)
// Return whether the sequence

// £[x[01], f[x[111, ... flx[n-11]

// is sorted in ascending order.

if ( 0==n ) return 1;
while ( -=-n ) // n-1 ... 1

if ( £f[x[n]] < £[x[n-111 ) break;

return In;

The transformation of the partition() routine is straightforward:

template <typename Type>

ulong idx_partition(const Type *f, ulong n, ulong *x)

// rearrange index array, so that for some index p

// max(f[x[01] ... £[x[pl]) <= min(f[x[p+1]1]1 ... flx[n-111)
{

// Avoid worst case with already sorted input:
const Type v = median3(*x[0], *x[n/2], *x[n-11, cmp);

OUL - 1;
n;
)

ulong i =
ulong j =
while ( 1
{

do ++i;

while ( f[x[i]l<v );

do --j;

while ( f[x[jl1]1>v );

if ( i<j ) swap2(x[il, x[jD);
else return j;

}
The index-quicksort itself deserves a minute of contemplation comparing it to the plain version:

template <typename Type>

void idx_quick_sort(const Type *f, ulong n, ulong *x)
// Sort x[] so that the sequence

// £[x[0]11, f[x[11]1, ... flx[n-11]

// is sorted in ascending order.

{
start:
if ( n<8 ) // parameter: threshold for nonrecursive algorithm

idx_selection_sort(f, n, x);

return;

}

ulong p = idx_partition(f, n, x);

ulong 1In = p + 1;

ulong rn = n - 1n;

if ( 1In>rn ) // recursion for shorter sub-array

{
idx_quick_sort(f, rn, x+ln); // f[x[1n]] ... flx[n-1]1] right
n = 1n;
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}
%lse
idx_quick_sort(f, 1n, x); // £[x[0]] ... flx[1n-1]] 1left

n = rn;
X += 1ln;

}

goto start;
}

The index-analogues of the binary search algorithms are again straightforward, they are given in [FXT:
sort /bsearchidx.h].

3.4 Pointer sorting

Pointer sorting is an idea similar to index sorting which is even less restricted than index sort: The data
may be unaligned in memory. And overlapping. Or no data at all but port addresses controlling some
highly dangerous machinery. Thereby pointer sort is the perfect way to highly cryptic and powerful
programs that seg-fault when you least expect it.

Just to make the idea clear, the array of indices is replaced by an array of pointers:

template <typename Type>

void ptr_selection_sort(/*const Type *f,*/ ulong n, const Type **x)
// Sort x[] so that the sequence

// *x[0], =x[1], ..., *x[n-1]

// is sorted in ascending order.

// Algorithm is proportional to O(n*n), use for short array only.

{
for (ulong i=0; i<n; ++i)
Type v = *x[i];
ulong m = i; // position-ptr of minimum
ulong j = n;
while ( --j > i ) // search (index of) minimum
if ( xx[jl<v )
{ .
m=j;
v = *x[m];
}
swap2(x[i], x[ml);
}
}

The first argument (const Type *f) is not necessary with pointer sorting. It is indicated as comment
to make the argument structure clear. The verification routine is

template <typename Type>
bool is_ptr_sorted(/*const Type *f,*/ ulong n, Type const*const*x)
// Return whether the sequence

// *x[0], *x[1], ..., *x[n-1]
// is sorted in ascending order.
{

if ( O0==n ) return 1;
while ( --n ) // n-1 ... 1

if ( *x[n] < *x[n-1] ) break;

return In;

}

Find the pointer sorting code in [FXT: sort/sortptr.h|. The pointer versions of the search routines are
given in [FXT: sort/bsearchptr.h].
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3.5 Sorting by a supplied comparison function

The routines in [FXT: |sort/sortfunc.h| are similar to the C-quicksort gsort that is part of the standard
library. A comparison function cmp has to be supplied by the called so that compound data types can be
sorted with respect to some key contained. Citing the manual page for gsort:

The comparison function must return an integer less than, equal to, or greater than
zero if the first argument is considered to be respectively less than, equal to, or
greater than the second. If two members compare as equal, their order in the
sorted array is undefined.

Note that the numerous calls to cmp do have a negative impact on the performance. With C4++ you can
provide a comparison ‘function’ for compound data by overloading the operators <, <, <= and >= and use
the plain version. That is, the comparisons are inlined an we are back in performance land. Isn’t C++
nice? As a prototypical example we give the selection sort routine:

template <typename Type>

void selection_sort(Type *f, ulong n, int (*cmp) (const Type &, const Type &))
// Sort f[] (ascending order)

// with respect to comparison function cmp().

// Algorithm is proportional to O(n*n), use for short array only.

for (ulong i=0; i<n; ++i)

Type v = f£[i];

ulong m = i; // position of minimum
ulong j = n;
while ( --j > i ) // search (index of) minimum

if ( emp(£[jl,v) < 0)
{

m
v

Js

f[m];
}

}

swap2(f[i], f[ml);
}

The other routines are rather straightforward translations of the (plain-) sort analogues: replace the
comparison operations as follows

(a < b) cmp(a,b) < 0
(a > b) cmp(a,b) > 0
(a == b) cmp(a,b) == 0
(a <= b) cmp(a,b) <= 0
(a >=b) cmp(a,b) >= 0

For example, the verification routine is

template <typename Type>

bool is_sorted(const Type *f, ulong n, int (*cmp)(const Type &, const Type &))
// Return whether the sequence

// £[0], £[1], ..., f[n-1]

// is sorted in ascending order

// with respect to comparison function cmp().

{
if ( O==n ) return 1;
while ( -=-n ) // n-1 ... 1
if ( cmp(£f[n], f[n-1]) < 0 ) break;
}
return In;
}
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3.5.1 Sorting complex numbers

You want to sort complex numbers? Fine for me, but don’t tell your local mathematician. To see the
mathematical problem we ask whether ¢ is smaller or greater than zero. Assume ¢ > 0: follows ¢ -7 > 0
(we multiplied with a positive value) which is —1 > 0 and that is false. So, is ¢ < 0?7 Then i-i > 0
(multiplication with a negative value, as assumed). So —1 > 0, oops! The lesson is that there is no way
to impose an arrangement on the complex numbers that would justify the usage of the symbols ‘<’ and
‘>’ consistent with the rules to manipulate inequalities.

Nevertheless we can invent a relation that allows us to sort: arranging (sorting) the complex numbers
according to their absolute value (modulus) leaves infinitely many numbers in one ‘bucket’, namely all
those that have the same distance from zero. However, one could use the modulus as the major ordering
parameter, the angle as the minor. Or the real part as the major and the imaginary part as the minor.
The latter is realized in

static inline int
cmp_complex(const Complex &f, const Complex &g)

const double fr = f.real(), gr = g.real();
if ( frl=gr ) return (fr>gr 7 +1 : -1);

const double fi = f.imag(), gi = g.imag();
if ( fil=gi ) return (fi>gi 7 +1 : -1);
return O;

}

This routine, when used as comparison with the function-sort, as in

void complex_sort(Complex *f, ulong n)
// major order wrt. real part
// minor order wrt. imag part

{

quick_sort(f, n, cmp_complex);

can indeed be the practical tool you had in mind.

3.5.2 Index and pointer sorting

The index sorting routines that use a supplied comparison function are given in [FXT: sort/sortidxfunc.h:

template <typename Type>
void idx_selection_sort(const Type *f, ulong n, ulong *x,
int (xcmp) (const Type &, const Type &))
// Sort x[] so that the sequence
// £[x[011, £[x[111, ... flx[n-11]
// is sorted in ascending order
// with respect to comparison function cmp()
// Algorithm is proportional to O(n*n), use for short array only.

for (ulong i=0; i<n; ++i)
Type v = f[x[il];
ulong m = i; // position-ptr of minimum
ulong j = n;
while ( --j > i ) // search (index of) minimum

if ( cmp(£[x[j11, v) < 0)
{

m
v

Js

flx[mll;
}

}

swap2(x[i], x[ml);
}

The verification routine is:
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template <typename Type>

bool is_idx_sorted(const Type *f, ulong n, const ulong *x,
int (*cmp) (const Type &, const Type &))

// Return whether the sequence

// £[x[01], £[x[111, ... flx[n-1]]

// is sorted in ascending order

// with respect to comparison function cmp()

{
if ( O==n ) return 1;
¥hile (--n) //n1...1
if ( cmp(f[x[n]], flx[n-1]11) < 0 ) break;
}
return In;
}

The pointer sorting versions are given in [FXT: sort/sortptrfunc.h]|

template <typename Type>

void ptr_selection_sort(/*const Type *f,*/ ulong n, const Type **x,
int (*cmp) (const Type &, const Type &))

// Sort x[] so that the sequence

// *x[0], *x[1], ..., *x[n-1]

// is sorted in ascending order

// with respect to comparison function cmp().

// Algorithm is proportional to O(n*n), use for short array only.

{
for (ulong i=0; i<m; ++i)
Type v = *x[i];
ulong m = i; // position-ptr of minimum
ulong j = n;
while ( --j > i ) // search (index of) minimum
if ( cmp(*x[jl,v)<0 )
{ .
m=j;
v = *x[m];
}
}
swap2(x[i], x[ml);
}
}

The verification routine is:

template <typename Type>

bool is_ptr_sorted(/*const Type *f,*/ ulong n, Type const*constx*x,
int (*cmp) (const Type &, const Type &))

// Return whether the sequence

// *x[0], *x[1], ..., *x[n-1]

// is sorted in ascending order

// with respect to comparison function cmp().

{
if ( 0==n ) return 1;
while ( =-n ) // n-1 ... 1
if ( cmp(*x[n],*x[n-1])<0 ) break;
}
return !n;
}

The corresponding versions of the binary search algorithm are given in [FXT: [sort/bsearchidxfunc.h] and
[FXT: lsort/bsearchptrfunc.h].
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3.6 Determination of unique elements

We present functions that check whether values in a sorted array are repeated or unique. All routines
are taken from [FXT: lsort/unique.h]. To test whether all values are unique, use

template <typename Type>

ulong test_unique(const Type *f, ulong n)

// For a sorted array test whether all values are unique

//  (i.e. whether no value is repeated).

// Return O if all values are unique else return index of the second
// element in the first pair found.

{
for (ulong k=1; k<n; ++k)

if ( £[k] == f[k-1] ) return k; // k !=0

return O;

template <typename Type>
ulong is_unique(const Type *f, ulong n)
// Return true if all values are unique, else return false.

return ( O==test_unique(f, n) );

}
Counting the elements that appear just once:

template <typename Type>

int unique_count(const Type *f, ulong n)

// For a sorted array return the number of unique values
// the number of (not necessarily distinct) repeated

//  values is n - unique_count(f, n);

{
if ( 1>=n ) return n;
ulong ct = 1;
for (ulong k=1; k<n; ++k)
if ( flk] '= flk-1] ) ++ct;
return ct;
}

Removing repeated elements:

template <typename Type>

ulong unique(Type *f, ulong n)

// For a sorted array squeeze all repeated values

// and return the number of unique values.

// Example: [1, 3, 3, 4, 5, 8, 8] --> [1, 3, 4, 5, 8]

// The routine also works for unsorted arrays as long

// as identical elements only appear in contiguous blocks.
// Example: [4, 4, 3, 7, 7] --> [4, 3, 7]

// The order is preserved.

{
ulong u = unique_count(f, n);
if (u==n ) return n; // nothing to do
Type v = £[0];
for (ulong j=1, k=1; j<u; ++j)
while ( f[k]==v ) ++k; // search next different element
v = £[j] = £[k];
return u;
}

The inner while-loop does never access an element out of bounds as it is executed only as long as there
is at least one remaining change of value inside the array.

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/src/sort/unique.h

3.7: Unique elements with inexact types 125
3.7 Unique elements with inexact types

Determination of unique elements with inexact types (floats) is a bit tricky as one cannot rely that
elements that should be identical are exactly equal. A solution to the problem is to allow for a maximal
(absolute) difference within which two contiguous elements will still be considered equal can be provided
as additional parameter. We replace equality conditions with a call to [FXT: sort/uniqueapprox.h]

template <typename Type>

inline bool approx_equal(Type x1, Type x2, Type da)
// Return whether abs(x2-x1) <= da

é/ Must have da>=0

Type d = x2 - x1;

if (d<=0 ) d = -d;

if ( d <= da ) return true;
else return false;

}

The verification routine is

template <typename Type>

ulong test_unique_approx(const Type *f, ulong n, Type da)

// For a sorted array test whether all values are

// unique within some tolerance (i.e. whether no value is repeated).
// Return 0 if all values are unique,

// else return index of the second element in the first pair found.
// Makes mostly sense with inexact types (float or double)

{
if ( da<=0 ) da = -da; // want positive tolerance
for (ulong k=1; k<n; ++k)
if ( approx_equal(f[k], f[k-1], da) ) return k; // k !=0
return O;
}

One subtle point is that the values can slowly ‘drift away’ unnoticed by this implementation: consider
a long array where each difference computed has the same sign and is just smaller than da, say it is
d = 0.6-da. The difference of the first and last value then is 0.6 - (n — 1) - d which is greater than da for
n > 3.

The number of unique elements can be counted as follows:

template <typename Type>
ulong unique_approx_count(const Type *f, ulong n, Type da)
// For a sorted array return the number of unique values
// the number of (not necessarily distinct) repeated
//  values is n - unique_approx_count(f, n, da);
{

if ( 1>=n ) return n;

if ( da<=0 ) da = -da; // Must have positive tolerance

ulong ct = 1;

for (ulong k=1; k<n; ++k)

{

if ( approx_equal(f[k], f[k-1], da) ) ++ct;

}
return ct;

}
The following routine removes duplicates:

template <typename Type>

ulong unique_approx(Type *f, ulong n, Type da)

// For a sorted array squeeze all repeated (within tolerance da) values
// and return the number of unique values.

// Example: [1, 3, 3, 4, 5, 8, 8] --> [1, 3, 4, 5, 8]

// The routine also works for unsorted arrays as long

// as identical elements only appear in contiguous blocks.

// Example: [4, 4, 3, 7, 7] --> [4, 3, 7]

// The order is preserved.

ulong u = unique_approx_count(f, n, da);
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if (u==n ) return n; // nothing to do

if ( da<=0 ) da = -da; // Must have positive tolerance
Type v = £[0];

for (ulong j=1, k=1; j<u; ++j)

{

// search next different element:
while ( approx_equal(f[k], v, da) )

v = f[k]; // avoid problem with slowly drifting values
++k;
}
v = £[3j] = £[k];
}

return u;

A useful preprocessing step (before using test_unique_approx()) is to quantize the elements of an array
[FXT: quantize() in sort/quantize.h]:

template <typename Type>
void quantize(Type *f, ulong n, double q)
// In f[] set each element x to g*floor(1l/q*(x+q/2))
// E.g.: g=1 ==> round to nearest integer
// g=1/1000 ==> round to nearest multiple of 1/1000
// For inexact types (float or double).
¢ Type gh = q * 0.5;
Type ql 1.0 / q;
while ( n—- )

f[n] = q * floor( q1 * (£[nl+qgh) );
}
One should use a quantization parameter q that is greater than the value used for da.

A simple demonstration is given in [FXT: |sort/unique-demo.cc]:

Random yalues:
0: 0.9727750243
1: 0.2925167845
2: 0.7713576982
3:  0.5267449795
4: 0.7699138366
5: 0.4002286223
Quantization with g=0.01
Quantized & sorted :
0: 0.2900000000
1: 0.4000000000
2:  0.5300000000
3: 0.7700000000
4: 0.7700000000
5: 0.9700000000
First REPEATED value at index 4 (and 3)
Unique’d array:
0: 0.2900000000
1: 0.4000000000
2:  0.5300000000
3: 0.7700000000
4: 0.9700000000

The routine quantize () turns out to be also useful for the conversion of imprecise data to symbols. For
example, the array of floating point values on the left corresponds to the symbolic (numbers used as
symbols) table on the right:

1.3133 -1.0101 0.79412 -0.71544 9 2 6 3
0.29064 0.99173  -1.4382 0.79412 5 7 0 6
-1.1086 1.2521 0.99173 -1.0101 1 8 T 2
-0.18003 -1.1086 0.29064 1.3133 4 1 5 9

In this example values were considered identical when their absolute difference is less than 1072, The
symbolic representation can be helpful to recognize structure in imprecise data. The routine is [FXT:
sort /symbolify.h]:

template <typename Type>

ulong symbolify_by_size(const Type *f, Type * restrict g, ulong n,
Type eps=le-6, ulong *ix=0)
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// From f£[] compute an array of ’symbols’ g[] (i.e. numbers)

/7

that represent the different values.

// Values are considered identical if their absolute difference

//

is less than eps.

// Symbols are given with respect to sort-order.
// Return number of different values found (after quantize).
// Optionally supply x[] (scratch space for permutations).

{

}

The example shown was created with the program [FXT: |sort/symbolify-demo.cc].
apply_permutation() and apply_inverse_permutation() are given in section|2.11.8[on page (111

ulong *x = ix;
if ( 0==ix ) x = new ulong[n];

set_seq(x, n);
idx_quick_sort(f, n, x);

apply_permutation(x, f, g, n);
quantize(g, n, eps);

eps *= 0.5; // some val <1.0
ulong nsym = 1;

ulong z = 0;

Type s = 0.0;

Type el = glz], lel;

glzl = s;

for(ulong k=z+1; k<n; ++k)

{
lel = el;
el = glkl;
if ( fabs(el-lel) > eps )

++nsym;
s += 1.0;
}
glkl = s;
}
apply_inverse_permutation(x, g, n);
if ( O0==ix ) delete [] x;
return nsym;

3.8 Determination of equivalence classes

127

The routines

Let S be a set and C' := S x S the set of all ordered pairs (x,y) with z,y € S. A binary relation R on S

is a subset of C. An equivalence relation is a binary relation that has three additional properties:

o reflexive: x = x V.
e symmetric: T=yY < Y =2x.

e transitive: T =y, Yy=2 — T = 2.

Here we wrote =y for (x,y) € R where z,y € S.

We want to determine the equivalence classes: an equivalence relation partitions a set into 1 < ¢ < n

subsets F, FEo, ..

y are in different subsets.

., E/4 so that z = y whenever both = and y are in the same subset but = # y if z and

For example, the usual equality relation is an equivalence relation, with a set of (different) numbers each
number is in its own class. With the equivalence relation that x = y whenever x — y is a multiple of
some fixed integer m and the set Z of all natural numbers we obtain m subsets and = = y if and only if
x =y mod m.

Let n be the number of elements in S and Q) be a set so that, on termination of the algorithm, Qy = j if
Jj is the least index so that S; = Sj, (note that we consider the sets to be in a fixed but arbitrary order
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here).

We proceed as follows:
1. Put each element in its own equivalence class: Qr : =k forall 0 <k <n
2. Set k :=1 (index of the second element).

3. Search downwards for an equivalent element: for j =k —1, ..., 0 test whether S, = .5;. If so (at
position j), set Qr = @, and goto step 4.

4. Set k:=k+ 1 and if k£ < n goto step 3, else terminate.

We can terminate the search with the first equivalent element found because, if j is the index of the
equivalent, the @; is already minimal.

The lower and upper bounds for the computational cost are n and n2, respectively: the algorithm needs
proportional n operations when all elements are in the same equivalence class and n? operations when
each element lies in its own class.

A C++ implementation is [FXT: equivalence_classes() insort/equivclasses.h]. The equivalence rela-
tion must be supplied as a function equiv_q() that returns true when its arguments are equivalent.

template <typename Type>

void equivalence_classes(const Type *s, ulong n, bool (*equiv_q) (Type,Type), ulong *q)
// Given an equivalence relation ’==’ (as function equiv_q())

// and a set s[] with n elements,

// write into q[k] (0<=k<n) the index j of the

// first element s[j] so that s[kl==s[j].

// For the complexity C: n<=C<=n*n

// C=n*n if each element is in its own class

// C=n if all elements are in the same class

{
for (ulong k=0; k<n; ++k) ql[k] = k; // each in own class
for (ulong k=1; k<n; ++k)
{
ulong j = k;
while ( j--
if ( equiv_q(s[jl, s[kl) )
qlk] = qljl;
break;
}
}
}
}

3.8.1 Examples for equivalence classes
3.8.1.1 Integers modulo m

Choose an integer m > 2 and let any two integers a and b be equivalent if ¢ — b is a integer multiple of
m. We can choose the numbers 0, 1 ..., m — 1 as representatives of the m classes obtained. Now we can
do computations with those classes via the modular arithmetic as described in section [37-1] on page [731}
This is easily the most important example of all equivalence classes.

We note that the concept still make sense with a real (that is, possibly non-integral) modulus m. We
still put two numbers a and b into the same class if a — b is a integer multiple of m. Finally, the modulus
zero leads to the equivalence relation ‘equality’.
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3.8.1.2 Binary necklaces

The set S of n-bit binary words and the equivalence relation so that two words x and y are equivalent
when there is a cyclic shift hy(x) by 0 < k < n positions so that hg(x) = y. The relation is supplied as
the function [FXT: |sort/equivclass-necklaces-demo.cc]:

static ulong b; // number of bits
bool n_equiv_q(ulong x, ulong y) // necklaces
{

ulong d = bit_cyclic_dist(x, y, b);

return (0==d);

With n = 4 we obtain the following list of equivalence classes:

: coo. [#=1]
1:  1... 1.0 ...1 1. [#=4]
3: 1.1 11.. .11 .11, [#=4]
5:  .1.1 1.1. [#=2]
7: 11.1 111, 1.11 111 [#=4]
15: 1111 [#=1]
# of equivalence classes = 6

o

These correspond to the binary necklaces of length 4. One usually chooses the cyclic minima (or maxima)
among equivalent words as representatives of the classes.

3.8.1.3 Unlabeled binary necklaces

Same set but the equivalence relation is defined to identify two words x and y when there is a cyclic shift
hi(z) by 0 < k < b positions so that either hy(z) =y or hy(z) =7 where 7 is the complement of y:

static ulong mm; // mask to complement
bool nu_equiv_q(ulong x, ulong y) // unlabeled necklaces

{
ulong d = bit_cyclic_dist(x, y, b);
if ( 0!'=d ) d = bit_cyclic_dist(mm"x, y, b);
return (0==d);

With n = 4 we obtain:

0: 1111 ... [#=2]

1: 111, 11.1 1.11 1... 111 ...1 ..1. .1.. [#=8]
3: 11, 1.1 11, .11 [#=4]

5: 1.1 1.1, [#=2]

# of equivalence classes = 4

These correspond to the unlabeled binary necklaces of length 4.

3.8.1.4 Binary bracelets

The binary bracelets are obtained by identifying two words that are identical up to rotation and possible
reversion. The corresponding comparison function is

bool b_equiv_q(ulong x, ulong y) // bracelets

{
ulong d = bit_cyclic_dist(x, y, b);
if ( 0!'=d ) d = bit_cyclic_dist(revbin(x,b), y, b);
return (0==d);

There are six binary bracelets of length 4:

0 .. [#=1]

1 1... 1.. ...1 ..1. [#=4]
3: 1..1 11.. ..11 .11, [#=4]
5: 1.1 1.1, [#=2]

7: 11.1 111, 1.11 .111 [#=4]
15: 1111  [#=1]
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The unlabeled binary bracelets are obtained by additionally allowing for bit-wise complementation:

bool bu_equiv_q(ulong x, ulong y) // unlabeled bracelets

{
ulong d = bit_cyclic_dist(x, y, b);
X "= mm;
if ( 0!'=d ) d = bit_cyclic_dist(x, y, b);
x = revbin(x,b);
if ( 0!'=d ) d = bit_cyclic_dist(x, y, b);
X "= mm;
if ( 0!'=d ) d = bit_cyclic_dist(x, y, b);
return (0==d);
}
There are four unlabeled binary bracelets of length 4:
0: 1111 .... [#=2]
1: 111, 11.1 1.11 1... 111 ...1 ..1. .1.. [#=8]
3: A1, 1.1 11, .11 [#=4]
5: 1.1 1.1, [#=2]

The shown functions are given in [FXT: sort/equivclass-bracelets-demo.cc] which can be used to produce
listings of the equivalence classes.

3.8.1.5 The number of necklaces and bracelets

We give the number of binary necklaces ‘N’, bracelets ‘B’, unlabeled necklaces ‘N/U’ and unlabeled bracelets
‘B/U’. The second row gives the sequence number of [214].

n: N B N/U B/U
[214]# | /A000031] [ |A000029 || '/A000013 | |A000011] ]|
I: 2 2 1] 1]
2 3 3 2 2
3: 4 4 2 2
4: 6 6 4 4
5: 8 8 4 4
6 14 13 8 8
7 20 18 10 9
8: 36 30 20 18
9: 60 46 30 23
10: 108 78 56 44
11: 188 126 94 63
12: 352 224 180 122
13: 632 380 316 190
14: 1182 687 596 362
15: 2192 1224 1096 612

3.8.1.6 Binary words with reversion and complement

The set S of n-bit binary words and the equivalence relation identifying two words x and y whenever
they are mutual complements or bit-wise reversals.

For example, the equivalence classes with 3-, 4- and 5-bit words are shown in figure The sequence
of numbers of equivalence classes for word-sizes n is (entry |A005418 of [214])

n: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, ...
#: 1, 2, 3, 6, 10, 20, 36, 72, 136, 272, 528, 1056, 2080, 4160, 8256, 16512, ...
The equivalence classes can be computed with the program [FXT: [sort/equivclass-bitstring-demo.cc|.
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3 classes with 3-bit words: 10 classes with 5-bit words:
0: 11 ... 0: 11111 ...,
1: .10 11 1., 11, 1: 1111, 1... B e A |
2: 1.1 .1. 2: 1.111 141,141 .1... ...1.
3: 111.. ...11 ..111 11...
4: .10 1111
6 classes with 4-bit words: 5: 11.1. 1.1.. 1.1 .1.11
0: 1111 ... 6: .11, 11, 11001 1011
1: 111, 1... .111 ...1 9: 11,1 1,11, 1..1 1..1.
2: .10 a1, 1011 111 10: 1.1, 1.1.1
3: 11.. ..11 14: 1...1 .111.
5: 1.1, .1.1
6: 1. 1.1

Figure 3.8-A: Equivalence classes of binary words where words are identified if either their reversals or
complements are equal.

We have chosen examples where the resulting equivalence classes can be verified by inspection. For
example, we could create the subsets of equivalent necklaces by simply rotating a given word and marking
the so far visited words. Such an approach, however, is not possible in general when the equivalence
relation does not have an obvious structure.

3.8.2 The number of equivalence relations for a set of n elements

The sequence B(n) of the number of possible partitionings (and thereby equivalence relations) for the set
{1, 2, ..., n} starts as (n > 1):

1, 2, 5, 15, b2, 203, 877, 4140, 21147, 115975, 678570, 4213597,

These are the Bell numbers, sequence A000110 of [214]. They can be computed easily as indicated in the
following table:

[ 1]
[ 1, 2]
[ 2, 3, 5]

[ 5, 7, 10, 15]

[15, 20, 27, 37, 52]

(52, 67, 87, 114, 151, 203]
B(n), ... 1]

The first element in each row is the last element of the previous row, the remaining elements are the sum
of their left and upper left neighbors. As pari/gp code:

BOLWNRLO

N=7; v=w=b=vector(N); v[1]l=1;
{ for(n=1,N-1,

bln] = v[1];
print(n-1, ": ", v); \\ print row
w[1] = v[n];
for (k=2,n+1, wlkl=wlk-1]+v[k-1]);
V=W;

) ¥

An implementation in C++ is given in [FXT:|comb/bell-number-demo.cc|. An alternative way to compute
the Bell Numbers is shown in section [15.1] on page [320)

3.9 Determination of monotonicity and convexity *

A sequence is called monotone if it is either purely ascending or purely descending. This includes the case
where subsequent elements are equal. Whether a constant sequence is considered ascending or descending
in this context is a matter of convention.

A routine to check for monotonicity is [FXT: sort/monotone.h]:

template <typename Type>
int is_monotone(const Type *f, ulong n)
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// Return

//  +1 for ascending order
// -1 for descending order
{/ else 0

if ( 1>=n ) return +1;

ulong k;
for (k=1; k<n; ++k) // skip constant start

if ( £[k] !'= £[k-1] ) break;

if ( k==n ) return +1; // constant is considered ascending here
int s = ( £[k] > f[k-1] ? +1 : -1 );
if ( s>0 ) // was: ascending

// scan for descending pair:
for ( ; k<n; ++k) if ( f[k] < f[k-1] ) return O;

else // was: descending

// scan for ascending pair:
for ( ; k<n; ++k) if ( f[k] > f[k-1] ) return O;

return s;
}

A strictly monotone sequence is a monotone sequence that has no identical pairs of elements. The test
turns out to be slightly easier:

template <typename Type>
int is_strictly_monotone(const Type *f, ulong n)

// return

//  +1 for strictly ascending order
// -1 for strictly descending order
// else O

{

if ( 1>=n ) return +1;

ulong k = 1;

if ( f[k] == f[k-1] ) return O;

int s = ( flk] > f[k-1] 7 +1 : -1 );
if ( >0 ) // was: ascending

// scan for descending pair:
for ( ; k<mn; ++k) if ( f[k] <= f[k-1] ) return O;

else // was: descending

// scan for ascending pair:
for ( ; k<n; ++k) if ( f[k] >= f[k-1] ) return O;

return s;

}

A sequence is called conver if it starts with an ascending part and ends with a descending part. A concave
sequence starts with a descending and ends with an ascending part. Whether a monotone sequence is
considered convex or concave again is a matter of convention (you have the choice to consider the first
or the last element as extremum). Lacking a term that contains both convex and concave the following
routine is called is_convex () [FXT: sort/convex.h|:

template <typename Type>
long is_convex(Type *f, ulong n)

// Return

//  +val for convex sequence (first rising then falling)
//  -val for concave sequence (first falling then rising)
// else O

//

// val is the (second) index of the first pair at the point
// where the ordering changes; val>=n iff seq. is monotone.

//

// Note: a constant sequence is considered any of rising/falling
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}

if ( 1>=n ) return +1;

ulong k = 1;
for (k=1; k<n; ++k) // skip constant start

if ( f[k] '= f[k-1] ) break;

if ( k==n ) return +n; // constant is considered convex here

int s = ( £f[k] > £f[k-1] 7 +1 : -1 );
if ( s>0 ) // was: ascending
// scan for strictly descending pair:

for ( ; k<n; ++k) if ( f[k] < f[k-1] ) break;
s = +k;

else // was: descending

// scan for strictly ascending pair:
for ( ; k<n; ++k) if ( f[k] > f[k-1] ) break;
s =

} I

if ( k==n ) return s; // sequence is monotone
// check that the ordering does not change again:
if ( >0 ) // was: ascending --> descending

// scan for strictly ascending pair:
for ( ; k<n; ++k) if ( f[k] > f[k-1] ) return

else // was: descending

// scan for strictly descending pair:
for ( ; k<n; ++k) if ( f[k] < f[k-1] ) return

return s;

The test for strictly convex (or concave) sequences is:

template <typename Type>
long is_strictly_convex(Type *f, ulong n)

// Return

//  +val for strictly convex sequence

// (i.e. first strictly rising then strictly falling)
//  -val for strictly concave sequence

// (i.e. first strictly falling then strictly rising)
// else O

//

// val is the (second) index of the first pair at the point
// where the ordering changes;

if ( 1>=n ) return +1;

ulong k = 1;
if ( £f[k] == £f[k-1] ) return 0;

int s = ( £[k] > f[k-1] 7 +1 : -1 );
if ( s>0 ) // was: ascending
// scan for descending pair:

for ( ; k<n; ++k) if ( f[k] <= f[k-1] ) break;
s = +k;

else // was: descending

{
// scan for ascending pair:
for ( ; k<m; ++k) if ( f[k] >= f[k-1] ) break;
s = -k;

}

if ( k==n ) return s; // sequence is monotone
else if ( f[k] == f[k-1] ) return O;

// check that the ordering does not change again:
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if ( s>0 ) // was: ascending --> descending

// scan for ascending pair:
for ( ; k<n; ++k) if ( f[k] >= f[k-1] ) return O;

else // was: descending

{

// scan for descending pair:
for ( ; k<n; ++k) if ( f[k] <= f[k-1] ) return O;

return s;

3.10 Heapsort

The heapsort algorithm uses the heap data structure introduced in section [4.5( on page A heap can
be sorted by swapping the first (and biggest) element with the last and ‘repairing’ the array of size n — 1
by a call to heapify1 (). Applying this idea recursively until there is nothing more to sort leads to the
routine [FXT: sort/heapsort.h]:

template <typename Type>

void heap_sort_ascending(Type *x, ulong n)

// Sort an array that has the heap-property into ascending order.
// On return x[] is _not_ a heap anymore.

{
Type *p = x - 1;
for (ulong k=n; k>1; --k)
{
swap2(p[1], plk]); // move largest to end of array
--n; // remaining array is one element less
heapifyl(p, n, 1); // restore heap-property
}
}

that needs time O(n log(n)). That is, a call to

template <typename Type>
void heap_sort(Type *x, ulong n)

build_heap(x, n);
heap_sort_ascending(x, n);

will sort the array x[] into ascending order. Note that sorting into descending order is not any harder:

template <typename Type>

void heap_sort_descending(Type *x, ulong n)

// Sort an array that has the heap-property into descending order.
// On return x[] is _not_ a heap anymore.

Type *p = x - 1;
for (ulong k=n; k>1; --k)
{

++p; --n; // remaining array is one element less
heapifyl(p, n, 1); // restore heap-property

b
A program that demonstrates the algorithm is [FXT: sort/heapsort-demo.cc].

3.11 Counting sort and radix sort

Imagine you want to sort an n-element array F of (unsigned) 8-bit values. An sorting algorithm that
only uses 2 passes through the data proceeds as follows:

1. Allocate an array C of 256 integers and set all its elements to zero.
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2. Count: for k =0, 1, ..., n— 1 increment C[F[k]].
Now C'[z] contains how many bytes in F' have the value x.

3. Set 7 =0. For j =0, 1, ..., 255
set k = C[j] and write j to the elements F[r|, F[r+ 1], ..., Flr + k — 1] then add k to r.

For large values of n this method is significantly faster than any other sorting algorithm. Note that no
comparisons are made between the elements of F'. Instead they are counted, the algorithm is the counting
sort algorithm.

It might seem that the idea applies only to very special cases but with a little care it can be used in more
general situations. We modify the method so that we are able to sort also (unsigned) integer variables
whose range of values would make the method impractical with respect to a subrange of the bits in each
word. We need an array G that has as many elements as F':

1. Choose any consecutive run of b bits, these will be represented by a bit mask m. Allocate an array
C of 2° integers and set all its elements to zero.

2. Let M be a function that maps the (2°) values of interest (the bits masked out by m) to the range
0,1,...,20—1.

3. Count: for k=0, 1, ..., n— 1 increment C[M (F[k])].
Now Cz] contains how many values of M (F.]) equal x.

4. Cumulate: for j =1, 2, ..., 2 — 1 (second to last) add C[j — 1] to C[j].
Now C'z] contains the number of values M (F[.]) less or equal to z.

5. Copy: for k=n—1, ..., 2,1, 0 (last to first) set = := M (F[k]), decrement C[z] then set i = C[z],
then set G[i] := F|x].
A crucial property of the algorithm is that it is stable: when we use it to sort with respect to a certain

bitmask m and there is more than one element being mapped to the same value then the relative order
between these elements is preserved.

Input Counting sort wrt. two lowest bits
m= ....,. 11
0: 11111.11< 0: N
1: R 1: L.1111..
2: e10101 2: B i
3: R R 3: .e1.101
4: ..1.1111< 4: .1..1..1
5: P s 5: N A
6: .1..1..1 6: ;1.1.11.
7: .1.1.11, 7: 11111.11<
8: J11...11< 8: L.1.1111<
9: L1110 9: L11...11<

Note that relative order of the three words ending with two set bits (marked with ‘<’) is preserved.

A routine that verifies whether an array is sorted with respect to a bit range specified by the variable b0
and m is [FXT: sort/radixsort.cc]:

bool

is_counting_sorted(const ulong *f, ulong n, ulong b0, ulong m)
// Whether f[] is sorted wrt. bits b0,...,b0+z-1

// where z is the number of bits set in m.

// m must contain a single run of bits starting at bit zero.

{
m <<= b0;
for (ulong k=1; k<n; ++k)
ulong xm = (f[k-1] & m ) >> bO;
ulong xp = (f[k] & m ) >> bO;
if ( xm>xp ) return false;
return true;
}

The function M is the combination of a mask-out and a shift operation. A routine that sorts according
to b0 and m is:

void
counting_sort_core(const ulong * restrict f, ulong n, ulong * restrict g, ulong b0, ulong m)
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// Write to g[] the array f[] sorted wrt. bits bO,...,b0+z-1
// where z is the number of bits set in m.
// m must contain a single run of bits starting at bit zero.

{
ulong nb = m + 1;
m <<= b0;
ALLOCA(ulong, cv, nb);
for (ulong k=0; k<nb; ++k) cv[k] =
// --- count:
for (ulong k=0; k<n; ++k)
{
ulong x = (f[k] & m ) >> bO;
++cvl x 1;
// —--—- cumulative sums:
for (ulong k=1; k<nb; ++k) cv[k] += cv[k-1];
// —— reorder:
ulong k =
zhlle ( k—- ) // backwards ==> stable sort
ulong fk = f[k];
ulong x = (fk & m) >> bO;
--cv[x];
ulong i = cv[x];
glil = fk;
}
}
Input Stage 1 Stage 2 Stage 3
m=....11 m=..11.. m=11....
vV vV vV
111.11 R 11.... S A
J 1111 1...1. B U §
.1.1.1 11.. 1...11 .1.1.1
1...1. .1.1.1 1.1.1 L1.11.
1.1111 .1..1 L1011, 1...1.
1111.. 1...1 R A 1...11
R N 1.11 .11 1.1111
L1.11. 111.11 111.11 11.
1...11 1.1111 1111.. 111, 11
11.... 1...11 1.1111 1111.

Figure 3.11-A: Radix sort of 10 six-bit values when using two-bit masks.

Now we can apply counting sort to a set of bit masks that cover the whole range. Figure shows
an example with 10 six-bit values and 3 two-bit masks, starting from the least significant bits. This is
the output of the program [FXT: |sort/radixsort-demo.cc].

The routine [FXT: radix_sort () in sort/radixsort.cc] uses 8-bit masks to sort unsigned (long) integers:

void
radix_sort(ulong *f, ulong n)

{
ulong nb = 8; // Number of bits sorted with each step

ulong tnb = BITS_PER_LONG; // Total number of bits
ulong *fi = f;

ulong *g = new ulong[n];

ulong m = (1UL<<nb) - 1;

for (ulong k=1, b0=0; bO<tnb; ++k, bO+=nb)

{

counting_sort_core(f, n, g, b0, m);

swap2(f, g);
}
if ( f!=fi ) // result is actually in g[]
{

swap2(f, g);

for (ulong k=0; k<n; ++k) f[k] = gl[k];
}
delete [] g;
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There is room for optimization. Using two arrays for counting and combining copying with counting for
the next pass where possible will reduce the number of passes almost by a factor of two.

A version of radix sort that starts from the most significant bits is given in [212].

3.12 Searching in unsorted arrays

We give an overview of the search functions for unordered arrays.

3.12.1 Minimal and maximal elements in unsorted arrays

Sorting an array only to determine the minimal (and/or maximal element) is obviously a bad idea because
these can be found in linear time in the unsorted data.

Corresponding to all flavors of the sorting routines a min() and max () routine is supplied. We exemplify
by giving the versions that determine the minimum.

Finding the minimum in an unsorted array corresponding to the ‘plain’ sorting routine: [FXT:
sort/minmax.h]

template <typename Type>
Type inline min(const Type *f, ulong n)
// Return minimum of array.

{

Type v = £[0];

while ( n-- ) if ( flnl<v ) v = f[n];
) return v;

The index version: [FXT: sort/minmaxidx.h]

template <typename Type>
Type idx_min(const Type *f, ulong n, const ulong *x)
// Return minimum (value) of array elements

{/ {fx[0]1], £[x[111, .. , flx[n-1113}

Type v = £[x[0]];
while ( n—- ) { if ( flx[nll<v ) v = f[x[n]l]l; }
return v;

}
The pointer version: [FXT: |sort/minmaxptr.h]

template <typename Type>
Type ptr_min(/*const Type *f,*/ ulong n, Type const*const*x)
// Return minimum (value) of array elements

{/ {*x[0], *x[1], .. , *x[n-1]}

Type v = *x[0];
while ( n—-— ) { if ( *x[nl<v ) v = *x[n]; }
return v;

by
The comparison function version: [FXT: sort/minmaxfunc.h]

template <typename Type>

Type min(const Type *f, ulong n, int (*cmp) (const Type &, const Type &))
// Return minimum (value) of array elements

// wrt. to comparison function

{

Type v = £[0];

while ( n—— ) { if ( cmp(f[nl,v) <0 ) v = f[n]l; }
) return v;

The comparison function with index version: [FXT: [sort/minmaxidxfunc.h]
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template <typename Type>
Type idx_min(const Type *f, ulong n, const ulong *x,
int (*cmp) (const Type &, const Type &))
// Return minimum (value) of array elements
//  A{f[x[01]1, £[x[111, .. , flx[n-111%}
// with respect to comparison function cmp()
{
Type v = £[x[0]];
while ( n-- ) { if ( cmp(flx[nl], v) <0 ) v = flx[nl]l; }
return v;

The comparison function with pointer version: [FXT: sort/minmaxptrfunc.h]

template <typename Type>

Type ptr_min(/*const Type *f,*/ ulong n, Type const*const*x,
int (xcmp) (const Type &, const Type &))

// Return minimum (value) of array elements

//  {xx[0], =*x[1], .. , *x[n-1]}
// with respect to comparison function cmp().
{

Type v = *x[0];
while ( n—- ) { if ( cmp(*x[n],v)<0 ) v = *x[n]; }
return v;

3.12.2 Searching for values

To find the first occurrence of a certain value in an unsorted array one can use the routine [FXT:
sort /usearch.h]

template <typename Type>

inline ulong first_eq_idx(const Type *f, ulong n, Type v)
// Return index of first element == v

{/ Return n if all !=v

ulong k = 0;
while ( (k<n) && (£[k]!=v) ) k++;
return k;

}

The functions first_ne_idx(), first_ge_idx() and first_le_idx() find the first occurrence of an
element unequal (to v), greater or equal and less or equal, respectively.

If the last bit of speed matters, one could (see [153, p.267]) replace the shown code by

template <typename Type>

inline ulong first_eq_idx(const Type *f, ulong n, Type v)
// Return index of first element ==

// Return n if all !=v

Type s = f[n-1];

(Type *)f[n-1] = v; // guarantee that the search stops
ulong k = 0;

while ( f[k]!=v ) k++;

(Type *)f[n-1] = s; // restore value

if ( (k==n-1) && (v'!'=s) ) ++k;

return k;

}
The speedup is due to the fact that there is only one branch in the inner loop. The technique is not
applicable if the writes to the array ‘f[]’ can have any side effects.

Replace the word first by last in the names to name the function that detect the last element satisfying
the corresponding condition. For example,

template <typename Type>

inline ulong last_ge_idx(const Type *f, ulong n, Type V)
// Return index of last element >= v

{/ Return n if all <v

ulong k = n-1;
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v{vhile ( £lxl<v )

if E 0==k ) return n;

return k;

3.12.3 Counting values

The functions in [FXT: sort/ucount.h] count certain elements in unordered arrays.

template <typename Type>
inline ulong eq_count(const Type *f, ulong n, Type v)
// Return number of elements that are ==v

ulong ct = 0;

while ( n-- ) if ( flnl==v ) ++ct;

return ct;

}

As above, replace eq_ in the function name with ne_, ge_ or le_ to count the number of occurrences of
elements that are unequal (to v), greater or equal and less or equal, respectively.

3.12.4 Searching matches

The routines in [FXT: sort/usearchfunc.h] generalize the functions from [FXT: |sort/usearch.h|: A sup-
plied function implements the condition imposed. For example,

template <typename Type>

inline ulong first_idx(const Type *f, ulong n, bool (* func) (Type))
// Return index of first element for which func() returns true.

// Return n if there is no such element.

ulong k = 0;
while ( (k<n) && (!func(f[k])) ) k++;
return k;

and last_idx() that scans beginning from the greatest index.

The functions

template <typename Type>
inline ulong next_idx(const Type *f, ulong n, bool (* func)(Type), ulong kO)
// Like first_idx() but start from kO.

ulong k = kO;

while ( (k<n) && (!'func(f[k])) ) k++;

return k;

}

and previous_idx() determine the next matching element in forward or backward direction.

3.12.5 Selecting matches: grep

The routines from [FXT: sort/grep.h] count or select elements from an unordered array for which a
condition implemented by a supplied function is true.
The following function counts the matching elements:

template <typename Type>
inline ulong count(const Type *f, ulong n, bool (* func) (Type))
// Return number of elements for which func() returns true.

ulong ct = 0;

for (ulong k=0; k<n; ++k) if ( func(f[k]) ) ct++;
return ct;

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/src/sort/ucount.h
file:@FXTDIR@/src/sort/usearchfunc.h
file:@FXTDIR@/src/sort/usearch.h
file:@FXTDIR@/src/sort/grep.h

140 Chapter 3: Sorting and searching

}
Discard all non-matches using

template <typename Type>

inline ulong grep(Type *f, ulong n, bool (* func) (Type))
// Delete elements for which func() returns false.

// Return number of elements kept.

{
ulong k, j;
for (k=0,j=0; j<n; ++k,++j)
£kl = £[j1;
if ( func(£[jl) ) --k;
return k;
}

Record the values of the matches using

template <typename Type>

inline ulong grep(const Type *f, ulong n, bool (* func) (Type), Type *g)
// Make g[] the sequence of values for which func() returns true.

// Return number of ’matching’ elements found.

ulong ct = 0;
for (ulong k=0; k<n; ++k) if ( func(f[k]) ) glct++] = £[k];
return ct;

}
Finally, recording the indices of the matches can be done with

template <typename Type>

inline ulong grep_idx(const Type *f, ulong n, bool (* func)(Type), ulong *x)
// Make x[] the sequence of indices for which func() returns true.

// Return number of ’matching’ elements found.

ulong ct = 0;

for (ulong k=0; k<n; ++k) if ( func(f[k]) ) x[ct++] = k;
return ct;
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Chapter 4

Data structures

This chapter presents implementations of the operations on selected data structures like LIFO, FIFO,
deque and heap.

4.1 Stack (LIFO)

A stack (or LIFO for last-in, first-out) is a data structure that supports the operations: push to saves an
entry and pop to retrieve and remove the entry that was entered last. The occasionally useful operation
peek retrieves the same element as pop but does not remove it. Similarly, poke modifies the last entry.
An implementation with the option to let the stack grow when necessary is [FXT: class stack in
ds/stack.h]:

template <typename Type>
ilass stack

public:
Type *x_; // data
ulong s_; // size

ulong p_; // stack pointer (position of next write), top entry @ p-1

ulong gq_; // grow gq elements if necessary, O for "never grow"
public:

stack(ulong n, ulong growq=0)

s_ = n;
x_ = new Typels_];

_ =0; // stack is empty
gq_ = growq;

- )

“stack() { delete [] x_; }

private:

stack & operator = (const stack &); // forbidden
public:

ulong num() const

// return number of entries

return p_;

}
ulong push(Type z)
// return size of stack, zero on stack overflow
// if gq_ is nonzero the stack grows
if (p_>=s_)

if ( 0==gq_ ) return 0; // overflow
grow();
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x_[p_]1 = z;
++p_;

return s_;

}

ulong pop(Type &z)
// read top entry and remove it

// return number of entries at function start
// if empty return zero and z is undefined

ulong ret = p_;
if (o'=p_) {--p_; z=x_[p];}
return ret;

ulong poke(Type z)

// modify top entry

// return number of entries

// if empty return zero and nothing is done

if ( O'=p_ ) x_[p_-1] = z;
return p_;

}

ulong peek(Type &z)

// read top entry (without removing it)

// return number of entries

// if empty return zero and z is undefined

if ( O'=p_ ) =z = x_[p_-1];
return p_;

}
[--snip--]

The growth routine is implemented as
[--snip--]

private:
void grow()

ulong ns = s_ + gq_; // new size
x_ = ReAlloc<Type>(x_, ns, s_);
s_ = ns;

¥
};

here we used the function that imports the C function realloc().

% man realloc
#include <stdlib.h>

void *realloc(void *ptr, size_t size);

realloc() changes the size of the memory block pointed to by ptr to size
bytes. The contents will be unchanged to the minimum of the old and new
sizes; newly allocated memory will be uninitialized. If ptr is NULL, the
call is equivalent to malloc(size); if size is equal to zero, the call is
equivalent to free(ptr). Unless ptr is NULL, it must have been returned by
an earlier call to malloc(), calloc() or realloc().

Usage of the C function realloc() can be disabled globally in [FXT: [realloc.h]:

#define USE_C_REALLOC // comment out to disable use of realloc()

#ifdef USE_C_REALLOC
#include <cstdlib> // realloc()
#endif

#ifdef USE_C_REALLOC
template <typename Type>

inline Type *ReAlloc(Type *p, ulong n, ulong /*nold*/)
{

return (Type *)realloc((void *)p, n*sizeof (Type));
}
#else

template <typename Type>
inline Type *ReAlloc(Type *p, ulong n, ulong nold)
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Type *np = new Type[n];

ulong nc = (nold < n 7 nold : n);

for (ulong k=0; k<nc; ++k) nplk] = plk];
delete [] p;

return np;

}
#endif

push( 1)
push( 2)
push( 3)
push( 4)
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push( 7)
pop== 7
pop== 6
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pop== 4
push(10)
pop==10
pop==

push(11)
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pop==
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pop==13
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Figure 4.1-A: Inserting and retrieving elements with a stack.

A program that shows the working of the stack is [FXT: |ds/stack-demo.cc]. An example output where
the initial size is 4 and the growths-feature enabled (in steps of 4 elements) is shown in figure m

4.2 Ring buffer

A ring buffer is a array plus read- and write operations that wrap around. That is, if the last position of
the array is reached writing continues at the begin of the array, thereby erasing the oldest entries. The
read operation should start at the oldest entry in the array.

The implementation is [FXT: class ringbuffer in ds/ringbuffer.h]:

template <typename Type>
class ringbuffer

i .
public:
Type *x_; // data (ring buffer)
ulong s_; // allocated size (# of elements)
ulong n_; // current number of entries in buffer
ulong wpos_; // next position to write in buffer
ulong fpos_; // first position to read in buffer
public:
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ringbuffer (ulong n)

n;
new Typel[s_];
0-

fer() { delete [] x_; }

ulong num() const { return n_; }

void insert(const Type &z)
{
x_[wpos_] = z;
if ( ++wpos_>=s_ ) wpos_ = 0;
if (n_ <s_) +n_;
else fpos_ = wpos_;
}
ulong read(ulong n, Type &z) const
// read entry n (that is, [(fpos_ + n)%s_])
// return 0 if entry #n is last in buffer
{/ else return n+l
if ( n>=n_ ) return O;
ulong j = fpos_ + n;
if ( j>=s_ ) j -= s_;
z = x_[j1;
return n + 1;
}

};

Reading from the ring buffer goes like:
ulong k = 0;

Type z; // type of entry
while ( (k = f.read(k, 2z)) )

// do something with z
}

A program demonstrating the ring buffer is [FXT: ds/ringbuffer-demo.cc], its output is
insert( 1) 1 #=1 r=1 w=0
insert( 2) 1 2 #=2 r=2 w=0
insert( 3) 1 2 3 #=3 r=3 w=0
insert( 4) 1 2 3 4 #=4 r=0 w=0
insert( 5) 2 3 4 5 #=4 r=1 w=1
insert( 6) 3 4 5 6 #=4 r=2 w=2
insert( 7) 4 5 6 7 #=4 r=3 w=3
insert(8) 5 6 7 8 #=4 r=0 w=0
insert( 9) 6 7 8 9 #=4 r=1 w=1

Ring buffers

can be useful for storing a constant amount of history-data such as for logging purposes.

For that purpose one would enhance the ringbuffer class so that it uses an additional array of (fixed
width) strings. The message to log would be copied into the array and the pointer set accordingly. A
read should then just return the pointer to the string.

4.3 Queue (FIFO)

A queue (or FIFO for first-in, first-out) is a data structure that supports two operations: push saves an
entry and pop retrieves (and removes) the entry that was entered the longest time ago. The occasionally

useful operat

ion peek retrieves the same element as pop but does not remove it.

A utility class with the optional feature of growing if necessary is [FXT: class queue in ds/queue.h|:

template <ty
class queue

{
public:

pename Type>
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Type *x_; // pointer to data
ulong s_; // allocated size (# of elements)
ulong n_; // current number of entries in buffer

// next position to write in buffer
// next position to read in buffer

ulong wpos_;
ulong rpos_;

ulong gq_; // grow gq elements if necessary, O for "never grow"
public:
explicit queue(ulong n, ulong growq=0)
S_ = n;
x_ = new Typels_];
n_ = 0;
wpos_ = O;
rpos_ = 0;
£9- = growq;
}
“queue() { delete [] x_; }

ulong num() const { return n_; }

ulong push(const Type &z)

// Return number of entries.

// Zero is returned on failure

//  (i.e. space exhausted and O==gq_)
{

if (n_>=s_)

if ( 0==gq_ ) return 0; // growing disabled

grow();

x_[wpos_] = z;
++Wpos_;
if ( wpos_>=s_ )

++n_;

—

return n_;

wpos_ = 0;

}

ulong peek(Type &z)
// Return number of entries.

// if zero is returned the value of z is undefined.

z = x_[rpos_];
return n_;

ulong pop(Type &z)

// Return number of entries before pop

// i.e. zero is returned if queue was empty.

// If zero is returned the value of z is undefined.

ulong ret = n_;

if ( O0!'=n_ )

{
z = x_[rpos_];
++rpos_;
if ( rpos_ >= s_ ) rpos_ = 0;
--n_;

}

return ret;

}
private:

};

void grow()

ulong ns = s_ + gq_; // new size
// move read-position to zero:
rotate_left(x_, s_, rpos_);

x_ = ReAlloc<Type>(x_, ns, s_);
wpos_ = s_;

gpoi_ns;o’

}

Its working is demonstrated by the program [FXT: ds/queue-demo.cc|.
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push( 1) 1 - - #=1 r=0 w=1
push( 2) 1 2 - - #=2 r=0 w=2
push( 3) 1 2 3 - #=3 r=0 w=3
push( 4) 1 2 3 4 #=4 r=0 w=0
push(5) 1 2 3 4 5 - - - #=5 r=0 w=5
push(6) 1 2 3 4 5 6 - - #=6 r=0 w=6
push(7) 1 2 3 4 5 6 7 #=7 =0 w=T7
pop==1 - 2 3 4 5 6 7 - #=6 r=1 w=7
pop== 2 - - 3 4 5 6 7 - #=5 r=2 w=7
push( 8 - - 3 4 5 6 7 8 #=6 r=2 w=0
pop== 3 - - 4 5 6 7 8 #=56 r=3 w=0
pop==4 - - - - 5 6 7 8 #=4 r=4 w=0
push(9) 9 - - - 5 6 7 8 #=5 r=4 w=1
pop==5 9 - - - - 6 7 8 #=4 r=5 w=1
pop==6 9 - - - - - 7 8 #=3 r=6 w=1
push(10) 9 10 - - - 7 8 #=4 r=6 w=2
pop== 910 - - - - 8 #=3 r=7 w=2
pop== 910 - - - - - - #=2 r=0 w=2
push(11) 910 11 - - - - - #=3 r=0 w=3
pop== -1011 - - - - #=2 r=1 w=3
pop==10 - -1 - - - - - #=1 r=2 w=3
push(12) - - 1112 - - - - #=2 r=2 w=4
pop==11 - - -12 - - - - #=1 r=3 w=4
pop==12 - - - - - - - - #=0 r=4 w=4
push(13) - - - -13 - - - #=1 r=4 w=b
pop==13 - - - - - - - - #=0 r=5 w=b
pop== - - - - - - - - #=0 r=5 w=b
(queue was empty)
push(14) - - - - -14 - - #=1 r=56 w=6
pop==14 - - - - - - - - #=0 1=6 w=6
pop== - - - - - - - - #=0 r=6 w=6
(queue was empty)
push(15) - - - - - -15 - #=1 r=6 w=7

Figure 4.3-A: Inserting and retrieving elements with a queue.

initial size is 4 and the growths-feature enabled (in steps of 4 elements) is shown in figure Compare
to the corresponding figure for the stack, figure on page [143

4.4 Deque (double-ended queue)

A deque (for double-ended queue) combines the data structures stack and queue: insertion and deletion
is possible both at the first- and the last position, all in time-O(1). An implementation with the option
to let the stack grow when necessary is [FXT: class deque in ds/deque.h]

template <typename Type>
class deque

i .
public:
Type *x_; // data (ring buffer)
ulong s_; // allocated size (# of elements)
ulong n_; // current number of entries in buffer
ulong fpos_; // position of first element in buffer
// insert_first() will write to (fpos-1)%n
ulong lpos_; // position of last element in buffer plus one
// insert_last() will write to 1lpos, n==(lpos-fpos) (mod s)
// entries are at [fpos, ... , lpos-1] (range may be empty)
ulong gq_; // grow gq elements if necessary, O for "never grow"
public
explicit deque(ulong n, ulong growq=0)
e S_ = n;
x_ = new Typels_];
n_ = 0;
fpos_ = 0;
lpos_ = 0;
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g€q- = growq;
}

“deque() { delete [] x_; }
ulong num() const { return n_; }

ulong insert_first(const Type &z)

// returns number of entries after insertion
// zero is returned on failure

// (i.e. space exhausted and 0==gq_)

{
if (n_ >=s_ )
if ( 0==gq_ ) return 0; // growing disabled
grow();
--fpos_;
if ( fpos_ == -1UL ) fpos_ = s_ - 1;
x_[fpos_] = z;
++n_;
return n_;
}

ulong insert_last(const Type &z)

// returns number of entries after insertion
/ zero is returned on failure

//  (i.e. space exhausted and O==gq_)

{
if (n_ >=s_)
if ( 0==gq_ ) return 0; // growing disabled
grow();
x_[lpos_] = z;
++1lpos_;
if ( lpos_>=s_ ) 1lpos_ = 0;
++n_;
return n_;
}

ulong extract_first(Type & z)
// return number of elements before extract
// return O if extract on empty deque was attempted

{
if ( O==n_ ) return O;
z = x_[fpos_];
++fpos_;
if ( fpos_ >= s_ ) fpos_ = 0;
“n;
return n_ + 1;
}

ulong extract_last(Type & z)
// return number of elements before extract
// return O if extract on empty deque was attempted

{
if ( O==n_ ) return O;
--lpos_;
if ( lpos_ == -1UL ) 1lpos_ = s_ - 1;
z = x_[1pos_];
—-n_;
return n_ + 1;
}

ulong read_first(Type & z) const
// read (but don’t remove) first entry
// return number of elements (i.e. on error return zero)

if ( O==n_ ) return O;

z = x_[fpos_];
return n_;

ulong read_last(Type & z) const
// read (but don’t remove) last entry
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private:

// return number of elements (i.e. on error return zero)

return read(n_-1, z); // ok for n_==

ulong read(ulong k, Type & z) const

// read entry k (that is, [(fpos_ + k)%s_1)
// return 0 if k>=n_

// else return k+1

}

if ( k>=n_ ) return O;
ulong j = fpos_ + k;

if ( j>=s_ ) j -= s_;
z = x_[j1;

return k + 1;

void grow()

ulong ns = s_ + gq_; // new size
// Move read-position to zero:
rotate_left(x_, s_, fpos_);

x_ = ReAlloc<Type>(x_, ns, s_);

fpos_ = 0;
lpos_ = n_;
S_ = ns;

Chapter 4: Data structures

insert_first( 1) 1
insert_last(51) 1 51
insert_first( 2) 2 151
insert_last (52) 2 1 51 52
insert_first( 3) 3 2 15152
insert_last(53) 3 2 1515253
extract_first()= 3 2 1 51 52 53
extract_last()= 53 2 15152
insert_first( 4) 4 2 1 51 52
insert_last(54) 4 2 1515254
extract_first()= 4 2 15152 54
extract_last()= 54 2 1 51 52
extract_first()= 2 1 51 52
extract_last()= 52 1 51
extract_first()= 1 51
extract_last()= 51

insert_first( 5) 5
insert_last(55) 5 55
extract_first()= 5 55

extract_last()= 55
extract_first()= (deque is empty)
extract_last()= (deque is empty)
insert_first( 7) 7
insert_last(57) 7 57

Figure 4.4-A: Inserting and retrieving elements with a queue.

Its working is shown in figure which was created with the program [FXT: |ds/deque-demo.cc].

4.5 Heap and priority queue

A binary heap is a binary tree where the left and right children are smaller than or equal to their parent
node. The following function determines whether a given array is a heap [FXT: ds/heap.h]:

template <typename Type>
ulong test_heap(const Type *x, ulong n)
// return O if x[] has heap property

// else index of node found to be bigger than its parent

{

const Type *p = x - 1;
for (ulong k=n; k>1; --k)
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ulong t = (k>>1); // parent(k)
if ( pltl<plk] ) return k;

return 0; // has heap property
}

It turns out that a unordered array of size n can be reordered to a heap in O(n) time, see [89, p.145].
The routine

template <typename Type>
void build_heap(Type *x, ulong n)
// reorder data to a heap

for (ulong j=(n>>1); j>0; --j) heapifyl(x-1, n, j);
}

does the trick. It uses the following subroutine that runs in time O(logn):

template <typename Type>

void heapifyl1(Type *z, ulong n, ulong k)

// subject to the condition that the trees below the children of node
// k are heaps, move the element z[k] (down) until the tree below node
// k is a heap.

//
// data expected in z[1..n] (!)
¢ ulong m = k;
ulong 1 = (k<<1); // left(k);
if ( (1 <= n) && (z[1] > z[k]) ) m = 1;
ulong r = (k<<1) + 1; // right(k);
if ( (r <= n) && (z[r] > z[m]) ) m = r;
%f (m'=k)
swap2(z[k], z[m]);
heapifyl(z, n, m);
}

Heaps are useful to build a so-called priority queue. This is a data structure that supports insertion of an
element and extraction of the maximal element it contains both in an efficient manner. A priority queue
can be used to ‘schedule’ a certain event for a given point in time and return the next pending event.

A new element can be inserted into a heap in O(log(n)) time by appending it and moving it towards the
root (that is, the first element) as necessary:

bool heap_insert(Type *x, ulong n, ulong s, Type t)

// with x[] a heap of current size n

// and max size s (i.e. space for s elements allocated)
// insert t and restore heap-property.

//
// Return true if successful
// else (i.e. space exhausted) false
//
// Takes time \log(n)
{
if (n > s ) return false;
++n;
Type *x1 = x - 1;
ulong j = n;
while ( j > 1)
{
ulong k = (j>>1); // k==parent(j)
if ( x1[k] >=t ) break;
x1[j] = x1[k];
j=k
x1[j] = t;
return true;
}

Similarly, the maximal element can be removed in time O(log(n)):

template <typename Type>
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Type heap_extract_max(Type *x, ulong n)
// Return maximal element of heap and
// restore heap structure.

// Return value is undefined for O==

Type m = x[0];
%f(0!=n)

Type *x1 = x - 1;
x1[1] = x1[n];

~n;

heapifyl(x1l, n, 1);

// else error
return m;

}

Two modifications seem appropriate: firstly, replacement of extract max() by a extract next (), leaving
it as an (compile time) option whether to extract the minimal or the maximal element. This is achieved
by changing the comparison operators at a few strategic places so that the heap is built either as described
above or with its minimum as first element:

#if 1

// next() is the one with the smallest key

// i.e. extract_next() is extract_min()
#define _CMP_ <

#define _CMPEQ_ <=

#else

// next() is the one with the biggest key

// i.e. extract_next() is extract_max()
#define _CMP_ >

#define _CMPEQ_ >=

#endif

Secondly, augmenting the elements used by a event description that can be freely defined. [FXT: class
priority_queue in ds/priorityqueue.h|:

template <typename Typel, typename Type2>
class priority_queue

i .

public:
Typel *ti1_; // time: t1[1..s] one-based array!
Type2 *el_; // events: el[l..s] one-based array!

ulong s_; // allocated size (# of elements)

ulong n_; // current number of events

ulong gq_; // grow gq elements if necessary, O for "never grow"
public:

priority_queue(ulong n, ulong growq=0)

S_ =n;

tl_ = new Typells_] - 1;
el_ = new Type2[s_] - 1;
n_ = 0;

gq- = growq;

}
“priority_queue()

delete [] (t1_+1);
delete [] (el_+1);

ulong num() const { return n_; }

Typel get_next_t() const { return ti_[1]; }
Type2 get_next_e() const { return el_[1]; }

Typel get_next(Type2 &e) const
// No check if empty

{
e = el_[1];
return ti_[1];

Typel extract_next(Type2 &e)
{

Typel m = get_next(e);
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%f (0 !=n_)
t1_[1] = t1_[n_]; el1_[1] = el_[n_];
bl
heapify1(1);

// else error
return m;

}

bool insert(const Typel &t, const Type2 &e)

// Insert event e at time t

// Return true if successful

// else (i.e. space exhausted and O==gq_) false

{
if (n_ > s_)
if ( 0==gq_ ) return false; // growing disabled
grow();
++n_;
ulong j = n_;
while ( j > 1)
{
ulong k = (j>>1); // k==parent(j)
if ( t1_[k] _CMPEQ_ t ) break;
t1_[j] = t1_[k]; e1_[j] = el_[k];
j=k
}
t1_[3] = t;
el_[j] = e;
return true;
}

The member function reschedule_next() is more efficient than the sequence extract_next();
insert();, as it calls heapify1() only once:

void reschedule_next(Typel t)
t1_[1] = t;
heapify1(1);
The heapifyl () function is tail recursive, so we make it iterative:

private:
void heapifyl(ulong k)

ulong m = k;
hstart:
ulong 1 = (k<<1); // left(k);
ulong r = 1 + 1; // right(k);
if ( (1 <=n_) & (t1_[1] _CMP_ t1_[k]) ) m = 1;
if ( (r <=n_) & (t1_[r] _CMP_ ti1_[m]) ) m = r;

%f (m!'=k)
swap2(ti1_[k], ti_[m]); swap2(el_[k], el_[m]);
// heapifyl(m);
k = .

= m,
goto hstart; // tail recursion

[--snip--]

The second argument of the constructor determines the number of elements added in case of growth, it
is disabled (equals zero) by default.

[--snip--]
private:
void grow()

ulong ns = s_ + gq_; // new size
t1_ ReAlloc<Typel>(t1_+1, ns, s_) - 1;

el_ = ReAlloc<Type2>(el_+1, ns, s_) - 1;
S_"= 1ns;
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}
};

The ReAlloc() routine is described in section on page (141

Inserting into piority_queue: Extracting from piority_queue:
# : event O time # : event @ time
: A @ 0.840188 9: F @ 0.197551
B @ 0.394383 8: I @ 0.277775
2 c @ 0.783099 7: G @ 0.335223
3 D @ 0.79844 6: B @ 0.394383
4 E @ 0.911647 5: J Q@ 0.55397
5 F @ 0.197551 4: H @ 0.768
6 G @ 0.335223 3: c @ 0.783099
7 H o 0.76823 2: D @ 0.79844
8 I @ 0.277775 1: A @ 0.840188
9 J Q@ 0.55397 0: E @ 0.911647
Figure 4.5-A: Insertion of events labeled ‘A’, ‘B’, ..., ‘J’ scheduled for random times into a priority

queue (left) and subsequent extraction (right).

The program [FXT: |ds/priorityqueue-demo.cc| inserts events at random times 0 < ¢ < 1, then extracts
all of them. It gives the output shown in figure A more typical usage would intermix the insertions
and extractions.

4.6 Bit-array

The use of bit-arrays should be obvious: an array of tag values (like ‘seen’ versus ‘unseen’) where all
standard data types would be a waste of space. Besides reading and writing individual bits one should
implement a convenient search for the next set (or cleared) bit.

The class [FXT: class bitarray in ds/bitarray.h] is used, for example, for lists of small primes [FXT:
mod /primes.cc|, for in-place transposition routines [FXT: |aux2/transpose.h| (see section [2.3[on page
and several operations on permutations (see section [2.11.8{on page [111)).

class bitarray

// Bit-array class mostly for use as memory saving array of boolean values.
// Valid index is 0...nb_-1 (as usual in C arrays).

{
public:
ulong *f_;  // bit bucket
ulong n_; // number of bits
ulong nfw_; // number of words where all bits are used, may be zero
ulong mp_; // mask for partially used word if there is one, else zero

// (ones are at the positions of the _unused_ bits)
bool myfq_; // whether f[] was allocated by class
[--snip--]

The constructor allocates memory by default. If the second argument is nonzero it must point to an
accessible memory range:

bitarray(ulong nbits, ulong *£=0)
// nbits must be nonzero

ulong nw = ctor_core(nbits);
if ( £!=0)

f_ = (ulong *)f;
myfq_ = false;

else

f_ = new ulong[nw];
myfq_ = true;

}
The public methods are
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// operations on bit n:
ulong test(ulong n) const // Test whether n-th bit set

void set(ulong n) // Set n-th bit

void clear(ulong n) // Clear n-th bit

void change(ulong n) // Toggle n-th bit

ulong test_set(ulong n) // Test whether n-th bit is set and set it

ulong test_clear(ulong n) // Test whether n-th bit is set and clear it
ulong test_change(ulong n) // Test whether n-th bit is set and toggle it

// Operations on all bits:

void clear_all() // Clear all bits
void set_all() // Set all bits
int all_set_q() const; // Return whether all bits are set

int all_clear_q() const; // Return whether all bits are clear

// Scanning the array:
// Note: the given index n is included in the search
ulong next_set_idx(ulong n) const // Return index of next set or value beyond end
ulong next_clear_idx(ulong n) const // Return index of next clear or value beyond end

Combined operations like ‘test-and-set-bit’, ‘test-and-clear-bit’, ‘test-and-change-bit’ are often needed
in applications that use bit-arrays. This is underlined by the fact that modern CPUs typically have
instructions implementing these operations.

The class does not supply overloading of the array-index operator [] because the writing variant
would cause a performance penalty. One might want to add ‘sparse’-versions of the scan functions
(next_set_idx() and next_clear_idx()) for large bit-arrays with only few bits set or unset.

On the AMDG64 architecture the corresponding CPU instructions are used [FXT: bits/bitasm-amd64.h|:

static inline ulong asm_bts(ulong *f, ulong i)
{/ Bit Test and Set

ulong ret;
asm ( "btsq %2, %1 \n"
"sbbq %0, %0"
ll=rll (ret)
"111" (*f), "I'" (1) );
return ret;

If no specialized CPU instructions are available the following two macros are used:

#define DIVMOD(n, d, bm) \
ulong d = n / BITS_PER_LONG; \
ulong bm = 1UL << (n % BITS_PER_LONG);

#define DIVMOD_TEST(n, 4, bm) \

ulong d = n / BITS_PER_LONG; \

ulong bm = 1UL << (m % BITS_PER_LONG); \
ulong t = bm & £_[d];

An example:
ulong test_set(ulong n) // Test whether n-th bit is set and set it.

{
#ifdef BITS_USE_ASM
return asm_bts(f_, n);

#else
DIVMOD_TEST(n, d, bm);
f_[d] |= bm;
return t;

#end%f

Performance is still good in that case as the modulo operation and division by BITS_PER_LONG (a power
of two) are replaced with cheap (bit-and and shift) operations. On the machine described in appendix
on page both versions give practically identical performance.

How out of bounds are handled can be defined at the beginning of the header file:

#define CHECK O // define to disable check of out of bounds access

//#define CHECK 1 // define to handle out of bounds access
//#define CHECK 2 // define to fail with out of bounds access

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/src/bits/bitasm-amd64.h

154 Chapter 4: Data structures

4.7 Finite-state machines

A finite-state machine (FSM) (or state-engine) in its simplest form can be described as a program that
has finite set of valid states and for each state a certain action is taken. In C-syntax:

void state_engine(int state)

{
¥hile ( state != end )
// valid states are: stl ... stn (and end)
?witch ( state )
case stl: state = funcl(); break;
case st2: state = func2(); break;
case st3: state = func3(); break;
[--snip--]
case stn: state = funcn(); break;
default: blue_smoke(); // invalid state
}
}
int main()
{
// initialize:
int state = start;
state_engine( state );
return O;
}

As an example we show a state engine that transforms a linear coordinate ¢ into the corresponding pair
(x and y) of coordinates of Hilbert’s space-filling curve.

Apart from two bits of internal state the FSM processes at each step two bits of input. The array htab[]
serves as lookup table for the next state plus two bits of the result.

The function ([FXT: 1in2hilbert () in bits/hilbert.cc]) implements a FSM as suggested in [30], item 115:

void
lin2hilbert(ulong t, ulong &x, ulong &y)
// Transform linear coordinate t to Hilbert x and y

{
ulong xv = 0, yv = 0O;
ulong c01 = (0<<2); // (2<<2) for transposed output (swapped x, y)
for (ulong i=0; i<(BITS_PER_LONG/2); ++i)
{
ulong abi = t >> (BITS_PER_LONG-2);
t <<= 2;
ulong st = htab[ (c01<<2) | abi ];
c0l = st & 3;
yv <<= 1;
yv I= ((st>>2) & 1);
XV <<= 1;
xv |= (st>>3);
% = XV; y = yv;
}

The table used is defined (see figure [4.7-A)) as

static const ulong htab[] = {

#define HT(xi,yi,c0,cl) ((xi<<3)+(yi<<2)+(c0<<1)+(c1))
// index == HT(cO,cl,ai,bi)
HT( 0, 0, 1, 0),
HT( 0, 1, O, )
HT( 1, 1, O,
HT( 1, 0, O,

[--snip--]

HT( 0, O,
HT( 0, 1,

=~ OO

).
)’

>

),
)

=
O =

>

As indicated in the code the table maps every four bits c0,cl,ai,bi to four bits xi,yi,c0,cl. The
table for the inverse function (again, see figure [4.7-A)) is
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Figure 4.7-A: The original table from [30] for the finite state machine for the 2-dimensional Hilbert
curve (left). All sixteen 4-bit words appear in both the ‘OLD’ and the ‘NEW’ column. So the algorithm is
invertible. Swap the columns and sort numerically to obtain the two columns at the right, the table for

the inverse function.

static const ulong ihtab[] = {

#define IHT(ai,bi,c0,cl) ((ai<<3)+(bi<<2)+(c0<<1)+(c1))

// index ==

IHT(C 0, O,
IHT(C 0, 1,
IHT( 1, 1,
IHT( 1, O,
[--snip--]
IHTC O, 1,
IHT(C 0, O,

HT(cO,cl,xi,yi)
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The words have to be processed backwards:

ulong

hilbert2lin(ulong x, ulong y)

// Transform Hilbert x and y to linear coordinate t

ulong t =

0;

ulong c01 = 0;

for (ulong i=0; i<(BITS_PER_LONG/2); ++i)

{
t <<=

ulong
xi &=
ulong
yi &=
ulong

y <<=

ulong
c01 =

return t;

2;
xi
1;
yi
1;

>

1;
st

xyi
X <<= 1;

x >> (BITS_PER_LONG/2-1);
y >> (BITS_PER_LONG/2-1);

(xi<<1) | yi;

ihtab[ (c01<<2) | xyi ]1;

st & 3;
t |= (st>>2);

A method to compute the direction (left, right, up or down) at the n-th move of the Hilbert curve is
given in section |1.19|on page The computation of a function whose series coefficients are +1 and =+
according to the Hilbert curve is described in section [36.9) on page [T12
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4.8 Emulation of coroutines

Sometimes it is possible to find an recursive algorithm for solving some problem that is not easily solved
iteratively. However the recursive implementations might produce the results in midst of its calling graph.
When a utility class providing the results one by one with some next call is required there is an apparent
problem (with most programming languages): there is only one stack available for function calls. We do
not have ‘offline’ functions or coroutines.

As an example consider the following recursive code (given by Glenn Rhoads)

int n = 4;
int a[n+1], q[2*n+1];

int main()

paren(0, 0);

return O;

}

void paren(long i, long s)
long k, t;
if ( i<n )

for (k=0; k<=i-s; ++k)
{

ali-1] = k;
t =s + ali-1];
qlt + i1 = (C;
paren(i + 1, t); // recursion
qlt +i] = )7,
}

else

ali-1] = n - s;
Visit(); // next set of parens available

}
}

It generates following output (the different ways to group four pairs of parenthesis):

(CCOIN
(COON
(OO
(CONQ
(QCON
(00O
(OO
(0O
(O)OO
QCCON
QC0O)
QOO
QOO0
0000

A reasonable way to create coroutines is to rewrite the function as a state engine and use a class [FXT:
class coroutine in ds/coroutine.h] that provides two stacks, one for local variables (including argu-
ments) and one for the state of the function:

template <typename Type>
class coroutine

public:
ulong *t_; // sTate stack
ulong tp_; // sTate stack Pointer
Type =*d_; // Data stack
ulong dp_; // Data stack Pointer

ulong n_; // size of stacks
public:

coroutine (ulong maxdepth)

{

n_ = maxdepth;
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t_ = new ulong[n_];
d_ = new Typeln_];
initQ);

“coroutine ()

delete [] d_;
delete [] t_;

void init() { dp_=0; tp_=0; }

// --- state stack:

void stpush(ulong x) { chk_tp(); t_[tp_] = x; ++tp_; }
ulong stpeek() const { chk_tp(1); return t_[tp_-1]; }
void stpoke(ulong x) { chk_tp(1); t_[tp_-1] = x; }
void stpop(ulong ct=1) { tp_-=ct; }

void stnext() { chk_tp(1); ++t_[tp_-11; }

void stnext(ulong x) { chk_tp(1); t_[tp_-1] = x; }

bool more() const { return (tp_!=0); }

// --- stack for variables and args:

void push(Type x) { <chk_dp(); d_[dp_] = x; ++dp_; }
Type &peek() { chk_dp(1); return d_[dp_-1]; }

void pop(ulong ct=1) { dp_-=ct; }

private:
coroutine & operator = (const coroutine &); // forbidden

};
The functions chk_tp() andchk_dp() either check for stack overflow or do nothing, as defined by
#define CHECK_STACKS // define to detect stack overflow

Rewriting the function in question (as part of a utility class, given in [FXT:|ds/coroutine-paren-demo.cc|)
only requires the understanding of the language, not of the algorithm. The process is straightforward
but needs a bit of concentration:

int

paren: :next_recursion()

{
redo:
vars &V = cr_->peek();

int &i=V.i, &s=V.s; // args

int &k=V.k, &t=V.t; // locals
loop:

switch ( cr_->stpeek() )

{

case O:
if ( i>=n )
x[i-1] = n - s;
cr_->stnext( ST_RETURN ); return 1;
cr_->stnext();

case 1:

// loop end 7

if ( k>i-s ) { break; } // shortcut: nothing to do at end
cr_->stnext();

case 2: // start of loop body

{
long ii =1 - 1;
x[ii] = k;
t = s + k;
strt+i] = >(’; // OPEN_CHAR;
cr_->stnext();
CORO_CALL(C i+1, t, 0, 0 );
goto redo;
}
case 3:
str[t+i] = ’)’; // CLOSE_CHAR;
++k;

// loop end ?
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if ( k>i-s ) { break; } // shortcut: nothing to do at end

cr_->stpoke(2); goto loop; // shortcut: back to loop body
default: ;
}

CORO_RETURN() ;

if ( cr_->more() ) goto redo;

return O;
}
The following #define was used:
// args=(i, s) (k, t)=locals

#define CORO_CALL(vi, vs, vk, vt) \
{ vars V_; V_.i=vi; V_.s=vs; V_.k=vk; V_.t=vt; \
cr_->push(V_); cr_->stpush(ST_INIT); }

The constructor pushes the needed variables and parameters on the data stack and the initial state on
the state stack:

paren: :paren(int nn)

n=(n>0 ?nn : 1);
x = new int[n+1];

++X;

str = new char[2+*n+1];

int i = 0;

for ( ; i<n ; ++i) str[i] = °(’; // OPEN_CHAR;
for ( ; i<2*n; ++i) str[i] = ’)’; // CLOSE_CHAR;
str[2*n] = 0;

cr_ = new coroutine<vars>(n+1);

// i, s, k, t

CORO_CALL( 0, 0, 0, 0 );

idx = 0;

q = next_recursion();

}
The method next () of the paren class lets the offline function advance until the next result is available:

int paren::next()

if ( 0==q ) return O;
else

q = next_recursion();
return ( q 7 ++idx : 0 );

}

Performance-wise the coroutine-rewritten functions are close to the original: state engines are fast and
the stack operations are cheap.

The shown method can also be applied when the recursive algorithm consists of more than one function
by merging the functions into one state engine.

Further, investigating the contents of the data stack can be of help in the search of a iterative solution.

The code of the converted functions is admittedly ugly but without a generic support of coroutines it
seems hard to du much better. One could also use threads for the emulation of coroutines. This approach,
however, adds portability problems.

An iterative algorithm for the generation of valid pairings or parenthesis is given in chapter|13|on page|299
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Part 11

Combinatorial generation

[fxtbook draft of 2008-January-19]






161

Chapter 5

Conventions and considerations

We give algorithms for the generation of all combinatorial objects of certain types such as for the gener-
ation of combinations, compositions, subsets, permutations, integer partitions, set partitions, restricted
growth strings and necklaces. Finally, we give some constructions for Hadamard and conference matri-
ces. Several (more esoteric) combinatorial objects that are found via searching in directed graphs are
presented in chapter [I9]

The routines are useful in situations where an exhaustive search over all configurations of a certain kind
is needed. Combinatorial algorithms are also fundamental with many programming problems and finally
they can simply be fun!

5.1 About representations and orders

For a set of n elements we will always take either {0,1,...,n — 1} or {1,2,...,n}. Our convention for
the set notation is to always start with the smallest element. Often there is more than one useful way
to represent a combinatorial object. For example the subset {1,4, 6} of the set {0,1,2,3,4,5,6} can also
be written as a delta set [0100101]. Some sources use the term bit string. We often write dots for zeros
for readability: [.1..1.1]. Note that in the delta set we put the first element to the left side (array
notation), this is in contrast to the usual way to print binary numbers, where the least significant bit (bit
number zero) is shown on the right side.

For most objects we will give an algorithm for generation in lexicographic (or simply lex) order. In
lexicographic order a string X = [z, 21, ...] precedes another string Y = [yo,y1,...] if for the smallest
index k where the strings differ we have x; < yi. Further, the string X precedes X.W (the concatenation
of X with W) for any nonempty string W. The ordering obtained by reversing the lexicographic order is
sometimes called relex order. The co-lexicographic (or simply colex) order is obtained by the lex order
of the reversed strings. The order sometimes depends on the representation that is used, see figure

on page [I97]

In a minimal-change order the amount of change between successive objects is the least possible. Such an
order is also called a (combinatorial) Gray code. There is in general more than one such order. Often one
can impose even stricter conditions, like that (with permutations) the changes are between neighboring
positions. The corresponding order is a strong minimal-change order. A very readable survey of Gray
codes in given in [235], see also [200].
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5.2 Ranking, unranking, and counting

For a particular ordering of combinatorial objects (say, lexicographic order for permutations) one can ask
which position in the list a given object has. An algorithm for finding the position is called a ranking
algorithm. An method to determine the object, given its position, is called an unranking algorithm.

Given both ranking and unranking methods one can compute the successor of a given object by computing
its rank r and unranking r + 1. While this method is usually slow the idea can be used to find more
efficient algorithms for computing the successor. In addition the idea often suggests interesting orderings
for combinatorial objects.

We sometimes give ranking or unranking methods for numbers in special forms such as factorial represen-
tations for permutations. Ranking and unranking methods are implicit in generation algorithms based
on mixed radix counting given in section [I0.8] on page 244}

A simple but surprisingly powerful way for the discovery of isomorphisms (one-to-one correspondences)
between combinatorial objects is counting them. If the sequences of numbers of two kinds of objects are
identical chances are good to find a conversion routine between the corresponding objects. For example,
there are 2" permutations of n elements such that no element lies more than one position to the right
of its original position. From this observation an algorithm for generating these permutations via binary

counting can be found, see section [10.15.2| on page 270

The representation of combinatorial objects as restricted growth strings (as shown in section on
page |301) follows from the same idea. The resulting generation methods can be very fast and flexible.

Recursive relations for the number of objects often lead to recursive generation algorithms (see, for

example, section on page and section [11.2.1] on page [277)).

5.3 Characteristics of the algorithms

In almost all cases we produce the combinatorial objects on by one. Let n be the size of the object. The
successor (with respect to the specified order) is computed from the object itself and additional data
whose size is less than a constant multiple of n.

Let B be the total number of combinatorial objects under consideration. Sometimes the cost of a successor
computation is proportional to n. Then the total cost for generating all objects is proportional to n - B.

If the successor computation takes a fixed number of operations (independent of the object size) then we
say the algorithm is O(1). If so, there can be no loop in the implementation, we say the algorithm is
loopless. The total cost for all objects then is ¢ - B for some ¢ independent of the object size. A loopless
algorithm can only exist is the amount of change between successive object is bounded by a constant
that does not depend on the object size. Natural candidates for loopless algorithms are Gray codes.

In many cases the cost of computing all objects is also ¢ - B while the computation of the successor
does involve a loop. As an example consider incrementing in binary using arrays: in half of the cases
just the lowest bit changes, for half of the remaining cases just two bits change, and so on. The total
cost is B+ (1+4(1+ 1(--+))) = 2 B, independent of the number of bits used. So the total cost is as
in the loopless case while the successor computation can be expensive in some cases. Algorithms with
this characteristic are called constant amortized time (or CAT). Often CAT algorithms are faster than
loopless algorithms, typically when their structure is more simple.

5.4 Optimization techniques

Let x be an array of n elements. The loop
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ulong k = 0;
while ( (k<n) && (x[k]'=0) ) ++k; // find first zero

can be replaced by
ulong k = 0;
while ( x[k]!=0 ) ++k; // find first zero
if a single sentinel element x[n]=0 is appended to the end of the array. The latter version will often be
faster as less branches occur.
In some cases we replace a pointer as in
class foo {

ulong *x;
foo(ulong n) { x = new ulong[n]; /*...x/ }

by an array

class foo {
ulong x[32]; // works for n<=32 only
foo(ulong n) { /*...x/ }

The latter version can be faster as the memory address can often be generated more cheaply. This
optimization applies to most algorithms for the generation of permutations.
The test for equality as in

ulong k = 0;
while ( k!=n ) { /*...x/ ++k; }

is more expensive than the test for equality with zero as in
ulong k = n;

while ( —-k!=0 ) { /*...%/ }

Therefore the latter version should be used when applicable.
To reduce the number of branches, replace two tests

if ( x<0) || x>m) ) { /x...x/ }
by the following single test where unsigned integers are used:

if (x>m ) { /*...%/ }

Use a do-while construct instead of a while-do loop whenever possible because the latter also tests the
loop condition at entry. Even when the do-while version causes some unnecessary work the gain from
the avoided branch may outweigh it. Note that in the C language the for-loop also tests the condition at
loop entry.

When computing the next object there may be special cases where the update is trivial. If the percentage
of these ‘easy cases’ is not too small an extra branch in the update routine should be created. The
performance gain is very visible in most cases (section on page 231)) and can be drastic (section [10.5]

on page [234)).

Recursive routines can very be elegant and versatile. However, expect only about half the speed of a
good iterative implementation of the same algorithm. The ideas given in section [£.8 on page [I50] can be
used to obtain iterative versions from a recursive implementation.

Approximate timings for the routines are given with most implementations. These were obtained with
the referenced demo-programs, simply uncomment the line

//#define TIMING // uncomment to disable printing

near the top of the program file for your own measurements. The parameters (program arguments) used
for the timing are given near the end of the file. When a generator routine is used in an application one
must do the benchmarking with the application. Further optimization will very likely involve the sur-
rounding code rather than the generator alone. The rate of generation for a certain object is occasionally
given as 123 M/s, meaning that 123 million objects are generated per second.
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Choosing the optimal ordering and type of representation (for example, delta sets versus sets) for the
given task is crucial.

Address generation can be simpler if arrays are used instead of pointers. The speedup gained can be
spectacular, see section [7.1{ on page [184]

5.5 Remarks about the C++ implementations

The iterative methods are implemented as C++ classes. The first object in the given order is created
by the method first (). The method to compute the successor is usually next (). If a method for the
computation of the predecessor is given then it is called prev(), and the method last() computes the
last element in the list.

The combinatorial object can be accessed through the method data(). In order to make all data of a
class accessible the data is declared public. Thereby the need for various get_something() methods is

avoided. To minimize the danger of accidental modification of class data the variable names end with an
underscore. For example, the class for the generation of combinations in lexicographic order starts as

class combination_lex

public:
ulong *x_; // combination: k elements 0<=x[jl<k in increasing order
ulong n_, k_; // Combination (n choose k)

The methods for the user of the class are public, the internal methods are declared private.

[fxtbook draft of 2008-January-19]



165

Chapter 6

Combinati
8 \ k ? 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1: 1 1
2: 1 2 1
3: 1 3 3 1
4: 1 4 6 4 1
5: 1 5 10 10 5 1
6: 1 6 15 20 15 6 1
7: 1 7 21 35 3 21 7 1
8: 1 8 28 56 70 56 28 8 1
9: 1 9 36 84 126 126 84 36 9 1
10: 1 10 45 120 210 252 210 120 45 10 1
11: 1 11 55 165 330 462 462 330 165 55 11
12: 1 12 66 220 495 792 924 792 495 220 66 12 1
13: 1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
14: 1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
15: 1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1

Figure 6.0-A: The binomial coefficients (Z) for 0 <n,k <15.

The number of ways to choose k elements from a set of n elements equals the binomial coefficient (‘n
choose k’):

= (6.0-1)

Equivalently, a set of n elements has (Z) subsets of exactly k elements. These subsets are called the

k-subsets (where k is fixed) or k-combinations of an n-set.

To avoid overflow during the computation of the binomial coefficient, use the form

, —k+1)F —k+1 n—k+2 n-—
n\ _ (n /4:7—&— ) _n k+1 n—k+2 n—k+3 n (6.0-2)
k 1k 1 2 3 k

An implementation is given in [FXT: aux0/binomial.h]:

inline ulong binomial(ulong n, ulong k)

{

if ( k>n ) return O;
(

if (k==0) || (k==n) ) return 1;
if ( 2*k > n ) k = n-k; // use symmetry
ulong b =n - k + 1;
ulong f = b;
for (ulong j=2; j<=k; ++j)
{
++f;
b *= f;
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b /= j;

return b;

}

The table of the first binomial coefficients is shown in figure This table is called Pascal’s triangle,
it was generated with the program [FXT:|comb/binomial-demo.cc]. Observe that

) = G2+ (603

That is, each entry is the sum of its upper and left upper neighbor.

6.1 Lexicographic and co-lexicographic order

lexicographic co-lexicographic
set delta set set delta set set reversed
1: {0, 1, 2} 111... 1: {0, 1, 2} 111... {2,1, 01}
2: {0,1, 3%} 11.1. 2: {0,1, 3%} 11.1.. {3,1, 01}
3: {0, 1, 41} 11..1 3: {0, 2, 3%} 1.11.. {3, 2,01}
4. {0, 1,5} 11...1 4. {1, 2, 3} 111, {3,2, 1%
5: {0, 2, 3% 1.11.. 5: {0,1, 41} 11..1. {4, 1, 0}
6: {0, 2, 4% 1.1.1. 6: {0, 2, 4% 1.1.1. {4, 2, 0}
7: {0, 2, 5% 1.1..1 7: {1, 2, 4%} 1101, {4, 2, 1}
8: {0, 3, 4% 1..11. 8: {0, 3, 4%} 1..11. {4, 3, 0}
9: {0, 3,51} 1..1.1 9: {1, 3,41} 1011, {4, 3, 1}
10: {0, 4, 57} 1...11 10: {2, 3,41} G111, {4, 3, 2}
11: {1, 2, 3} 111, 11: {0, 1, 5%} 11...1 {5,1, 01}
12: {1, 2, 4} 11.1 12: {0, 2, 5} 1.1..1 {65, 2, 0%}
13: {1, 2, 5%} 11..1 13: {1, 2, 5%} 11001 {5, 2,11}
14: {1, 3, 4} 1.11. 14: {0, 3, 5} 1..1.1 {65, 3, 01}
15: {1, 3, 5} 1.1.1 15: {1, 3, 51}%} .1.1.1 {65, 3,1}
16: {1, 4, 5} 1..11 16: {2, 3, 51} L1101 {5, 3,217
17: {2, 3, 4} 111. 17: {0, 4, 5} 1...11 {5, 4, 0%
18: {2, 3, 51}% 11.1 18: {1, 4, 5} 10011 {65, 4, 1}
19: {2, 4,51} 1.11 19: {2, 4, 5% L1011 {65, 4, 2}
20: {3, 4, 51} 111 20: {3, 4, 51% G111 {5, 4, 3%}

Figure 6.1-A: All combinations (6

5) in lexicographic order (left), and co-lexicographic order (right).

The combinations of three elements out of six in lezicographic (or simply lex) order are shown in ﬁgure
(left). The sequence is such that the sets are ordered lexicographically. Note that for the delta sets the
element zero is printed first whereas with binary words (section on page the least significant bit
(bit zero) is printed last. The sequence for co-lezicographic (or colex) order is such that the sets, when
written reversed, are ordered lexicographically.

6.1.1 Lexicographic order

The C++ class [FXT: class combination_lex in comb/combination-lex.h| generates the sets:

class combination_lex

i .
public:
ulong *x_; // combination: k elements 0<=x[j]<k in increasing order
ulong n_, k_; // Combination (n choose k)
public:
combination_lex(ulong n, ulong k)
{
n_ =n; k_ = k;
x_ = new ulongl[k_];
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first(Q);

“combination_lex() { delete [] x_; }

void first()

for (ulong k=0; k<k_; ++k) =x_[k] = k;
}
void last()
for (ulong i=0; i<k_; ++i) =x_[i] = n_ - k_ + i;

}

Computation of the successor and predecessor:

ulong next()
// Return smallest position that changed, return k with last combination

{
if ( x_[0] == n_ - k_ ) // current combination is the last
{ first(); return k_; }
ulong j = k_ - 1;
// easy case: highest element != highest possible value:
if ( x_[j] < (m_-1) ) { ++x_[jl; return j; }
// find highest falling edge:
while (1 == (x_[3] - x_[3-1D ) { --j; }
// move lowest element of highest block up:
ulong ret = j - 1;
ulong z = ++x_[j-11;
// ... and attach rest of block:
while ( j < k_ ) { x_[j1 = ++z; ++j; 3}
return ret;

}

ulong prev()
// Return smallest position that changed, return k with last combination

{
if ( x_[k_-1] == k_-1 ) // current combination is the first
{ last(); return k_; }
// find highest falling edge:
ulong j = k_ - 1;
while ( 1 == (x_[j] - x_[j-11) > { --j; }
ulong ret = j;
--x_[jl; // move down edge element

// ... and move rest of block to high end:
while ( ++j < k_ ) =x_[j] = n_ - k_ + j;

return ret;
¥
The listing in figure was created with the program [FXT: comb/combination-lex-demo.cc]. The
routine generates the combinations (32) at a rate of about 95 million per second. The combinations (73)
are generated at a rate of 160 million per second.

6.1.2 Co-lexicographic order

The combinations of three elements out of six in co-lexicographic (or colex) order are shown in fig-
ure (right). Algorithms to compute the successor and predecessor are implemented in [FXT: class
combination_colex in comb/combination-colex.h]:

class combination_colex

public:
ulong *x_; // combination: k elements 0<=x[jl<k in increasing order
ulong n_, k_; // Combination (n choose k)

combination_colex(ulong n, ulong k)

{
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n_=mn; k_ =Kk;
x_ = new ulonglk_+1];
x_[k_] =n_ + 2; // sentinel
first(Q);
}
[--snip--]

ulong next()
// Return greatest position that changed, return k with last combination

if ( x_[0] == n_ - k_ ) // current combination is the last
{ first(); return k_; }
ulong j = O;

// until lowest rising edge: attach block at low end

while ( 1 == (x_[j+1] - x_[j1) ) { x_[j]1 = j; ++j; } // can touch sentinel
++x_[j1; // move edge element up

return j;

}

ulong prev()
// Return greatest position that changed, return k with last combination

{
if ( x_[k_-1] == k_-1 ) // current combination is the first
{ last(); return k_; }

// find lowest falling edge:

ulong j = 0;

while ( j == x_[j] ) ++j; // can touch sentinel
--x_[j]; // move edge element down

ulong ret = j;

// attach rest of low block:

while ( O!'=j-- ) =x_[3j] = x_[j+1] - 1;

return ret;

}
[--snip--]

The listing in figure was created with the program [FXT: comb/combination-colex-demo.cc|. The
combinations are generated (;g) at a rate of about 140 million objects per second, the combinations (i’;)

are generated at a rate of 190 million objects per second.

As a toy application of the combinations in co-lexicographic order we compute the products of k of the
n smallest primes. We maintain an array of k products shown at the right of figure When the
return value of the method next () is j then j + 1 elements have to be updated from right to left [FXT:
comb /kproducts-colex-demo.cc|:

combination_colex C(n, k);
const ulong *c = C.data(); // combinations as sets

ulong *tf = new ulong[n]; // table of Factors (primes)
// £ill in small primes:
for (ulong j=0,f=2; j<n; ++j) { tf[j]l = f; f=next_small_prime(f+1); }
ulong *tp = new ulong[k+1]; // table of Products
tplk] = 1; // one appended (sentinel)
ulong j = k-1;
do
{
// update products from right:
ulong x = tp[j+1];
{ ulong i = j;

%o
ulong £ = tf[ c[i] 1;
x x= f;
tpli]l = x;

while ( i-- );
} // here: final product is x == tp[0]

// visit the product x here
j = C.next();
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Figure 6.1-B: All products of k = 3 of the n = 7 smallest primes (2,3,5,...,17). The products are the

leftmost elements of the array on the right hand side.

}
while ( j < k );

The leftmost element of this array is the desired product. A sentinel element one at the end of the array
is used to keep the code simple. With lexicographic order the update would go from left to right.

6.2 Order by prefix shifts (cool-lex)
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Figure 6.2-A: Combinations (2), for k =1,2,3,4 in an ordering generated by prefix shifts.

An algorithm for generating combinations by prefix shifts which is given in [203]. The ordering is called
En

cool-lex in the paper. Figure shows some orders for (2), figure
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1.
1...

9

Figure 6.2-B: Combinations (3

) via prefix shifts.

(g) The listings were created with the program [FXT: comb/combination-pref-demo.cc] which uses the
implementation in [FXT: class combination_pref in|comb/combination-pref.h|:

class combination_pref

i .
public:

ulong *b_; // data as delta set

ulong s_, t_, n_; // combination (n choose k) where n=s+t, k=t.
private:

ulong x, y; // aux
public:
combination_pref (ulong n, ulong k)
// Must have: n>=2, k>=1 (i.e. s!=0 and t!=0)
{

S_ =n - k;
t_ = k;
n_=s_+ t_;
b_ = new ulong[n_];
first();
}
[--snip--]

¥oid first()

for (ulong j=0; j<n_; ++j) b_[j]
for (ulong j=0; j<t_; ++j) b_[j]
x=0; y=0;

nwon
-

}
bool next()
{

if ( x==0 ) { x=1; b_[t_]=1; b_[0]=0; return true; }
else

if ( x>=n_-1 ) return false;

else
b_[x] = 0; ++x; b_[y]l = 1; ++y; // X(s,t)
%f ( b_[x]==0 )
b_[x] = 1; b_[0] = 0; // Y(s,t)
if (y>1) x=1; // Z(s,t)
y = 0;
return true;
}
}
[--snip--]

The combinations are generated (gg) at a rate of about 95 million objects per second, the combinations

(i’g) are generated at a rate of 85 million objects per second.

6.3 Minimal-change order

The combinations of three elements out of six in a minimal-change order (a Gray code) are shown in
figure (left). With each transition exactly one element changes its position. We use a recursion for
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Gray code complemented Gray code

1: {0, 1, 2} 111... 1: {3, 4,5} L0111

2: {0, 2,3} 1.11. 2: {1, 4, 5} .1..11

3: {1, 2, 3} 111, 3: {0, 4, 5% 1...11

4: {0, 1, 3} 11.1.. 4: {2, 4, 5%} .1.11

5: {0, 3,47} 1..11. 5: {1, 2, 5} 1.1

6: {1, 3,4} .1.11. 6: {0, 2,51} 1.1..1

7: {2, 3,4} L 111, T: {0, 1,5} 11...1

8: {0, 2,4} 1.1.1. 8: {1, 3, 5%} .1.1.1

9: {1, 2, 4} L1101, 9: {0, 3,51} 1..1.1

10: {0, 1, 4} 11..1. 10: {2, 3,5} L.1101

11: {0, 4, 5%} 1...11 11: {1, 2,3} R s

12: {1, 4, 5} 10011 12: {0, 2,3} 1.11.

13: {2, 4, 5} .1.11 13: {0,1, 3} 11.1

14: {3, 4,5} Loa111 14: {0, 1, 2} 111...

15: {0, 3, 5%} 1..1.1 15: {1, 2,4} L1101,

16: {1, 3,57} 1.1.1 16: {0,2,43} 1.1.1.

17: {2, 3, 5} G111 17: {0,1, 41} 11..1.

18: {0, 2,5} 1.1..1 18: {1, 3,4} .1.11.

19: {1, 2, 5} 1001 19: {0, 3,41} 1..11.
20: {0, 1, 5% 11...1 20: {2,3,4% 111.

Figure 6.3-A: Combinations () in Gray order (left), and complemented Gray order (right).
the list C(n, k) of combinations (}) (symbols as in relation on page :
Clnk) = [C(n—1, k) ] _[0.Cn—1,k) | (6.3-1)

(n).CRn—1,k—1)] — [

LOR(n—1, k —1)]

The first equality is for the set representation, the second for the delta-set representation. An implemen-

tation is given in [FXT: comb/combination-gray-rec-demo.cc|:

ulong *x; // elements in combination at x[1] ... x[k]
void comb_gray(ulong n, ulong k, bool z)
if ( k==n )
for (ulong j=1; j<=k; ++j) x[jl = j;
visit();
return;

%f (z) // forward:

comb_gray(n-1, k, z);
if ( k¥0 ) { x[k] = n; comb_gray(n-1, k-1, !z); }

}
else // backward:

if ( k¥»0 ) { x[k] = n; comb_gray(n-1, k-1, !z); }
comb_gray(n-1, k, z);

}

A recursion for the complemented order is

[(n).Cn—1,k=1)] _ 1
Clnk) = [CR(n—1, k) )

void comb_gray_compl(ulong n, ulong k, bool z)

[--snip--]
%f (z) // forward:

if ( k>0 ) { x[k] = n; comb_gray_compl(n-1, k-1,
comb_gray_compl(n-1, k, !z);

else // backward:

.Cn—1,k—1)]
CR(n—1,k) ]

z); }
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comb_gray_compl(n-1, k, !z);
if ( k¥0 ) { x[k] = n; comb_gray_compl(n-1, k-1, z); }

}

A very efficient (revolving door) algorithm that generates the sets for the Gray code is given in [I91]. An
implementation following [I57] is [FXT: class combination_revdoor in|comb/combination-revdoor.h].
Usage of the class is shown in [FXT: comb/combination-revdoor-demo.cc|. The routine generates the
combinations (3(2)) at a rate of about 115 M/s, the combinations (‘f;) are generated at a rate of 181 M/s.
An implementation geared for good performance with small values of k is given in [161], a C++ adaptation

is [FXT: lcomb/combination-lam-demo.cc|. The combinations (?g) a generated at a rate of 190 M/s, and
250 M/s for the combinations (674). The routine is limited to values k > 2.

6.4 The Eades-McKay strong minimal-change order

Eades-McKay complemented Eades-McKay

1: { 4,5, 61} 111 1: {4,5,61% 111
2: {3,5, 617 1.11 2: {3,5, 617} 1.11
3: {2,5,6%7 1..11 3: {2,5,617} 1..11
4: {1,5,67 .1...11 4: {1,5,67} .1...11
5: {0,5,67} 1....11 5: {0,5,67} 1....11
6: {0,1,6} 11....1 6: {0,4,67} 1...1.1
7: {0,2,67} 1.1...1 7: {1, 4,67} .1..1.1
8: {1,2,67} .11...1 8: {2, 4,67 .1.1.1
9: {1,3,67} .1.1..1 9: {3, 4, 6} 1101
10: {0, 3,67} 1..1..1 10: {2, 3,6} ..11..1
11: {2, 3, 67 .11..1 11: {1, 3,6} .1.1..1
12: {2, 4,6} ..1.1.1 12: {0, 3,6} 1..1..1
13: {1,4,67} .1..1.1 13: {0,2,6} 1.1...1
14: {0, 4,6} 1...1.1 14: {1, 2,6} .11...1
16: {3, 4, 6 } 111 15: {0, 1,6} 11....1
16: {3, 4, 57 111. 16: {0, 1,5} 11...1.
17: {2, 4, 5} 1.11. i7: {0, 2, 5} 1.1..1.
18: {1, 4,5} .1..11. 18: {1, 2,56} .11..1.
19: {0, 4,5} 1...11. 19: {2, 3,57 .11.1.
20: {0, 1,5} 11...1. 20: {1,3,5} .1.1.1.
21: {0, 2,57} 1.1..1. 21: {0, 3,57} 1..1.1.
22: {1, 2,5} .11..1. 22: {0, 4, 5} 1...11.
23: {1,3,5} .1.1.1. 23: {1, 4,5} .1..11
24: {0, 3,5} 1..1.1. 24: {2, 4,51} 1.11.
25: {2,3,57} ..11.1. 25: {3, 4, 5} L1111,
26: {2,3,41}% 111.. 26: {2, 3,4%}% 111.
27: {1, 3,4} .1.11.. 27: {1, 3,47} .1.11.
28: {0, 3,4} 1..11.. 28: {0,3,47} 1..11.
29: {0, 1,4} 11..1.. 29: {0,2,47} 1.1.1.
30: {0,2,4} 1.1.1.. 30: {1,2,4%} .11.1
31: {1, 2,4} .11.1.. 31: {0,1,47%} 11..1
32: {1, 2,3} .111... 32: {0,1,3} 11.1
33: {0,2,3} 1.11... 33: {0,2,3} 1.11
34: {0, 1,3} 11.1... 34: {1, 2,3} .111...
36: {0,1, 2%} 111.... 3: {0,1, 2%} 111....

Figure 6.4-A: Combinations
order (right).

~
w o

) in the Eades-McKay order (left), and in the complemented Eades-Mckay

In any Gray code order for combinations just one element is moved between to successive combinations.
When an element is moved across any other then there is more than one change on the set representation.
If ¢ elements are crossed then ¢ 4 1 entries in the set change:

set delta set
{o0,1, 2,31} 1111..
{1, 2,3, 4%} L1111,
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A strong minimal-change order is a Gray code where only one entry in the set representation is changed
per step. That is, only zeros in the delta set representation are crossed, and the moves are called
homogeneous. One such order is the Fades-McKay sequence described in [104]. The Eades-McKay

sequence for the combinations (g) is shown in figure (left). It can be generated with the program
[FXT: lcomb/combination-emk-rec-demo.cc|:

ulong *rv; // elements in combination at rv[1] ... rv[k]

void
comb_emk (ulong n, ulong k, bool z)

{
if ( k==n )
for (ulong j=1; j<=k; ++j) zrv[jl = j;
visit();
return;
}
%f (z) // forward:
if ( (n>=2) && (k>=2) ) { rvlk] = n; zrv[k-1] = n-1; comb_emk(n-2, k-2, z); }
if ( (@>=2) && (k>=1) ) { rv[k] = n; comb_emk(n-2, k-1, !z); }
if ( (m>=1) ) { comb_emk(n-1, k, z); }
}
Else // backward:
if ( (n>=1) ) { comb_emk(n-1, k, z); }
if ( (n>=2) && (k>=1) ) { rv[k] = n; comb_emk(n-2, k-1, !'z); }
) if ( (>=2) && (k>=2) ) { rvlk] = n; zrv[k-1] = n-1; comb_emk(n-2, k-2, z); }
}

The combinations (37) are generated at a rate of about 44 million per second, the combinations (%3) at
a rate of 34 million per second.

The underlying recursion for the list F(n, k) of combinations (Z) is (notations as in relation [12.0-1f on

page

[(n).(n=1).E(n—2, k—2)] 11.En—2k—-2) ]
E(n,k) = [(n). E®Rn-2k-1) ] = [10. E®R(n—2, k—1)] (6.4-1)
[E(n—1, k) ] 0.FE(n-1,k) ]

Again, the first equality is for the set representation, the second for the delta-set representation. Counting
the elements on both sides gives the relation

n n—2 n—2 n—1
= 4-2
() - (o260 () 642
which is an easy consequence of relation [6.0-3] on page [I66] A recursion for the complemented sequence
(with respect to the delta sets) is

[E'(n—1,k—1) ] [.E(m-1,k—1) |
E'(nk) = [(n—-1).ERn-2,k-1)] = [01.E®n-2,k—1)] (6.4-3)
[(n). .E'(n—2, k) ] [00.E'(n—2 k) ]

Counting on both sides gives

() = ()G 60) .

The condition for the recursion end has to be modified:
void
comb_emk_compl (ulong n, ulong k, bool z)
if ( (k==0) || (k==n) )
for (ulong j=1; j<=k; ++j) zrv[jl = j;
++ct;
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visit();
return;
%f (z) // forward:
if ( (n>=1) && (k>=1) ) { rv[k] = n; comb_emk_compl(n-1, k-1, z); } // 1
if ( (n>=2) && (k>=1) ) { rv[k] = n-1; comb_emk_compl(n-2, k-1, 'z); } // 01
if ( (n>=2) ) { comb_emk_compl(n-2, k-0, z); } // 00
}
?lse // backward:
if ( (n>=2) ) { comb_emk_compl(n-2, k-0, z); } // 00
if ( (o>=2) && (k>=1) ) { rv[k] = n-1; comb_emk_compl(n-2, k-1, !z); } // 01
if ( (n>=1) && (k>=1) ) { rv[k] = n; comb_emk_compl(n-1, k-1, z); } // 1
}

}

The complemented sequence is not a strong Gray code.

Iterative generation via modulo moves

An iterative algorithm for the Eades-McKay sequence is given in [FXT: class combination_emk in
comb/combination-emk.h|:

class combination_emk

public:
ulong *x_; // combination: k elements 0<=x[jl<k in increasing order
ulong *s_; // aux: start of range for moves
ulong *a_; // aux: actual start position of moves
ulong n_, k_; // Combination (n choose k)
public:
combination_emk(ulong n, ulong k)
g n_ = n;
k. = k;
x_ = new ulong[k_+1]; // incl. high sentinel
s_ = new ulong[k_+1]; // incl. high sentinel
a_ = new ulongl[k_];
x_[k_] = n_;
first();
}
[--snip--]

¥oid first()

for (ulong j=0; j<k_; ++j) =x_[j]
for (ulong j=0; j<k_; ++j) s_[j]
for (ulong j=0; j<k_; ++j) a_[j]

Js
Js
x_[31;
}

The computation of the successor uses modulo steps:

ulong next()
// Return position where track changed, return k with last combination

{
ulong j = k_;
while ( j—— ) // loop over tracks
{
const ulong sj = s_[jl;
const ulong m = x_[j+1] - sj - 1;

if ( O!'=m ) // unless range empty
{
ulong u = x_[j] - sj;

// modulo moves:
if ( 0==(j&1) )

++u;
if (wm ) u = 0;
}

else
{
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——u;
if (wm ) u = m;

u += sj;

if (u !'= a_[j]l ) // next pos != start position

x_[j] = u;
s_[j+1] = u+1;
return j;
}
¥
a_[jl = x_[j1;
}
return k_; // current combination is last

};

) are generated at a rate of about 60 million per second, the combinations (33) at

The combinations (32 12

20
a rate of 85 million per second [FXT: comb/combination-emk-demo.cc].

6.5 Two-close orderings via endo/enup moves

6.5.1 The endo and enup orderings for numbers

m endo sequence m enup sequence

1: 10 1: 01

2: 120 2: 021

3: 1320 3: 0231

4: 13420 4: 02431

5: 135420 5: 024531

6: 1356420 6: 0246531

7: 13576420 7: 02467531

8: 135786420 8: 024687531
9: 1357986420 9: 0246897531

Figure 6.5-A: The endo (left), and enup (right) orderings with maximal value m.

The endo order of the set {0,1,2,...,m} is obtained by writing all odd numbers of the set in increasing
order followed by all even numbers in decreasing order: {1,3,5,...,6,4,2,0}. The term endo stands
for ‘Even Numbers DOwn, odd numbers up’. A routine for generating the successor in endo order with
maximal value m is [FXT: comb/endo-enup.hl:

inline ulong next_endo(ulong x, ulong m)
// Return next number in endo order

if (x& 1) // x odd

X += 2;
if (x>m ) x=m- (m&l); // == max even <= m

else // x even
x=(x==071: x-2);

return x;

}
The sequences for the first few m are shown in figure The routine computes one for the input zero.

An ordering starting with the even numbers in increasing order will be called enup (for ‘Even Numbers
UP, odd numbers down’). The computation of the successor can be implemented as

static inline ulong next_enup(ulong x, ulong m)
%f (x&1) // x odd
x=((x==170: x-2);
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else // x even

X += 2;
if (x>m ) x=m- '(m&l); // max odd <=m

return Xx;

}
As the orderings are reversals of each other, we define:

static inline ulong prev_endo(ulong x, ulong m) { return next_enup(x, m); }
static inline ulong prev_enup(ulong x, ulong m) { return next_endo(x, m); }

A function that returns the xz-th number in enup order with maximal digit m is

static inline ulong enup_num(ulong x, ulong m)

{
ulong r = 2%x;
if (r»>m) r = 2xm+l - r;
return r;

The function will only work if < m. For example, with m = 5:

X: 012345
r: 024531

The inverse function is

static inline ulong enup_idx(ulong x, ulong m)
const ulong b = x & 1;
X >>=1;
return (b ? m-x : x );

The equivalent function to map into endo order is

static inline ulong endo_num(ulong x, ulong m)

{
// return enup_num(m-x, m);
X =m - X;
ulong r = 2*Xx;
if (r>m) r = 2xm+l - r;
return r;

}

For example,

X: 012345
r: 135420

The inverse is

static inline ulong endo_idx(ulong x, ulong m)

{

const ulong b = x & 1;

X >>=1;

return (b ? x : m-x );
}

6.5.2 The endo and enup orderings

Two strong minimal-change orderings for combinations can be obtained via moves in enup and endo order.
Figure shows an ordering where the moves to the right are on even positions (enup order, left). If
the moves to the right are on odd positions (endo order) then Chase’s sequence is obtained (right). Both
have the property of being two-close: an element in the delta set moves by at most two positions (and
the move is homogeneous, no other element is crossed). This property is a direct consequence of the fact
that all moves with enup and endo order are by at most two positions. An implementation of an iterative
algorithm for the computation of the combinations in enup order is [FXT: class combination_enup in
comb /combination-enup.h].

class combination_enup
{
public:

ulong *x_; // combination: k elements 0<=x[jl<k in increasing order
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Figure 6.5-B: Combinations (

[fxtbook draft of 2008-January-19]



178 Chapter 6: Combinations

ulong *s_; // aux: start of range for enup moves

ulong *a_; // aux: actual start position of enup moves

ulong n_, k_; // Combination (n choose k)

public:

combination_enup(ulong n, ulong k)

e n_ = n;
k_ = k;
x_ = new ulong[k_+1]; // incl. high sentinel
s_ = new ulongl[k_+1]; // incl. high sentinel
a_ = new ulonglk_];
x_[k.] =n_;
first();

}

[--snip--]

¥oid first()

for (ulong j=0; j<k_; ++j) =x_[jl = j;
for (ulong j=0; j<k_; ++j) s_[j] = j;
for (ulong j=0; j<k_; ++j) a_[jl = x_[j1;

}

The successor of the current combination is computed by finding the range of possible movements (variable
m) and, unless the range is empty, move until we are back at the start position:

ulong next()
// Return position where track changed, return k with last combination

ulong j = k_;
while ( j-- ) // loop over tracks
{

const ulong sj = s_[jl;
const ulong m = x_[j+1] - sj - 1;

if ( O!'=m ) // unless range empty

{
ulong u = x_[j] - sj;
// move right on even positions:
if ( 0==(sj&1) ) u = next_enup(u, m);
else u = next_endo(u, m);
u += sj;
if (u !'=a_[j]l ) // next pos != start position
{
x_[j]1 = u;
s_[j+1] = ut1;
return j;
}
}
a_[jl = x_[j1;
return k_; // current combination is last

}
};
The routine is similar to the one used for the Eades-McKay sequence that is given on page [L74] The

combinations (3(2)) are generated at a rate of 45 million objects per second, the combinations (12) at a
rate of 55 million per second.

The only change in the implementation for computing the endo ordering is (at the obvious place in the
code) [FXT: comb/combination-endo.hl:

// move right on odd positions:

if ( 0==(sj&1) ) u = next_endo(u, m);
else u = next_enup(u, m);

The ordering obtained by endo moves is called Chase’s sequence. Figure was created with the
programs [FXT: comb/combination-enup-demo.cc] and [FXT: comb/combination-endo-demo.cc].
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The underlying recursion for the list U(n, k) of combinations (}) in enup order is

(). (n—1).Un-2k-2)] [11.Un-2 k—2)]
Un,k) = [(n).Un—2k—1) ] = [10.U(n -2, k—1)] (6.5-1)
[UR(n—1, k) ] [0.URMm-1,k |

The recursion is very similar to relation [6.4-1| on page[I73] therefore a recursive routine is easy to obtain.
The crucial part of the routine is [FXT: |comb/combination-enup-rec-demo.cc|:

void
comb_enup (ulong n, ulong k, bool z)

if ( k==n ) { visit(); return; }
%f (z) // forward:

if ( (n>=2) && (k>=2) ) { rvlk] = n; =rv[k-1] = n-1; comb_enup(n-2, k-2, z); }
if ( (n>=2) && (k>=1) ) { rv[k] = n; comb_enup(n-2, k-1, z); }
if ( (»>=1) ) { comb_enup(n-1, k, 'z); }
}
Else // backward:
if ( (n>=1) ) { comb_enup(n-1, k, !z); }
if ( (n>=2) && (k>=1) ) { rv[k] = n; comb_enup(n-2, k-1, z); }
if ( (n>=2) && (k>=2) ) { rv[k] = n; =rv[k-1] = n-1; comb_enup(n-2, k-2, z); }
}

}

A recursion for the complement sequence (with respect to the delta sets) is

() . URn-1,k-1) ] [1.URn-1,k-1)]
Umk) = [(n-1).UMm-2,k—1)] = [01.U'(n—2,k—1)] (6.5-2)
[U'(n—2,k) ] [00.U'(n—2, k) ]
The condition for the recursion end has to be modified:
id
gg;b_enup_compl(ulong n, ulong k, bool z)
{

if ( (k==0) || (k==n) ) { visit(); return; }
%f (z) // forward:

if ( (n>=1) && (k>=1) ) { rv[k]
if ( (n>=2) && (k>=1) ) { rv[k]

n; comb_enup_compl(n-1, k-1, 'z); } // 1
n-1; comb_enup_compl(n-2, k-1, z); } // 01

if ( (n>=2) ) { comb_enup_compl(n-2, k-0, z); } // 00
}
?lse // backward:
if ( (m>=2) ) { comb_enup_compl(n-2, k-0, z); } // 00
if ( (n>=2) && (k>=1) ) { rv[k] = n-1; comb_enup_compl(n-2, k-1, z); } // 01
if ( (n>=1) && (k>=1) ) { rv[k] = n; comb_enup_compl(n-1, k-1, !'z); } // 1
}

}

The algorithm for Chase’s sequence that generates delta sets is described in [I57]. An implementation is
given in [FXT: class combination_chase in comb/combination-chase.h|]. The routine generates about
64 million combinations per second both for (gé) and (}3). See [FXT: comb/combination-chase-demo.cc|
for the usage of the class.

6.6 Recursive generation of certain orderings
We give a simple recursive routine to obtain the orders shown in figure The combinations are
generated as sets [FXT: class comb_rec in comb/combination-rec.h|:

class comb_rec

public:
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lexicographic Gray code compl. enup compl. Eades-McKay
1: 111.... 1....11 1....11 111....
2: 11.1... 1...11. 1...1.1 11.1...
3: 11..1.. 1...1.1 1...11. 11..1..
4: 11...1. 1..11.. 1..11.. 11...1.
5: 11....1 1..1.1. 1..1.1. 11....1
6: 1.11... 1..1..1 1..1..1 1.1...1
7: 1.1.1.. 1.11. .. 1.1...1 1.1..1.
8: 1.1..1. 1.1.1.. 1.1..1. 1.1.1..
9: 1.1...1 1.1..1. 1.1.1.. 1.11...
10: 1..11.. 1.1...1 1.11... 1..11..
11: 1..1.1. 111.... 111.... 1..1.1.
12: 1..1..1 11.1... 11.1... 1..1..1
13: 1...11. 11..1.. 11..1.. 1...1.1
14: 1...1.1 11...1. 11...1. 1...11.
15: 1....11 11....1 11....1 1....11
16: 111, .. 1...11 110001 1...11
17: 1101, 1,011, 11,01, 1..1.1
18: 11001, 1..1.1 1.1, .1..11.
19: JA1..01 .1.11. . 111, .. .1.11..
20: L1.11. . .1.1.1, L1.11. . .1.1.1,
21: 1.1.1. 1.1..1 1.1.1. 1.1..1
22: 1.1..1 11, .. 1.1..1 1.1
23: 10011, 1.1, 1..1.1 1001,
24: 100101 11,01, 1,011, JA1.1..
25: 1...11 10001 d..0.011 L1110,
26: o111, B I P R o111,
27: B s R ..1.11, ..1.1.1 .11.1,
28: .11, 01 ..1.1.1 ..1.11. 11001
29: ..1.11. o111, L 111, ..1.1.1
30: ..1.1.1 .11.1. B s A ..1.11.
31: L.1.011 11001 L1101 1.1
32: L 111, G111 G111 G111
33: G111 R I 111, L1101
34: 01011 ..11.1 01011 . 111,
35: .. 111 .. 111 .. 111 .. 111
Figure 6.6-A: All combinations (;) in lexicographic, minimal-change, complemented enup, and comple-

mented Eades-McKay order (from left to right).

ulong n_, k_; // (n choose k)

ulong *rv_; // combination: k elements 0<=x[j]l<k in increasing order

// == Record of Visits in graph

ulong rq_; // condition that determines the order:

// 0 ==> lexicographic order

// 1 ==> Gray code

// 2 ==> complemented enup order

// 3 ==> complemented Eades-McKay sequence

ulong nq_; // whether to reverse order
[--snip--]

void (*visit_) (const comb_rec &); // function to call with each combination
[--snip--]

void generate(void (*visit) (const comb_rec &), ulong rq, ulong ng=0)

{

visit_ = visit;
r ="rq;
ng: = ngf
ct_ = 0;
rct_ = 0;

next_rec(0);

}
The recursion function is given in [FXT: comb/combination-rec.cc|:

void comb_rec::next_rec(ulong d)

{
ulong r = k_ - d; // number of elements remaining
if ( O==r ) visit_(*this);
else

ulong rvl = rv_[d-1]; // left neighbor
bool q;
switch ( rq_ )

case 0: q = 1; break; // 0 ==> lexicographic order
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case 1: q = !(d&1); break; // 1 ==> Gray code

case 2: q = rvikl; break; // 2 ==> complemented enup order

case 3: q = (d"rv1)&l; break; // 3 ==> complemented Eades-McKay sequence
default: q = 1;

}

q "= nqg_; // reversed order if nq == true

if ( q ) // forward:
for (ulong x=rvi+l; x<=n_-r; ++x) { rv_[d] = x; next_rec(d+1); }
else // backward:
for (ulong x=n_-r; (long)x>=(long)rvi+l; --x) { rv_[d] = x; mnext_rec(d+1); }

}

Figure was created with the program [FXT:|comb/combination-rec-demo.cc]. The routine generates
the combinations (‘;g) at a rate of about 32 million objects per second. The combinations (‘fg) are
generated at a rate of 45 million objects per second.

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/demo/comb/combination-rec-demo.cc

182 Chapter 6: Combinations

[fxtbook draft of 2008-January-19]



183

Chapter 7

Compositions

The compositions of n into (at most) k parts (‘k-compositions of n’) are the ordered tuples
(xo, 1, ..., x—1) where £o+x1+... + 25—1 = n and 0 < z; < n. Order matters: one 4-composition of
71is (0,1,5,1), different ones are (5,0,1,1) and (0,5,1,1). To obtain the compositions of n into exactly
k parts (where k < n) generate the compositions of n — k into k parts and add one to each position.

7.1 Co-lexicographic order

The compositions in co-lexicographic (colex) order are shown in figure The implementation is
[FXT: class composition_colex in comb/composition-colex.h|:

class composition_colex

{
public:
ulong n_, k_; // composition of n into k parts
ulong *x_; // data (k elements)
[--snip--]

¥oid first()

x_[0] =n_; // all in first position
for (ulong k=1; k<k_; ++k) =x_[k] = 0;
}

void last()
{

for (ulong k=0; k<k_; ++k) x_[k] = 0;
x_[k_-1] = n_; // all in last position

}
[--snip--]
The methods to compute the successor and predecessor are:

ulong next()
// Return position of rightmost change, return k with last composition.

ulong j = 0;

while ( 0==x_[j] ) ++j; // find first nonzero

if ( j==k_-1 ) return k_; // current composition is last
ulong v = x_[jl; // value of first nonzero

x_[31 = 0; // set to zero

x_[0] =v - 1; // value-1 to first position

++j;

++x_[31; // increment next position

return j;

}
ulong prev()
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composition chg combination composition chg combination

1: [3 ... .] 4 111.... 1: [ 7. .1 2 1111111..

2: (21 .. .1 1 11.1... 2: 61 .1 1 111111.1.

3: [1 2. . .1 1 1.11... 3: [ 52 . ] 1 11111.11.

4: L. 3. . .1 1 JA11. .. 4: 43 . ] 1 1111.111.

5: [2 .1 . .1 2 11..1.. 5: [ 34 . ] 1 111.1111.

6: L111. .1 1 1.1.1.. 6: .25 . ] 1 11.11111.

7: [ .21 . .1 1 L1101, 7: [16 . ] 1 1.111111.

8: [1 .2 . .1 2 1..11.. 8: [ .7 .1 1 L1111111.

9: [ .12 . .1 1 L1011, 9: (6 . 1] 2 111111, .1

10: [ . .3 . .1 2 I 10: [511] 1 11111.1.1
11: 2. .1.]1 3 11...1. 11: [421] 1 1111.11.1
12: [11 .1 .1 1 1.1..1. 12: [331] 1 111.111.1
13: L. 2.1.] 1 L1101, 13: L241] 1 11.1111.1
14: [1 .11 . ] 2 1..1.1. 14: [151] 1 1.11111.1
15: [ . 111 .1 1 .1.1.1. 15: [ .61] 1 .111111.1
16: [ . .21 .] 2 ..11.1. 16: [5.2] 2 11111. .11
17: [1. .2 .] 3 1...11. 17: [ 412 ] 1 1111.1.11
18: [ . 1.2 .1 1 J1..11. 18: [322] 1 111.11.11
19: [ . .12 .] 2 .11t 19: [232] 1 11.111.11
20: .. .3.]1 3 S 20: L142] 1 1.1111.11
21: [2. . .1] 4 11....1 21: [ .52] 1 11111011
22: L11. .11 1 1.1...1 22: L4 .3] 2 1111..111
23: [ . 2. .1] 1 .11...1 23: [313] 1 111.1.111
24 : [1 .1 .1] 2 1..1..1 24: [223] 1 11.11.111
25: [ .11 .1] 1 .1.1..1 25: [133] 1 1.111.111
26: [ . .2.1] 2 ..11..1 26: [ . 43] 1 L1111.111
27 (1. .11] 3 1...1.1 27: (3 .4] 2 111..1111
28: [ .1 .11] 1 .1..1.1 28: [ 214 ] 1 11.1.1111
29: L. .111] 2 ..1.1.1 29: 124 ] 1 1.11.1111
30: [ .. .21] 3 .11 30: [ . 34] 1 1111111
31: [1 .. .2] 4 1....11 31: L2 .5 ] 2 11..11111
32: [ . 1. .2] 1 100011 32: [115] 1 1.1.11111
33: L .1.2]1 2 .11 33: [ . 25] 1 L11.11111
34: L .12] 3 R P i 34: [1.6] 2 1..111111
35: L .31 4 o111 35: [ .16] 1 10111111
36: [ .71 2 1111111

Figure 7.1-A: The compositions of 3 into 5 parts in co-lexicographic order and positions of the right-
most change, and delta sets of the corresponding combinations (left); and the corresponding data for
compositions of 7 into 3 parts (right). Dots denote zeros.

// Return position of rightmost change, return k with last composition.

const ulong v = x_[0]; // value at first position

if ( n_==v ) return k_; // current composition is first

x_[0] = 0; // set first position to zero
ulong j = 1;

while ( 0==x_[j] ) ++j; // find next nonzero
--x_[31; // decrement value
x_[j-1] =1 + v; // set previous position

return j;

}

With each transition at most 3 entries are changed. The compositions of 10 into 30 parts (sparse case)
are generated at a rate of about 110 million per second, the compositions of 30 into 10 parts (dense
case) at about 200 million per second [FXT: comb/composition-colex-demo.cc|]. With the dense case
(corresponding to the right of figure the computation is faster as the position to change is found
earlier.

Optimized implementation

An implementation that is efficient also for the sparse case (that is, k much greater than n) is [FXT: class
composition_colex2 in |comb/composition-colex2.h]. One additional variable p0 records the position of
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the first nonzero entry. The method to compute the successor is:

class composition_colex2

[--snip--]
ulong next()
// Return position of rightmost change, return k with last composition.

{

ulong j = pO_; // position of first nonzero
if ( j==k_-1 ) return k_; // current composition is last

ulong v = x_[j]; // value of first nonzero

x_[31 = 0; // set to zero

pibutegy

x_[0] = v; // value-1 to first position

++p0_; // first nonzero one more right except ...
if ( O'=v ) pO_=0; // ... if value v was not one

++j;

++x_[j1; // increment next position

return j;

}
};

About 182 million compositions are generated per second, independent of either n and k [FXT:
comb/composition-colex2-demo.cc]. With the line

#define COMP_COLEX2_MAX_ARRAY_LEN 128

just before the class definition an array is used instead of a pointer. The fixed array length limits the

value of k so by default the line is commented out. Using an array gives great speedup, the rate is about
365 million per second (about 6 CPU cycles per update).

7.2 Co-lexicographic order for compositions into exactly k£ parts

The compositions of n into exactly k parts (where k > n) can be obtained from the compositions of
n — k into at most k parts as shown in figure The listing was created with the program [FXT:
comb /composition-ex-colex-demo.cc]. The compositions can be generated in co-lexicographic order using
[FXT: class composition_ex_colex in comb/composition-ex-colex.h]:

class composition_ex_colex

{

public:
ulong n_, k_; // composition of n into exactly k parts
ulong *x_; // data (k elements)
ulong nki_; // ==n-k+1

public:

composition_ex_colex(ulong n, ulong k)
{/ Must have n>=k

n

n;

k_ k;
nkl_=n -k + 1; // must be >=1
if ( (long)nkl_< 1) nkl_ = 1; // avoid hang with invalid pair n,k

x_ = new ulonglk_ + 1];
x_[x] = 0; // not one
first();
}
[--snip--1]

The variable nk1_ is the maximal entry in the compositions:
void first()

x_[0] = nk1_; // all in first position
for (ulong k=1; k<k_; ++k) =x_[k] = 1;
}

void last()
{
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Figure 7.2-A: The compositions of n = 8 into exactly k = 5 parts (left) are obtained from the compo-
sitions of n — k = 3 into (at most) k = 5 parts (right). Co-lexicographic order, dots denote zeros.

for (ulong k=0; k<k_; ++k) =x_[k] = 1;
x_[k_-1] = nki1_; // all in last position
}

The methods for computing the successor and predecessor are adaptations from the routines from the
compositions into at most k parts:

ulong next()
// Return position of rightmost change, return k with last composition.

ulong j = O;

while ( 1==x_[j] ) ++j; // find first greater than one
if ( j==k_ ) return k_; // current composition is last
ulong v = x_[jl; // value of first greater ome

x_[31 = 1; // set to one

x_[0] =v - 1; // value-1 to first position

++j;

++x_[j1; // increment next position

return j;

}

ulong prev()
// Return position of rightmost change, return k with last composition.

{

const ulong v = x_[0]; // value at first position

if ( nkl_==v ) return k_; // current composition is first

x_[0] = 1; // set first position to one
ulong j = 1;
while ( 1==x_[j] ) ++j; // find next greater than one
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--x_[31; // decrement value
x_[3-11 = 1 + v; // set previous position
return j;

}
};

The routines are as fast as the generation into at most k parts with the corresponding parameters: the
compositions of 40 into 10 parts are generated at about 200 million per second.

7.3 Compositions and combinations

combination delta set composition
1: [ 01 2] 111... [3 . . . ]
2: [ 02 3] 1.11.. [ 12 . . ]
3: [ 1 23] .111.. [ . 3. . ]
4: [ 01 3] 11.1.. [ 21 . . ]
5: [ 0 3 4] 1..11. [ 1 .2 . ]
6: [ 13 4] .1.11. [ . 12 . ]
7: [ 2 34 ] ..111. [ . . 3 . ]
8: [ 024 ] 1.1.1. [ 111 . ]
9: [ 124 ] L1101, [ .21 . ]
10: [ 01 4] 11..1. [ 2 .1 . ]
11: [ 045 ] 1...11 [ 1. . 2]
12: [ 145 ] 1.1 [ .1 . 2]
13: [ 245 ] ..1.11 [ . .1 2]
14: [ 345 ] o111 [ . . . 3]
15: [ 0 3 5] 1..1.1 [ 1 .1 1]
16: [ 1 35] .1.1.1 [ .11 1]
17: [ 2 3 5] .11 [ . . 2 1]
18: [ 025 ] 1.1..1 [ 11 . 1]
19: [ 125 ] .11..1 [ . 2 . 1]
20: [ 015 ] 11...1 [ 2 . 1]

Figure 7.3-A: Combinations 6 choose 3 (left) and the corresponding compositions of 3 into 4 parts
(right). Note that while the sequence of combinations has a minimal-change property the corresponding
sequence of compositions does not. Dots denote zeros.

Figure shows the correspondence between compositions and combinations. The listing was gener-
ated using the program [FXT: comb/comb2comp-demo.cc|. Entries in the left column are combinations
of 3 parts out of 6. The middle column is the representation of the combinations as delta sets. It also is
a binary representation of a composition: A run of r consecutive ones corresponds to an entry r in the
composition at the right.

Now write P(n, k) for the compositions of n into (at most) k parts and C(N, K) for the combination (IA([)
A composition of n into at most k parts corresponds to a combination of K = n parts from N =n+k—1
elements, symbolically,

P(n, k) < CN,K) = Cn+k—1,n) (7.3-1a)

A combination of K elements out of N corresponds to a composition of n into at most k parts where
n=Kandk=N-K+1:

C(N,K) < P(nk) = P(K, N—K+1) (7.3-1b)

Routines for the conversion between combinations and compositions are given in [FXT:
comb/comp2comb.h|. The following routine converts a composition into the corresponding combination:

inline void comp2comb(const ulong *p, ulong k, ulong *c)
// Convert composition P(*, k) in p[] to combination in c[]

for (ulong j=0,i=0,z=0; j<k; ++j)
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ulong pj = pljl;

for (ulong w=0; w<pj; ++w)  c[i++] = z++;

++z;
X
}

Conversion of a combination into the corresponding composition:

inline void comb2comp(const ulong *c, ulong N, ulong K, ulong *p)
// Convert combination C(N, K) in c[] to composition P(*,k) in p[]

{/ Must have: K>0

ulong k = N-K+1;
for (ulong z=0; z<k; ++z)

__k;
ulong cl = N;
ghile CK--)

ulong c0 = c[K];
ulong d = c1 - cO;

k -= (d-1);
++p[k];
cl = cO0;

plz]l = 0;

7.4 Minimal-change orders

Chapter 7: Compositions

A minimal-change order (Gray code) for compositions is such that with each transition one entry is
increased by one and another is decreased by one. A recursion for the compositions P(n, k) of n into k

parts in lexicographic order is

W= o

w

BN =)

= O

w

n.

= O

P(n—3,k—1)
.PR(n—4,k-1)

(7.4-1)

(7.4-2)

The ordering is shown in figure (left), the corresponding combinations are in the (reversed) enup

order from section [6.5.2] on page [I76] If we change directions at the odd elements

P(n,k) =

— T oo =S

= W =)

[fxtbook draft of 2008-January-19]

(7.4-3)



7.4: Minimal-change orders 189

composition combination composition combination
1: [ . .3.1 ...111. [345] 1: [3. .. .1 111.... [012]
2: [.1.2.] .1..11. [145] 2: [21. . .1 11.1... [O013]
3: [1. .2 .1 1...11. [0 45 ] 3: [12. . .] 1.11... [023]
4: [ . .12 . ] ..1.11. [ 245 ] 4: [ .3 . . .1 .111... [123]
5. [ . .21 .] ..11.1. [ 23 5] 5. [ .21 . .1 .11.1.. [124]
6: [.111.] .1.1.1. [135] 6: [111. .1 1.1.1.. [0 24 ]
7: [1 .11 .] 1..1.1. [0 3 5] 7 [2 .1 . .1 11..1.. [O014]
g: [2 . .1 .1 11...1. [015] g: [1 .2 . .1 1..11.. [0 3 4]
9: [11 .1 . ] 1.1..1 [ 025 ] 9: [ .12 . .1 .1.11.. [13 4]
10: [ .2 .1 . ] .11..1. [ 125 ] 10: [ . .3 . .1 ..111.. [ 23 4 ]
1. .3 .. .1 .111... [123] 11: [. .21 .1 ..11.1 [ 2 35 ]
12: [12. . .1 t1.11... [0 23] 12: [1 .11 .] 1..1.1. [0 35 ]
3. [21. . .1 11.1... [O013] 3. [.111 .1 .1.1.1. [135]
14: [3 . . . . ] 111.... [0 1 2] 14: [ .2 .1 . ] .11..1. [ 1 25 ]
15: [2 .1 . .] 11..1.. [01 4] 16: [11.1.] 1.1..1. [0 25]
16: [111 . .1 1.1.1.. [0 24 ] 16: [2 . .1 .1 11...1. [0 15 ]
i7: [ .21 . .1 .11.1.. [ 124 ] i7: [1 . .2 .1 1...11. [0 45 ]
18: [ .12 . .1 .1.11.. [13 4] 18: [ .1 .2 .1 .1..11. [ 145 ]
19: [1 .2 . . ] 1..11.. [0 3 4 ] 19: [ . .12 . ] ..1.11. [ 245 ]
20 [ . .3 . .1 ..111.. [23 4] 20: [ .. .3 .1 ...111. [ 345 ]
21: [ . .2 . 1] 11..1 [ 2 3 6 ] 21 [ .. .21] ...11.1 [ 346 ]
22: [ .11 . 1] 1.1..1 [ 136 ] 22: [1..11] 1...1.1 [0 46 ]
23: [1.1.1] 1..1..1 [0 3 6] 23: [.1.11] .1..1.1 [146 ]
24: [2 .. .1] 11....1 [016] 24: [ . .111] ..1.1.1 [ 246 ]
256 [ 11 .11 1.1...1 [ 026 ] 26: [ . .2.1] ..11..1 [ 23 6 ]
26: [ . 2 .11 11001 [ 126 ] 26: [1.1.1] 1..1..1 [0 36 ]
2r: [ .1 .11] .1..1.1 [146] 2r: [.11.1] .1.1..1 [136]
28: [1..11] 1...1.1 [0 46 ] 28: [ .2..1] .11...1 [126 ]
29: [ . .111] ..1.1.1 [ 246 ] 29: [11. .1] 1.1...1 [0 26 ]
30: [ . . . 21] ..11.1 [ 3 4 6 ] 30: [2. . .1] 11....1 [ O 16 ]
31: [ . . . 12] .1.11 [ 356 ] 3t: [1...2] 1....11 [0 5 6]
32: [ . 1. . 2] 1...11 [ 15 6 ] 32: [.1..2] .1...11 [15 6 ]
33: [1 .. 2] 1 .11 [ 05 6 ] 33: [ .1.2] ..1..11 [ 256 ]
34: [ . 1. 2] 1..11 [ 256 ] 34: | .12 1.11 [ 3 5 6 ]
35: [ .. 3] 111 [ 4 5 6 ] 35: [ . 3 111 [ 4 5 6 ]

Figure 7.4-A: Compositions of 3 into 5 parts and the corresponding combinations as delta sets and sets
in two minimal-change orders: order with enup moves (left) and order with modulo moves (right). The
ordering by enup moves is a two-close Gray code. Dots denote zeros.

then we obtain an ordering (right of figure[7.4-A)) corresponding to the combinations are in the (reversed)
Eades-McKay order from section on page m The listings were created with the program [FXT:
comb /composition-gray-rec-demo.cc|.

Gray codes for combinations correspond to Gray codes for combinations where no element in the delta set
crosses another. The standard Gray code for combinations does not lead to a Gray code for compositions
as shown in figure on page When the directions in the recursions are always changed then the
compositions correspond to combinations that have the complemented delta sets of the standard Gray
code in reversed order.

Orderings where the changes involve just one pair of adjacent entries (shown in figure[7.4-B)) correspond to
the complemented strong Gray codes for combinations. The amount of change is greater than one in gen-
eral. The listings were created with the program [FXT: comb/combination-rec-demo.cc|, see section

on page [I[79
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Figure 7.4-B: The (reversed) complemented enup ordering (left) and Eades-McKay sequence (right) for
combinations correspond to compositions where only two adjacent entries change with each transition,
but by more than one in general.
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Chapter 8

Subsets

This section gives algorithms to generate all subsets of a set of n elements. There are 2™ subsets, including
the empty set.

8.1 Lexicographic order

1: 1.... {0} 1.... {0}

2: 11. .. {0, 1} ... {1}

3: 111. . {0, 1, 2} 11... {0, 1}

4: 1111. {0, 1, 2, 3} 1. {2}

5: 11111 0, 1, 2, 3, 4} 1.1.. {0, 2}

6: 111.1 {0, 1, 2, 4} S {1, 2}

7: 11.1. {0, 1, 3} 111. . {0, 1, 2}

8: 11.11 {0, 1, 3, 4} 1 {3}

9: 11..1 {0, 1, 4} 1..1 {0, 3}

10: 1.1 {0, 2} 1.1 {1, 3}

11: 1.11 {0, 2, 3} 11.1 {0, 1, 3}
12: 1.111 {0, 2, 3, 4} 11 {2, 3}

13: 1.1.1 {0, 2, 4} 1.11 {0, 2, 3}
14: 1..1. {0, 3} 111 {1, 2, 3}
15: 1..11 {0, 3, 4} 1111 {0, 1, 2, 3}
16: 1...1 {0, 4} ! {4}

17: o {1} 1...1 {0, 4}

18: 11.. {1, 2} 1.1 {1, 4}

19: 111, {1, 2, 3} 11..1 {0, 1, 4}
20: 1111 {1, 2, 3, 4} 1.1 {2, 4}
21: 1.1 {1, 2, 4} 1.1.1 {0, 2, 4}
22: 1.1, {1, 3} 1.1 {1, 2, 4}
23: 1011 {1, 3, 4} 111.1 {0, 1, 2, 4}
24: 1.1 {1, 4} T {3, 4}
25: 1. {2} 1..11 {0, 3, 4}
26: D {2, 3} 1011 {1, 3, 4}
27: S 111 {2, 3, 4} 11.11 {0, 1, 3, 4}
28: 1.1 {2, 4} o111 {2, 3, 4}
29: 1 {3} 1.111 {0, 2, 3, 4}
30 11 {3, 4} L1111 {1, 2, 3, 4}
31 1 {4} 11111 {0, 1, 2, 3, 4}

Figure 8.1-A: Non-empty subsets of a five element set in lexicographic order for the sets (left), and in
lexicographic order for the delta sets (right).

The (nonempty) subsets of a set of five elements in lexicographic order are shown in figure Note
that the lexicographic order is different for the set and the delta set representation.
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8.1.1 Generation as delta sets

The listing on the right side of figure [R.1-Alis with respect to the delta sets. It was created with the pro-
gram [FXT: comb/subset-deltalex-demo.cc] which uses [FXT: class subset_deltalex in|comb/subset-
deltalex.h]. The algorithm for the computation of the successor is binary counting:

class subset_deltalex

public:
ulong *d_; // subset as delta set
ulong n_; // subsets of the n-set {0,1,2,...,n-1}
public:
subset_deltalex(ulong n)
¢ n_ = n;
d_ = new ulong[n+1];
d_[n] = 0; // sentinel
first();
}

“subset_deltalex()
{ delete []1 d_; }

void first()
{ for (ulong k=0; k<n_; ++k) d_[k] =0; }

bool next()
{

ulong k = 0;
while ( d_[k]==1 ) { d_[k]=0; ++k; }
if ( k==n_ ) return false;
else
d_[k] = 1;

return true;
}
}

const ulong * data() const { return d_; }

};

About 180 million subsets per second are generated. A bit-level algorithm to compute the subsets in
lexicographic order is given in section [[.27] on page [64]

8.1.2 Generation as sets

The lexicographic order with respect to the set representation is shown at the left side of figure
The routines in [FXT: class subset_lex in comb/subset-lex.h| compute the non-empty sets in the
corresponding representation:

class subset_lex

public:
ulong *x_; // subset of {0,1,2,...,n-1}
ulong n_; // number of elements in set
ulong k_; // index of last element in subset
// Number of elements in subset == k+1
public:
subset_lex(ulong n)
{
n_ = n;
x_ = new ulong[n_];
first();

“subset_lex() { delete [] x_; }
ulong first()
k_ 0;

x_[0] = 0;
return k_ + 1;
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ulong last()

k_ = 0;
x_[0] =n_ - 1;
return k_ + 1;
}
[--snip--]
The methods next () and prev() compute the successor and predecessor, respectively:

ulong next()

// Generate next subset

// Return number of elements in subset
// Return zero if current == last

if ( x_[k_] == n_-1) // last element is max 7

if ( k_.==0 ) { first(); return 0; }

--k_; // remove last element
x_[k_]++; // increase last element

else // add next element from set:
++k_;
x_[k_ ] = x_[k_-1] + 1;
return k_ + 1;
}

ulong prev()

// Generate previous subset

// Return number of elements in subset
// Return zero if current == first

if ( k_ == 0) // only one element ?

if ( x_[0]==0 ) { last(); return O; }

x_[0]1--; // decr first element
x_[++k_] = n_ - 1; // add element
}
%lse
if ( x_[k_] == x_[k_-1]1+1 ) --k_; // remove last element
else
x_[k_]1--; // decr last element
x_[++k_] = n_ - 1; // add element
}

return k_ + 1;

}

const ulong * data() const { return x_; }

};

More than 235 million subsets per second are generated [FXT: comb/subset-lex-demo.cc]. A generaliza-
tion with mixed radix numbers is described in section on page

8.2 Minimal-change order

8.2.1 Generation as delta sets

The subsets of a set with 5 elements in minimal-change order are shown in figure The implementa-
tion [FXT: class subset_gray_delta in comb/subset-gray-delta.h| uses the Gray code of binary words
and updates the position corresponding to the bit that changes in the Gray code:

class subset_gray_delta

// Subsets of the set {0,1,2,...,n-1} in minimal-change (Gray code) order.
{
public:

ulong *x_; // current subset as delta-set
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0: ... {3 0: 11111 {0, 1, 2, 3, 4 }
1: 1.... {0} 1: 1111 {1, 2, 3, 4}
2: 11... {0, 1} 2: ..111 {2, 3, 4}

3: .1... {1} 3: 1.111 {0, 2, 3, 4 }
4: 11.. {1, 2} 4: 1..11 {0, 3, 4%

5: 111.. {0, 1, 2} 5: ...11 {3, 4}

6: 1.1.. {0, 2} 6: .1.11 {1, 3, 4}

70 ..1.. {2} 7: 11.11 {0, 1, 3, 4 }
8: ..11. {2, 3} 8: 11..1 {0, 1, 4}

9: 1.11. {0, 2, 3} 9: .1..1 {1, 41}

10: 1111. {0, 1, 2, 3} 10: ....1 {4}

11:  .111. {1, 2, 3} 11: 1...1 {0, 47}

12: .1.1. {1, 3} 12: 1.1.1 {0, 2, 4}
13: 11.1. {0, 1, 3} 13: ..1.1 {2, 4%}

14: 1..1. {o, 3} 14: .11.1 {1, 2, 4}
15: 1. {3} 15: 111.1 {0, 1, 2, 4 }
16: ...11 {3, 4} 16: 111.. {0, 1, 2 }
17: 1..11 {o, 3, 4} 17: .11.. {1, 2}

18: 11.11 {o, 1, 3, 4} 18: ..1.. { 2%

19: .1.11 {1, 3, 4} 19: 1.1.. {0,273}
20: .1111 {1, 2, 3, 4} 20: 1.. {0}
21: 11111 {0, 1, 2, 3, 4} 21: ... {3}
22: 1.111 {0, 2, 3, 4} 22: .1... {17}
23: ..111 {2, 3, 4} 23: 11... {0, 1%
24: ..1.1 {2, 4} 24: 11.1. {0, 1, 3}
25: 1.1.1 {0, 2, 4} 25: .1.1. {1, 3%
26: 111.1 {0, 1, 2, 4} 26: ...1. {3%
27: .11.1 {1, 2, 4} 27: 1..1. {0, 3%
28: .1..1 {1, 4} 28: 1.11. {0, 2, 3}
29: 11..1 {0, 1, 4} 29: ..11. {2, 3}
30: 1...1 {0, 4} 30: .111. {1, 2,33}
31: .1 {4} 31: 1111. {0, 1, 2, 3 }

Figure 8.2-A: The subsets of the set {0, 1, 2, 3, 4} in minimal-change order (left), and complemented
minimal-change order (right). The changes are on the same places for both orders.

ulong n_; // number of elements in set <= BITS_PER_LONG
ulong j_; // position of last change
ulong ct_; // gray_code(ct_) corresponds to the current subset

ulong mct_; // max value of ct.

public:
subset_gray_delta(ulong n)

=m?n: 1);

= new ulong[n_];
mct_ = (1UL<<n) - 1;
first(0);

n_ // not zero
X_

“subset_gray_delta() { delete [] x_; %}

In the initializer one can choose whether the first set is the empty or the full set (left and right of
figure [8.2-A)):
void first(ulong v=0)

ct_ = 0;
jo=mn_ - 1;
for (ulong j=0; j<n_; ++j) =x_[j] = v;

}

const ulong * data() const { return x_; }
ulong pos() const { return j_; }
ulong current() const { return ct_; }

ulong next()
// Return position of change, return n with last subset

if (ct_ == mct_ ) { return n_; }
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+ct_;
j_ = lowest_bit_idx( ct_ );
x_[j_1 = 1;

return j_;

}

ulong prev()
// Return position of change, return n with first subset

{
if (ct_==0) { returnn_; }
j_ = lowest_bit_idx( ct_ );
x_[j_1 == 1;
--ct_;
return j_;

}

}
About 130 million subsets are generated per second [FXT: comb/subset-gray-delta-demo.cc].

8.2.2 Generation as sets

The class [FXT: class subset_gray in comb/subset-gray.h| generates the subsets of {1, 2, ..., n} as
sets. The underlying idea is described in section [1.15.3| on page

class subset_gray

// Subsets of the set {1,2,...,n} in minimal-change (Gray code) order.
éublic:
ulong *x_; // data k-subset of {1,2,...,n} in x[1,...,k]
ulong n_; // subsets of n-set
ulong k_; // number of elements in subset
public:
subset_gray(ulong n)
{
n_ = n;
x_ = new ulong[n_+1];
x_[0] = 0;
first();

“subset_gray() { delete [] x_; }

ulong first() { k_ =
ulong last() { x_[1]

const ulong * data() const { return x_+1; }
const ulong num() const { return k_; }

0; return k_; }
=1; k_=1; return k_; }

private:
ulong next_even()

{
if ( x_[k_]==n_ ) // remove n (from end):
__k_ ;
}
else // append n:

++k_;
x_[k_] =n_;

return k_;

}
ulong next_odd()

if ( x_[k_]-1==x_[k_-1] ) // remove x[k]-1 (from position k-1):

x_[k_-1] = x_[k_];

—

else // insert x[k]-1 as second last element:

x_[k_+1] = x_[k_]1;
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--x_[k_];

++k_;

return k_;

}

public:
ulong next()

if ( 0==(k_&1 ) ) return next_even();
else return next_odd();
ulong prev()
{
if ( 0==(k_&%1 ) ) // k even

if ( 0==k_ ) return last();
return next_odd();

else return next_even();
}
};

More than 160 million subsets are generated per second [FXT: comb/subset-gray-demo.cc|. The algorithm
to generate the successor is given in [I41].

8.2.3 Computing just the positions of change

The following algorithm computes only the locations of the changes, it is given in [4I]. It can also be
obtained as a specialization (for radix 2) of the loopless algorithm for computing a Gray code ordering
of mixed radix numbers given section on page m [FXT: class ruler_func in|comb/ruler-func.hj:

class ruler_func
// Ruler function sequence: 01 02010301020104010201 ...

{
public:
ulong *f_; // focus pointer
ulong n_;
public:
ruler_func(ulong n)
{
n_ = n;
f_ = new ulong[n+2];
first();

“ruler_func() { delete [] f_; }
void first() { for (ulong k=0; k<n_+2; ++k) f_[k] = k; }

ulong next()

const ulong j = £_[0];

// if ( j==n_ ) { first(); return n_; } // leave to user
£_[0] = 0;

const ulong jl1 = j+1;

f_[31 = £_[j1];

£f_[j1]1 = j1;

return j;

}
};

The sequence of positions is generated at a rate of about 290 million per second [FXT: comb /ruler-func-
demo.cc].
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0: {f, , , , } #=1 {0}

1: {,1, , ., ¥ #=1 {1}

2: {, .2, , } #=1 {2}

3: {, , ,3, 1} #=1 {3}

4: {0, , , , 4} #=2 {0, 4}

5: {0, 1, , , } #=2 {0, 1}

6: {,1,2, , } #=2 {1, 2}

7: , o, 2,3, }  #=2 {2, 3}

8: {0, , , 3,4} #=3 {0, 3, 4}

9: {,1, , ,4ry #=2 {1, 4}

10: {0, ,2, , } #=2 {0, 2}

11: {,1, ,3, ¥ #=2 {1, 3}

12: {, ,2, ,4y #=2 {2, 4}

13: {o, , ,3, } #=2 {0, 3}

14: {0, 1, , , 4} #=3 {0, 1, 4}
15: {0, 1,2, , } #=3 {0, 1, 2}
16: {,1,2,3, } #=3 {1, 2, 3}
17: {0, , 2,3, 4} #=4 {0, 2, 3, 4}
18: {,1, , 3,4 #=3 {1, 3, 4}
19: {0, , 2, ,4} #=3 {0, 2, 4}
20: {0, 1, , 3, } #=3 {0, 1, 3}
21: {, 1,2, ,4 #=3 {1, 2, 4}
22: {0, , 2,3, } #=3 {0, 2, 3}
23: {0, 1, , 3, 4} #=4 {0, 1, 3, 4}
24 : {0, 1, 2, , 4} #=4 {0, 1, 2, 4}
25: {0, 1, 2, 3, } #=4 {0, 1, 2, 3}
26: {0, 1, 2, 3, 4} #=5 {0, 1, 2, 3, 4}
27: {,1, 2,3, 4} #=4 {1, 2, 3, 4}
28: {, ,2, 3,4 #=3 {2, 3, 4}
29: {, ., , 3,4} #=2 {3, 4}
30: {, ., , ,4}r #=1 {4}
31: {, , , , } #=0 {3

Figure 8.3-A: Subsets of a five element set in an order corresponding to a De Bruijn sequence.

8.3 Ordering with De Bruijn sequences

A curious sequence of all subsets of a given set can be generated using a binary De Bruijn sequence that
is a cyclical sequence of zeros and ones that contains each n-bit word once. In figure the empty
places of the subsets are included to make the nice property apparent. The ordering has the single track
property: each column in this (delta set) representation is a circular shift of the first column. The listing
was created with the program [FXT:|comb/subset-debruijn-demo.cc]. The underlying De Bruijn sequence
is

00000100011001010011101011011111

(rotated left in the example so that the empty set appears at the end). Each subset is made from its
predecessor by shifting it to the right and inserting the current element from the sequence.

The implementation [FXT: class subset_debruijn in comb/subset-debruijn.h] uses [FXT: class
debruijn in comb/debruijn.h] (which in turn uses [FXT: class necklace in |comb/necklace.h]). An
algorithm for the generation of binary De Bruijn sequences is given in section [39.1] on page [833

Successive subsets differ in many elements if the sequency (see section on page is big. Using the
‘sequency-complemented’ subsets (see end of section [1.16) we obtain an ordering where more elements
change with small sequencies as shown in figure This ordering corresponds to the complement-shift

sequence of section [19.2.3| on page [361
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0: {, , 2, , 4} #=2 {2, 4%}

1: {0, 1, 2, , 4} #=4 {0, 1, 2, 4}
2: {0, , , , 4} #=2 {0, 4%

3: {0, , 2, 3, 4} #=4 {0, 2, 3, 4%}
4. {, ,2, , } #=1 {2}

5: , 1,2, , 4} #=3 {1, 2, 4}

6: {0, 1, , , 4} #=3 {0, 1, 4}

7: {0, , , 3, 4} #=3 {0, 3, 4}

8: {, , 2,3, } #=2 {2, 3%}

9: {0, 1, 2, , } #=3 {0, 1, 2}
10: {, ., ., 4 #=1 {4}

11: {0, 1, 2, 3, 4} #=5 {0, 1, 2, 3, 4}
12: {0, , , , 1} #=1 {0}

13: {, , 2, 3, 4} #=3 {2, 3, 4}
14: { H 1: 2’ > } #=2 {1, 2}

15: {,1, , , 4} #=2 {1, 4%}

16: {0, 1, , 3, 4} #=4 {0, 1, 3, 4}
17: {, , ,3, 1} #=1 {3}

18: {0, 1, 2, 3, 1} #=4 {0, 1, 2, 3%}
19: {, , , , #=0 {}
20: {,1, 2, 3, 4} #=4 {1, 2, 3, 4}
21: {0, 1, , , % #=2 {0, 1}
22: {, , , 3, 4} #=2 {3, 4}
23: { > 15 2, 3, } #=3 {1, 2, 3}
24: {,1, , , } #=1 {1}
25: {,1, , 3, 4%} #=3 {1, 3, 4}
26: {,1, ,3, 1} #=2 {1, 3}
27: {0, 1, , 3, 1} #=3 {0, 1, 3}
28 {0, , ,3, #=2 {0, 3%
29 {0, , 2, 3, } #=3 {0, 2, 3}
30 {0, ,2, , } #=2 {0, 2%}
31 {0, , 2, , 4} #=3 {0, 2, 4}

Figure 8.3-B: Subsets of a five element set in alternative order corresponding to a De Bruijn sequence.
The elements 0, 2, and 4 are present exactly if they are not in figure

1: ..., 1 1 17: 1..111 4 33: ....11 2 49: ...111 3
2: ....1. 1 18: ...1.1 2 34: ...11. 2 50: ..111. 3
3: ...1.. 1 19: ..1.1. 2 35: ..11.. 2 51: .111.. 3
4. ..1.. 1 20: .1.1.. 2 36: .11... 2 52: 111... 3
5: .1.. 1 21: 1.1... 2 37: 11.... 2 53: 111..1 4
6: 1..... 1 22: 1.1..1 3 38: 11...1 3 54: .111.1 4
7: 1....1 2 23: .1.1.1 3 39: .11..1 3 55: 111.1. 4
8: .1...1 2 24: 1.1.1. 3 40: 11..1. 3 56: 111.11 5
9: 1...1. 2 256 1.1.11 4 41: 11..11 4 57: ..1111 4
10: 1...11 3 26: ..1.11 3 42: ..11.1 3 58: .1111. 4
11: ..1..1 2 27: .1.11. 3 43: .11.1. 3 59: 1111.. 4
12: .1..1. 2 28: 1.11.. 3 44. 11.1.. 3 60: 1111.1 5
13: 1..1.. 2 29: 1.11.1 4 45: 11.1.1 4 61: .11111 5
14: 1..1.1 3 30: .1.111 4 46: .11.11 4 62: 11111. 5
15: .1..11 3 31: 1.111. 4 4a7: 11.11. 4 63: 111111 6
16: 1..11. 3 32: 1.1111 5 48: 11.111 5

Figure 8.4-A: Nonempty subsets of a 6-bit binary word where all linear shifts of a word appear in
succession (shifts-order). All shifts are left shifts.
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1: 1 17: ..1..1 2 33: ...111 3 49: .11.1. 3
2: 1 18: ..1.11 3 34: ..111. 3 50: 11.1.. 3
3: 1 19: .1.11. 3 35: .111.. 3 51: 11.1.1 4
4: 1 20: 1.11.. 3 36: 111... 3 52: 11.111 5
5: 1 21: 1.11.1 4 37: 111..1 4 53: 11.11. 4
6: 1 22: 1.1111 5 38: 111.11 5 54: .11.11 4
7: 2 23: 1.111. 4 39: 111.1. 4 55: .11..1 3
8: 3 24: .1.111 4 40: .111.1 4 56: 11..1. 3
9: 2 256: .1.1.1 3 41: .11111 5 57: 11..11 4
10: 2 26: 1.1.1. 3 42: 11111, 5 58: 11...1 3
11: 3 27: 1.1.11 4 43: 111111 6 59: 11.... 2
12: 3 28: 1.1..1 3 44. 1111.1 5 60: .11... 2
13: 4 29: 1.1... 2 45: 1111.. 4 61: ..11.. 2
14: 3 30: .1.1.. 2 46: .1111. 4 62: 11. 2
15: 2 31: ..1.1. 2 a7 ..1111 4 63: 11 2
16: 2 32: ...1.1 2 48: 11,1 3

Figure 8.4-B: Nonempty subsets of a 6-bit binary word where all linear shifts of a word appear in
succession and transitions that are not shifts switch just one bit (minimal-change shifts-order).

1: 1 17: ..1...1. 2 33: .1.1. 3 49: ..1.1.1. 3
2: 1 18: .1...1.. 2 34: 1..1.1.1 4 50: .1.1.1.. 3
3: 1 19: 1...1... 2 35: ..., 1.1 2 51: 1.1.1... 3
4: 1 20: 1...1..1 3 36: ....1.1. 2 52: 1.1.1..1 4
5: 1 21: .1...1.1 3 37: ...1.1 2 53: .1.1.1.1 4
6: 1 22: 1...1.1. 3 38: ..1.1.. 2 54: 1.1.1.1. 4
7: 1 23: ....1..1 2 39: 1.1... 2
8: 1 24: ...1..1. 2 40: 1.1..... 2
9: 2 26 ..1..1.. 2 41: 1.1....1 3
10: 2 26: .1..1. 2 42: .1.1...1 3
11: 2 27: 1..1.. 2 43: 1.1...1. 3
12: 2 28: 1..1...1 3 44 .1.1..1 3
13: 2 29: .1..1..1 3 45: 1.1..1. 3
14: 2 30: 1..1..1 3 46: 1.1..1. 3
15: 3 31: ..1..1.1 3 47: 1.1..1.1 4
16: 2 32: .1..1.1 3 48: ..1.1.1 3

Figure 8.4-C: Nonzero Fibonacci words in an order where all shifts appear in succession.

8.4 Shifts-order for subsets

Figure shows an ordering (shifts-order) of the nonempty subsets of a 6-bit binary word where
all linear shifts of a word appear in succession. The generation is done by a simple recursion [FXT:
comb /shift-subsets-demo.cc]:

ulong n; // number of bits
ulong N; // 2%x*n

void A(ulong x)

{
if ( x>=N ) return;
visit(x);
A(2%x);
A(2%x+1);
}

The function visit () simply prints the binary expansion of its argument. The initial call is A(1).

The transitions that are not shifts change just one bit if the following pair of functions is used for the
recursion (minimal-change shifts-order shown in figure |8.4-B)):

void F(ulong x)
{
if ( x>=N ) return;
visit(x);
F(2*x);
G(2*xx+1);

void G(ulong x)
if ( x>=N ) return;

F(2xx+1);
G(2*x) ;
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visit(x);

The initial call is F(1), the reversed order can be generated via G(1).

We note that a simple variation can be used to generate the Fibonacci words in a shifts-order shown in
figure With transitions that are not shifts more than one bit is changed in general. The function
used is [FXT: comb/shift-subsets-demo.cc]:

void B(ulong x)

{
if ( x>=N ) return;
visit(x);
B(2*x);
B(4xx+1);
}

8.5 k-subsets where £ lies in a given range

We give algorithms for generating all k-subsets (subsets of an n-element set with k elements in each
subset) where knin < k < kmaz. If kmin = 0 and ke = n we obtain all subsets, if ki = kimae = k we
obtain combinations (Z)

8.5.1 Recursive algorithm

A recursive routine that generates all k-subsets where lies in a prescribed range is [FXT: class
ksubset_rec in comb/ksubset-rec.h]. The routine can generate the subsets in 16 different orders. Fig-
ure shows the lexicographic orders, figure [8.5-B| shows three Gray codes. The order numbers
correspond to the second argument of the program [FXT: comb/ksubset-rec-demo.cc]. The constructor
has just one argument, the number of elements of the set whose subsets shall be generated:

class ksubset_rec

// k-susbsets where kmin<=k<=kmax in various orders.
// Recursive CAT algorithm.

{
public:
long n_; // subsets of a n-element set
long kmin_, kmax_; // k-subsets where kmin<=k<=kma
long *rv_; // record of visits in graph (list of elements in subset)
ulong ct_; // count subsets
ulong rct_; // count recursions (==work)
ulong rq_; // condition that determines the order
ulong pq_; // condition that determines the (printing) order
ulong nq_; // whether to reverse order

// function to call with each combination:
void (*visit_) (const ksubset_rec &, long);

public:

ksubset_rec(ulong n)

{
n_ = n;
rv_ = new long[n_+1];
+HIV_;
rv_[-1] = -1UL;

}

~“ksubset_rec()

--rv_;
delete [] rv_;

One has to supply the interval for k (variables kmin and kmax) and a function that will be called with
each subset. The argument rq determines which of the sixteen different orderings is chosen, the order
can be reversed with nonzero nq.

void generate(void (*visit) (const ksubset_rec &, long),
long kmin, long kmax, ulong rq, ulong ng=0)
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order #0

0: 1.... ..., {0, 11}

1: 111... P {0, 1, 2}
2: 11.1.. MP {0, 1, 3}
3: 11..1. MP {0,1, 4%
4. 11...1 ...MP {0, 1, 5%}
5: 1.1.. .MP..M {0, 2}

6: 1.11.. ..P.. {0, 2, 3}
7: 1.1.1. ..MP. {0,2, 4%
8: 1.1..1 ...MP {0, 2, 5%
9: 1..1.. .MP.M {0, 3%}
10: 1..11. ..P. {0, 3, 4%}
11: 1..1.1 ..MP {0, 3, 5%}
12: 1...1. .MPM {0, 41}
13: 1...11 ... P {0, 4, 5}
14: 1....1 ... WM. {0, 5%}
15: 11, MPP..M {1, 2}
16: 111 ...P {1, 2, 3%
17: L1101, .MP. {1, 2, 4}
18: L1101 ..MP {1, 2, 5}
19: 1.1, .MP.M {1, 3}
20: .1.11. ..P. {1, 3, 4}
21: .1.1.1 ..MP {1, 3, 5%}
22: 1.1, .MPM {1, 4}
23: B O s P {1, 4, 5}
24: 10001 ... WM. {1, 5}
25: B I P .MPP.M {2, 3}
26: G111, ....P. {2, 3,41}
27: L1101 ....MP {2, 3,51}
28: .11, ...MPM {2, 41}
29: S O I A P {2, 4, 5%}
30: G101 ... WM. {2, 51}
31: PR . .MPPM {3, 41}
32: oW1 P {3, 4, 5%}
33: ...1.1 ...UM {3, 51}
34: R | ...MP. {4, 5%}

order #38

111... ...,
11.1.. .MP..
11..1. .MP.
11...1 ..MP
11.... ..., M
1.11.. .MPP..
1.1.1. ..MP.
1.1..1 ..MP
1.1... ..., M
1..11. .MPP.
1..1.1 ..MP
1..1.. ..., M
1...11 .MPP
1...1. ..., M
1....1 ...MP
L1111, MPPP .M
.11.1 ..MP.
L1101 ..MP
1.0 L. M
L1.11. .MPP.
.1.1.1 .MP
B M
.1..11 .MPP
001 L. M
1.1 ..MP
L1111, MPPPM
G111 . .MP
B I M
..1.11 .MPP
B e M
R I . .MP
LG 111 .MPP.
B e M
...1.1 ...MP

R I | ..MP.
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Figure 8.5-A: The k-subsets (where 2 < k < 3) of a 6-element set. Lexicographic

and reversed lexicographic order for delta sets (right).

order for sets (left)

ct_ = 0;
rct_ = 0;
kmin_ = kmin;
kmax_ = kmax;
if ( kmin_ > kmax_ ) swap2(kmin_, kmax_);
if ( kmax_ > n_ ) kmax_ = n_;
if ( kmin_ > n_ ) kmin_ = n_;
visit_ = visit;
rq_ =rq % 4;
PY- (rg>>2) % 4;
& = ng

next_rec(0);

}

private:
void next_rec(long d);

};

The recursive routine itself is given in [FXT: |comb/ksubset-rec.cc]:

void
ksubset_rec: :next_rec(long d)

{
if ( d>kmax_ ) return;

++rct_; // measure computational work
long rvl = rv_[d-1]; // left neighbor
bool q;

switch ( rq_ % 4 )
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Figure 8.5-B: Three minimal-change orders of the k-subsets (where 2 < k < 3) of a 6-element set.
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Figure 8.5-C: With k,,;, = 0 and order number seven at each transition either one element is added or

removed, or one element moves to an adjacent position.
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{

case 0: g = 1; break;

case 1: q = !(d&1); break;
case 2: q = rvi&l; break;
case 3: q = (d"rv1)&l; break;
}

if (nq_ ) q = !q;

long x0 = rvl + 1;

long rx = n_ - (kmin_ - d);
long x1 = min2( n_-1, rx );

#define PCOND(x) if ( (pq_==x) && (d>=kmin_) ) { visit_(xthis, d);

PCOND(0) ;
if ( q ) // forward:

PCOND(1) ;

for (long x=x0; x<=x1; ++x)

PCOND(2) ;
else // backward:
PCOND(2) ;

for (long x=x1; x>=x0; --Xx)

PCOND(1) ;

}
PCOND(3) ;
?undef PCOND

{ rv_I[d] next_rec(d+1); }

1]
el

{ rv_[d]

x; next_rec(d+1); }

About 50 million subsets per second can be generated.

8.5.2 TIterative algorithm for a minimal-change order

++ct_; }

203

delta set diff set

1: B {4,517}

2: 1. .PM {3,471}

3: L 111 ....P {3, 4,517

4: .11 .M. {3,5%}

5: A1, .P..M {2,317

6: L1101 ..P {2, 3,517

7: L1111 .P. {2,3,4,51}
8: 111, ..M {2, 3, 4%

9: 1.1, ML {2,47%

10: .1.11 ...P {2, 4,517
11: 1.1 .M. {2,5%}

12: 11.. P...M {1,217}

13: 11..1 ..P {1, 2, 5%
14: 11.11 .P. {1, 2, 4,5}
15: 11.1. ..M {1, 2, 4%
16: 1111. P.. {1, 2,3,41}
17: 111.1 .MP {1, 2,3,5%
18: 111.. ..M {1, 2, 3%}
19: 1.1.. M. {1, 31}
20: 1.1.1 ...P {1, 3, 51%
21: 1.111 .P. {1, 3, 4,57
22: 1.11 ..M {1, 3, 4%
23: 1..1. ML {1, 41}
24: 1..11 ...P {1, 4, 5%
25: 1...1 ..M. {1,517

Figure 8.5-D: The (25) k-subsets where 2 < k < 4 of a five-element set in a minimal-change order.

The class [FXT: class ksubset_gray in comb/ksubset-gray.h| allows the generation of k-subsets of a set

where k lies in a prescribed range:

class ksubset_gray

{
public:
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ulong n_; // k-subsets of {1, 2, ..., n}
ulong kmin_, kmax_; // kmin <= k <= kmax
ulong k_; // k elements in current set
ulong *S_; // set in S[1,2,...,k] with elements \in {1,2,...,n}
ulong j_; // aux
public:

ksubset_gray(ulong n, ulong kmin, ulong kmax)

}

n_=(@0?n : 1);

// Must have 1<=kmin<=kmax<=n

kmin_ = kmin;

kmax_ = kmax;

if ( kmax_ < kmin_ ) swap2(kmin_, kmax_);
if ( kmin_==0 ) kmin_ = 1;

S_ = new ulong[kmax_+1];
S_[0] = 0; // sentinel: !=1
first();

“ksubset_gray() { delete [] S_; }
const ulong *data() const { return S_+1; }
const ulong num() const { return k_; }

ulong last()

}

S_[1] = 1; k_ = kmin_;
if ( kmin_==1 ) { j_ =1; }

else
for (ulong i=2; i<=kmin_; ++i) { S_[i] = n_ - kmin_ + i; }
j- =2

return k_;

ulong first()

}

bool is_first()

k_ = kmin_;

for (ulong i=1; i<=kmin_; ++i) { S_[i] = n_ - kmin_ + i; }

- =1

bool is_last() const

if (S_[1] '=1 ) return 0;
if ( kmin_<=1 ) return (k_==1);
return (S_[2]==n_-kmin_+2);

}
[--snip--]

const { return ( S_[1] == n_ - kmin_ + 1 ); }

Chapter 8: Subsets

The routines for computing the next or previous subset are adapted from a routine to compute the

successor given in [I41]. It is split in two auxiliary functions:

private:

void prev_even()

{

ulong &n=n_, &kmin=kmin_, &kmax=kmax_, &j=j_;
if ( S_[j-1] == S_[jl-1 ) // can touch sentinel
{

S_[j-11 = s_[jl;
if ( j > kmin )
{

if ( S_[kmin] ==n ) { j = j-2; } else

}
else
{
S_[j] = n - kmin + j;
) if ¢ S_[j-11==S_[j1-1) { j = j-2;}
}
else

S_[31 = s_[3j]1 - 1;

{j=3j-1;1%
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if ( j < kmax )

S_[31 + 1;
kmin-1 ) { j = j+1; } else { j = j+2; }

void prev_odd()

{
ulong &n=n_, &kmin=kmin_, &kmax=kmax_, &j=j_;
if ( S_[jl ==n) {j=j-1; 1}
else

if ( j < kmax )
{

S_[j+1] = n;
(S EE

¥

else
S_[3]1 = S_[j1+1;
if ( S_[kmin]==n ) { j = j-1; }

}

}
[--snip--]

The next () and prev() functions use these routines, note that calls cannot not be mixed.
ulong prev()
{

if ( is_first() ) { last(); return 0; }
if ( j_&1 ) prev_odd(Q;

else prev_even();
if ( j_<kmin_ ) { k_ = kmin_; } else { k_ = j_; };
return k_;

}

ulong next()

if ( is_last() ) { first(); return 0; }
if ( j_&1 ) prev_even();

else prev_odd();
if ( j<kmin_ ) { k_ = kmin_; } else { k_ = j_; };
return k_;
}
[--snip--]

Usage of the class is shown in the program [FXT: comb/ksubset-gray-demo.cc|, the k-subsets where
2 < k < 4 in the order generated by the algorithm are shown in figure About 80 million subsets
per second can be generated with the routine next (), and 85 million with prev().

8.5.3 A two-close order with homogenous moves

Orderings of the k-subsets with k in a given range that are two-close are shown in figure [8.5-E} one
element is inserted or deleted or moves by at most two positions. The moves by two positions always
cross a zero, the changes are homogenous. The list was produced with the program [FXT: comb /ksubset-
twoclose-demo.cc] which uses [FXT: class ksubset_twoclose in comb/ksubset-twoclose.h]:

class ksubset_twoclose

// k-subsets (kmin<=k<=kmax) in a two-close order.
// Recursive algorithm.

i .

public:
ulong *rv_; // record of visits in graph (delta set)
ulong n_; // subsets of the n-element set

// function to call with each combination:
void (*visit_) (const ksubset_twoclose &);
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delta set diff set delta set diff set

1: 111 L. {1, 2, 3, 4% 1: Lol o {4, 5}
2: G111 M... {2, 3,41} 2: ...1.1 .PM. {3, 51}
3: 1.111 P.... {0, 2, 3, 4% 3: 1...1 .P.M.. {1, 5%
4: 11.11 .PM.. {0,1, 3, 4% 4. ..., 1 Mo, {51%

5: 1.11 M... {1, 3, 4} 5: 1....1 P..... {0, 5%}
6: 11 M... {3, 4%} 6: .1..1 M.P... {2, 5%}
7: 1..11 P.... {0, 3, 4%} 7: G110, ...P.M {2, 3%
8: 11..1 .P.M. {0,1, 4% 8: 1.1, .PM. .. {1, 3}
9: 1.1 M... {1, 4} 9: 1., .M. {31}
10: 1...1 PM. .. {0, 41} 10: 1..1.. P..... {0, 3}
11: 1.1 M.P.. {2, 4%} 11: 11.... .P.M {0, 1%
12: 1.1.1 P.... {0, 2, 4% 12: 1. M..... {17}
13: L1101 MP. {1, 2, 4} 13: 1..... PM {01}
14: 111.1 P.... {0,1,2, 4% 14: ... M.P {27}
15: 1111. ...PM {0,1,2, 3% 15: 1.1... P..... {0, 2%
16: .111 M.... {1, 2, 3} 16: 11... MP... {1, 2}
17: .11 .M.. {2, 3} 17: 1..1. ..M.P {1, 4}
18: 1.11 P.... {0, 2, 3} 18: . M., {47}
19: 11.1 .PM.. {0, 1, 3} 19: 1...1. P..... {0, 41}
20: 1.1 M.... {1, 3} 20: 1.1. M.P.. {2, 41}
21: 1..1 PM. . {0, 3} 21: .11, ..MP. {3, 4%}
22: 11... P.M {0, 11}
23 1.1.. MP {0, 2}
24 11, MP... {1, 2}
25: 111.. P.... {0,1, 2}

Figure 8.5-E: The k-subsets where 2 < k < 4 of 5 elements (left) and the sets where 1 < k < 2 of 6
elements (right) in two-close orders.

[--snip--]
void generate(void (*visit) (const ksubset_twoclose &),
ulong kmin, ulong kmax)
{

visit_ = visit;
ulong kmax0 = n_ - kmin;
next_rec(n_, kmax, kmaxO, 0);

The recursion is:

private:
void next_rec(ulong d, ulong nl, ulong n0, bool q)
// d: remaining depth in recursion
// nl: remaining ones to fill in
// n0: remaining zeros to fill in
// q: direction in recursion

{
if ( 0==d ) { visit_(*this); return; }
__d;
if (q)
{
if (n0 ) { rv_[d]=0; next_rec(d, n1-0, n0-1, d&1); }
if (n1 ) { rv_[dl=1; mnext_rec(d, ni-1, n0-0, q); }
}
else
if (n1 ) { rv_[dl=1; mnext_rec(d, ni-1, n0-0, q); }
if ( n0 ) { rv_[d]=0; next_rec(d, nl1-0, n0-1, d&1); }
}
}

}s

About 50 million subsets per second can be generated. For ky,in = kmaz =: kK we obtain the enup order
for combinations described in section [6.5.2] on page
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Chapter 9

Mixed radix numbers

The mized radiz representation A = [ag,a1,as,...,a,—1] of a number z with respect to a radix vector
M = [mg,m1,ma,...,my_1] is given by the unique expression
n—1 k—1
vo= > a [[my (9.0-1)
k=0  j=0

where 0 < a; <m; (and 0 < z < H;l;ol m;j, so that n digits suffice). For M = [r,r,r,...,r] the relation
reduces to the radix-r representation:

n—1
€T = Z ak ’["k (9.0'2)
k=0

All 3-digit radix-4 numbers are shown in various orders in figure Note that the least significant
digit (ap) is at the left side of each number (array representation).

9.1 Counting order

An implementation for mixed radix counting is [FXT: class mixedradix_lex in|comb/mixedradix-lex.h]:
class mixedradix_lex

public:
ulong *a_; // digits
ulong *ml_; // radix (minus one) for each digit

ulong n_; // Number of digits
ulong j_; // position of last change
public:
mixedradix_lex(const ulong *m, ulong n, ulong mm=0)
g n_ = n;
a_ = new ulong[n_+1];
ml_ = new ulong[n_+1];
a_[n_] = 1; // sentinel: '=0, and !=mi[n]

mi_[n_] = 0; // sentinel
mixedradix_init(n_, mm, m, mi_);
first();
}
[--snip--]

The initialization routine is given in [FXT: comb/mixedradix-init.cc]:

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/src/comb/mixedradix-lex.h
file:@FXTDIR@/src/comb/mixedradix-init.cc

Chapter 9: Mixed radix numbers

208

gslex

modular Gray

................ THAATA A A A A A A A A A A A A AT O OO NOMOMMMMMAANANAANANANANANANANANANANANANN
e e el T TN ANANANANANANANMMOMM At o 0 o o o o o HEA AT MOANNANANANANANNMMMMOOM A .

tHOMOANANMA - cHMOANMA - cHOANANMAH - HNOANANMA - cHNOANMA - HNANM A - HNANM A - HOANNM A -
................ AAAAAAAAAAAAAAA AN OO MNMNONMNMMMMMMHANANANANNANNANNNNANANANN

e e e A T AATHOOMMOANANANN - s s A AHA AT NOMMOANNANN - e s AT AT AT OMOANNANN - s s AT AT AT NN ANNANN

............... AHA A A A A A A A A A A A A A A ANAANAANANANANANANANAANANAANANANNNDDNDOMOMOMOMMMMNMMOONOHMOM -
s e HHAHAHANANANNOMMNM - s T HHAAAANANNNMMNOM - s s A A HJAAHANANANNMOMONM - s s A HHAHANANANANMONM .
—AANMEAANM AN AN A NMNAEHANM cHANM cHANM - AN HEHANM HAM cHANM - HANMMHEHANM cHANM cHANM

................ A A A A A A A A A A A A A A A ANANANANANANANAAAANANAANANANANANOOOOMOMNMMNMNMOMMOMOMMNM
e st 1 HAHAHAAANANNMNMOMOMMMOMNM + - r e HHHAHAANNANANANANNMMMMOM + ¢ f AT A A A A A A A ANNNNNMNNMM -
cHANMNM - HANANM cHAANM - HANMM cHANNM cHHANM - HANNM AN cHHANM - H AN HANANM cHAHNM -

................ A A A A A A A A A A A A A A AN ANANANANANANAANAAANANANANANANANODNDOOMOMNMMNMOMOMMOOMOMNM
s e el HAHAANANANOMNNMOMMOMOMANNNNAAAA = o o 0 o o o . THE A A ANANANNOONONOMOMMOMOANNANNA .
I ANMMNMANH ¢ cA=HANMMOANA - A1 ANMNANH ¢ =1 ANMMNMANA - A1 ANMOMOANA ¢ A1 ANMMNMANA » =1 ANMMOANA + A1 ANMONAN A .

................ AA A A A A A A A A A A A A A AN ANANANANANANANAAANANAANANANANNDNDOOMOMOMMMMOMOMOMOMMNM
e s e HHHANANANANMMMOMOM - s s e A HHAHANANANNMONOMM - - st HHHHAANANNMOOMM - s s e HHAHAAHANAANANNO MMM

counting-, Gray-,

modular Gray-, gslex-, endo-, and endo Gray order. The least significant digit is on the left of each word

Figure 9.0-A: All 3-digit, radix-4 numbers in various orders (dots denote zeros):
(array notation).
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M=[ 2 3 4 ] M=[ 4 3 2 ]
0: L. . . ] L. . . ]
1: [1 . . ] (1. . ]
2: [ . 1. ] [2 . . ]
3: [ 11 . ] [3 . . ]
4: [ . 2. ] [ . 1. ]
5: [ 12 . ] [11 . ]
6: [ . . 1] [21 . ]
7: [1 . 1] [31 . ]
8: [ . 11] [ . 2. ]
9: [11 1] [ 12 . ]
10: [ . 21] [22 . ]
11: [ 121] [ 32 . ]
12: [ . . 2] [ . . 1]
13: [ 1. 2] [1 . 1]
14: [ .1 2] [2 . 1]
15: [ 11 2] [3 . 1]
16: [ . 22] [ . 11]
17: [ 12 2] [11 1]
18: [ . . 3] [21 1]
19: [1 . 3] [31 1]
20: [ . 13] [ . 21]
21: [ 11 3] [121]
22: [ . 23] [221]
23: [ 1 23] [321]

Figure 9.1-A: Mixed radix numbers in counting order, dots denote zeros. The radix vectors are M =
[2,3,4] (rising factorial basis, left) and M = [4,3,2] (falling factorial basis, right). The least significant
digit is on the left of each word (array notation).

void
mixedradix_init(ulong n, ulong mm, const ulong *m, ulong *ml)
// Auxiliary function used to initialze vector of nines in mixed radix classes.

if (m ) // all radices given
for (ulong k=0; k<n; ++k) mi[k] = m[k] - 1;
else
{
if ( mm>1 ) // use mm as radix for all digits:
for (ulong k=0; k<n; ++k) mi[k] = mm - 1;
else

if ( mm==0 ) // falling factorial basis

for (ulong k=0; k<n; ++k) mi[k] = n - k;
else // rising factorial basis

for (ulong k=0; k<n; ++k) mi[k] =k + 1;

}
}
}
Instead of the vector M = [mg, mi,ma,...,m,_1] the class uses the vector of ‘nines’, that is M’ =
[mo—1,m;—1,ma—1,...,my,_1 —1] (variable m1_). This modification leads to slightly faster generation.

The first n-digit number is all-zero, the last is all-nines:

void first()

for (ulong k=0; k<n_; ++k) a_[k] = 0;
j-=n_;

}

void last()
for (ulong k=0; k<n_; ++k) a_[k] = ml_[k];
j-=n_;

}

[--snip--]

A number is incremented by setting all nines (digits a; that are equal to m; — 1) at the lower end to zero
and incrementing the next digit:
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bool next() // increment

ulong j = O;

while ( a_[jl==m1_[j]1 ) { a_[jl=0; ++j; } // can touch sentinels
j- =3

if ( j==n_ ) return false; // current is last

++a_[j];

return true;
}
[--snip--]

A number is decremented by setting all zero digits at the lower end to nine and decrementing the next
digit:

bool prev() // decrement

ulong j = 0;

while ( a_[jl==0 ) { a_[jl=mi_[jl; ++j; } // can touch sentinels
j- =3

if ( j==n_ ) return false; // current is first

--a_[j1;

return true;
[--snip--]

Figure shows the 3-digit mixed radix numbers for basis vector M = [2, 3,4] (left) and M = [4, 3, 2]
(right). The listings where created with the program [FXT: |comb/mixedradix-lex-demo.cc]|.

The routine next () generates between about 140 million (radix-2 numbers, M = [2,2,2,...,2]), 210 mil-
lion (radix-3), and about 300 million (radix-8) numbers per second. Note that radix-2 leads to the
slowest generation as the average carries are long compared to higher radices. The number of carries with
incrementing is on average:

c - ni()(l—l—nil(l—l—ﬂ;(...))) :i# (9.1-1)

k
k=0 Hj:o m;j

The number of digits changed on average equals C + 1. For M = [r,r,r,...,r] (and n = 0c0) we obtain

C = ril' For the worst case (r = 2) we have C' = 1, so two digits are changed on average.

9.2 Gray code order

Figure shows the 3-digit mixed radix numbers for radix vectors M = [2,3,4] (left) and M = [4,3, 2]
(right) in Gray code order. An constant amortized time (CAT) implementation for mixed radix numbers
in a Gray code order is [FXT: class mixedradix_gray in comb/mixedradix-gray.h|:

class mixedradix_gray

{
public:
ulong *a_; // mixed radix digits
ulong *ml_; // radices (minus one)
ulong *i_; // direction
ulong n_; // n_ digits
ulong j_; // position of last change
int dm_; // direction of last move
public:
mixedradix_gray(const ulong *m, ulong n, ulong mm=0)
e n_ = n;
a_ = new ulong[n_+1];
a_[n] = -1UL; // sentinel
i_ = new ulong[n_+1];
i_[n_] = 0; // sentinel
mi_ = new ulong[n_+1];

mixedradix_init(n_, mm, m, mi_);
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M=[ 2 3 4] X j 4 M=[ 4 3 2] X j d
0: 0 0

1: [ 1. . ] 1 0 1 [ 1. . ] 1 0 1

2: [ 11 . ] 3 11 [2 . . ] 2 0 1

3: [ . 1 . ] 2 0 -1 [ 3. . ] 3 0 1

4: [ . 2 . ] 4 11 [ 31 . ] 7 11

5: [ 12 . ] 5 0 1 [ 21 . ] 6 0 -1

6: [ 12 1] 11 2 1 [ 11 . ] 5 0 -1

7: [ . 2 1] 10 0 -1 [ . 1. ] 4 0 -1

8: [ . 1 1] 8 1 -1 [ . 2. ] 8 11

9: [ 111 ] 9 0 1 [ 12 . ] 9 0 1

10: [ 1 . 1] 7 1 -1 [ 22 . ] 10 0 1
11: [ . . 1] 6 0 -1 [ 32 . ] 11 0 1
12: [ . . 2] 12 2 1 [ 321 ] 23 2 1
13: [ 1. 2] 13 0 1 [ 22 1] 22 0 -1
14: [ 112 ] 15 11 [ 12 1] 21 0 -1
15: [ . 1 2] 14 0 -1 [ . 21 ] 20 0 -1
16: [ . 2 2] 16 11 [ . 11] 16 1 -1
17: [ 12 2] 17 0 1 [ 111 ] 17 0 1
18: [ 12 3] 23 2 1 [ 21 1] 18 0 1
19: [ . 2 3] 22 0 -1 [ 311 ] 19 0 1
20: [ . 13 ] 20 1-1 [ 3 . 1] 15 1 -1
21: [ 11 3] 21 0 1 [ 2 . 1] 14 0 -1
22: [ 1 . 3] 19 1 -1 [1 . 1] 13 0 -1
23: [ . . 3] 18 0 -1 [ . . 1] 12 0 -1

Figure 9.2-A: Mixed radix numbers in Gray code order, dots denote zeros. The radix vectors are
M = 1[2,3,4] (left) and M = [4,3,2] (right). Columns ‘x’ give the values, columns ‘j’ and ‘d’ give the
position of last change and its direction, respectively.

first();
[--snip--]

The array i_[] contains the ‘directions’ for each digits: it contains +1 or -1 if the computation of the
successor will increase or decrease the corresponding digit. It has to be filled when the first or last number
is computed:

Xoid first()

for (ulong k=0; k<n_; ++k) a_[k] = 0;
for (ulong k=0; k<n_; ++k) i_[k] = +1;
j- =n_;
dm_ = 0;
}
¥oid last()
// find position of last even radix:
ulong z = 0;
for (ulong i=0; i<n_; ++i) if ( mi_[i]&l ) =z = i;
while ( z<n_ ) // last even .. end:
a_[z] = mi_[z];
i_[z] = +1;
++z;
}
j- =0;
dm_ = -1;
}
[--snip--]

A sentinel element (i_[n]=0) is used to optimize the computations of the successor and predecessor:

bool next()
{

ulong j = 0;

ulong ij;

while ( (ij=i_[jl) ) // can touch sentinel i[n]==
{

ulong dj = a_[j] + ij;
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if (dj>m1_[3]1 ) // ="=if ( (dj>m1_[j]) || ((long)dj<0) )
i_[j1 = -ij; // flip direction
else // can update

a_[jl = dj; // update digit

dm_ = ij; // save for dir()
- = 3; // save for pos()
return true;

}

++j;

return false;
}
[--snip--]
Note the if-clause, it is an optimized expression equivalent to the one given as comment. The following
methods are often useful:

ulong pos() const { return j_; } // position of last change
int dir() const { return dm_; } // direction of last change

The routine for the computation of the predecessor is obtained by changing the statement
ulong dj = a_[j] + ij; to ulong dj = a_[j]l - ij;. About 120 million numbers per second for
radix 2, and 245 million for radix 8 are generated [FXT: comb/mixedradix-gray-demo.cc].

A loopless algorithm for the computation of the successor taken from [I57] is given in [FXT:
comb/mixedradix-gray2.h|. It generates about 185 million numbers per second for radix 2, and 225 mil-
lion for radix 8 [FXT: comb/mixedradix-gray2-demo.cc]. The crucial trick to make the algorithm loopless
is the use of ‘focus pointers’:

class mixedradix_gray2
{
public:

ulong *a_; // digits
ulong *ml_; // radix minus one (’nines’)

ulong *f_; // focus pointer

ulong *d_; // direction

ulong n_; // number of digits

ulong j_; // position of last change

int dm_; // direction of last move
[--snip--]

¥oid first()

for (ulong k=0; k<n_; ++k) a_[k] = 0;
for (ulong k=0; k<n_; ++k) d_[k] = 1;
for (ulong k=0; k<=n_; ++k) f_[k] = k;
dm_ = 0;
j-=1n_;

}
bool next()
{

const ulong j = £_[0];
f_[0] = 0;

if ( j>=n_ ) { first(); return false; }

L)

const ulong dj = d_[j];

const ulong aj a_[jl + dj;

a_[jl = aj;

dm_ = (int)dj; // save for dir()

j- =3 // save for pos()

if ( aj+dj > m1_[j] ) // was last move?

{
d_[jl = -dj; // change direction
f_[j] = £_[j+1]; // lookup next position

f_[j+1] = j + 1;

return true;
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Modular Gray code order

M=[ 2 3 4] J M=[ 43 2] J
0: [ . . . ] 0: [ . . . ]
1: [ 1 . . ] 0 1: [ 1 . . ] 0
2: [ 11 . ] 1 2: [ 2 . . ] 0
3: [ .1 . ] 0 3: [ 3 . . ] 0
4. [ 2 . ] 1 4: [ 31 . ] 1
5: [ 12 . ] 0 5: [ .1 . ] 0
6: [ 121 ] 2 6: [ 11 . ] 0
T: [ . 21] 0 T: [ 21 . ] 0
8: [ . . 1] 1 8: [ 22 . ] 1
9: L1 . 1] 0 9: L 32 . ] 0
10: [ 11 1] 1 10: [ . 2. ] 0
11: [ .1 1] 0 11: [ 12 . ] 0
12: [ 12 ] 2 12: [ 121 ] 2
13: [ 11 2] 0 13: [ 221 ] 0
14: [ 12 2] 1 14: [ 321 ] 0
15: [ . 2 2] 0 15: [ . 2 1] 0
16: [ . . 2] 1 16: [ . . 1] 1
17: [ 1. 2] 0 17: [ 1 . 1] 0
18: [ 1. 3] 2 18: [ 2 . 1] 0
19: [ . . 3] 0 19: [ 3 . 1] 0
20: [ . 1 3] 1 20: [ 31 1] 1
21: [ 11 3] 0 21: [ . 11] 0
22: [ 1 23] 1 22: [ 11 1] 0
23: [ 2 3] 0 23: [ 21 1 ] 0

Figure 9.2-B: Mixed radix numbers in Gray code order, dots denote zeros. The radix vectors are
M =12,3,4] (left) and M = [4,3,2] (right). The columns ‘j’ give the position of last change.

Figure shows the 3-digit mixed radix numbers for radix vectors M = [2,3,4] (left) and M =
[4,3,2] (right) in modular Gray code order. The transitions are either k — k + 1 or, if k is maximal,
k — 0. The listing was created with the program [FXT: comb/mixedradix-modular-gray-demo.cc]. The
loopless implementation [FXT: class mixedradix modular_gray in comb/mixedradix-modular-gray.h]
taken from [I57] generates between about 135 million (radix 2) and 230 million (radix 16) numbers per
second.

9.3 gslex order

The algorithm for the generation of subsets in lexicographic order given in section on page[I192) can be
generalized for mixed radix numbers. Figure[9.3-A]shows the 3-digit mixed radix numbers for basis vector
M =[2,3,4] (left) and M = [4,3,2] (right). Note that zero is the last word in this order. For lack of a
better name we call the order gslez (for generalized subset-lex) order. A routine for generating successive
words in gslex order is implemented in [FXT: class mixedradix_gslex in comb/mixedradix-gslex.h]:

class mixedradix_gslex

{
public:
ulong n_; // n-digit numbers
ulong *a_; // digits
ulong *ml_; // mi[k] == radix-1 at position k
public:
mixedradix_gslex(ulong n, ulong mm, const ulong *m=0)
e n_ = n;
a_ = new ulong[n_ + 1];
a_[n_] =1; // sentinel
ml_ = new ulong[n_];
mixedradix_init(n_, mm, m, mi_);
first();
}
[--snip--]

void first()
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Figure 9.3-A: Mixed radix numbers in gslex (generalized subset lex) order, dots denote zeros. The
radix vectors are M = [2,3,4] (left) and M = [4,3,2] (right). Successive words differ in at most three

positions. Columns ‘x’ give the values.

for (ulong k=0; k<n_; ++k)

a_[0] = 1;

void last()

for (ulong k=0; k<n_; ++k)

}

a_[kx] = 0;

a_[kx] = 0;

The method next () computes the successor:

bool next()
{

ulong e = 0

while ( O==a_[e] ) ++e;

if ( e==n_ )

// can touch sentinel

{ first(); return false; } // current is last

ulong ae = a_l[el;

if (ae !'=mi_[e] )

a_[0] = 1;
a_[e] = ae + 1;
else
a_[e]l = 0;
if ( a_[e+1]==0 )
a_[0] = 1;
++a_[e+1];

return true;

}

// easy case: simple increment

// can touch sentinel

The predecessor is computed by the method prev():

bool prev()
{

ulong e = 0;

while ( O==a_[e] ) ++e; // can touch sentinel

if ( Ol=e )

// easy case: prepend nine
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.
a_[e] = mi_[el;
else

ulong a0 = a_[0];

--a0;

a_[0] = a0;
if ( 0==a0 )
{

do { ++e; } while ( O==a_[e] ); // can touch sentinel

if ( e==n_ ) { last(); return false; } // current is first
ulong ae = a_[e];

——ae;

a_[e] = ae;

if ( O==ae )

{

—e;
a_[e]l = mi1_[e];

}

return true;

}

The algorithm is constant amortized time (CAT) and fast in practice. The worst performance occurs
when all digits are radix 2, then about 123 million objects can be created per second. With radix 4 about
198 million, with radix 16 about 273 million objects per second are computed [FXT: comb/mixedradix-
gslex-demo.cc].

Alternative gslex order

M=[ 2 3 4 ] X M=[ 4 3 2 ] X

0: L. . . 0 0: L . . . 0

1: [ 1. . ] 1 1: [ 1. . ] 1

2: [ 11 . ] 3 2: [ 11 . ] 5

3: [ 11 1] 9 3: [ 11 1] 17

4: [ 11 2] 15 4: [ 12 . ] 9

5: [ 11 3] 21 5: [ 121 ] 21

6: [ 12 . ] 5 6: [ 1 . 1] 13

7: [ 12 1] 11 7: [ 2 . . ] 2

8: [ 12 2] 17 8: [ 21 . ] 6

9: [ 12 3] 23 9: [ 21 1] 18

10: [ 1 . 1] 7 10: [ 22 . ] 10
11: [ 1. 2] 13 11: [ 221 ] 22
12: [ 1. 3] 19 12: [ 2 . 1] 14
13: [ . 1. ] 2 13: [ 3 . . ] 3
14: [ .1 1] 8 14: [ 31 . ] 7
15: [ . 1 2] 14 15: [ 31 1] 19
16: [ . 1 3] 20 16: [ 32 . ] 11
17: [ . 2. ] 4 17: [ 321 ] 23
18: [ . 21 ] 10 18: [ 3 . 1] 15
19: [ . 2 2] 16 19: [ .1 . ] 4
20: [ . 23] 22 20: [ . 11] 16
21: [ . . 1] 6 21: [ . 2. ] 8
22: [ 2 ] 12 22: [ . 21 ] 20
23: [ 3 ] 18 23: [ . . 1] 12

Figure 9.3-B: Mixed radix numbers in alternative gslex (generalized subset lex) order, dots denote zeros.
The radix vectors are M = [2,3,4] (left) and M = [4,3,2] (right). Successive words differ in at most
three positions. Columns ‘x’ give the values.

A variant of the gslex order is shown in figure The ordering can be obtained from the gslex order by
reversing the list, reversing the words, and replacing all nonzero digits d; by r; — d; where r; is the radix
at position ¢. The implementation is given in [FXT: class mixedradix_gslex_alt in comb/mixedradix-
gslex-alt.h], the rate of generation is about the same as with gslex order [FXT: comb/mixedradix-gslex-
alt-demo.cc].
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9.4 endo order

M=[ 5 6 ] X i i X
0: 0 15: [ . 5] 25
1: [ 1. ] 1 16: (157 26
2: [ 3. ] 3 17: [35] 28
3: [ 4 . ] 4 18" (457 29
4 [ 2 . ] 2 19: (251 27
5: [ 1] 5 20: [ .47 20
6: [ 11 ] 6 21: (147 21
7 [ 31 ] 8 22 [34] 23
8: [ 41 ] 9 23: [44] 24
9: [ 21 ] 7 24: [24] 22
10: [ .31 15 25: [ .21 10
11: (137 16 26 (127 11
12: [33] 18 27 [32] 13
13: [43] 19 28: [42] 14
14: [ 2 3] 17 29: [ 2 2 ] 12

Figure 9.4-A: Mixed radix numbers in endo order, dots denote zeros. The radix vector is M = [5, 6].
Columns ‘x’ give the values.

The computation of the successor in mixed radix endo order (see section on page [175)) is very
similar to the counting order described section on page ﬁ The implementation [FXT: class
mixedradix_endo in|comb/mixedradix-endo.h] uses an additional array le_[] of the last nonzero elements
in endo order. Its entries are 2 for m > 1, else 1:

class mixedradix_endo

public:
ulong *a_; // digits, sentinel a[n]
ulong *ml_; // radix (minus one) for each digit
ulong *le_; // last positive digit in endo order, sentinel le[n]

ulong n_; // Number of digits
ulong j_; // position of last change
mixedradix_endo(const ulong *m, ulong n, ulong mm=0)
e n_ = n;
a_ = new ulong[n_+1];
a_[n_] = 1; // sentinel: !=0
mi_ = new ulong[n_];
mixedradix_init(n_, mm, m, ml_);
le_ = new ulong[n_+1];
le_[n_] = 0; // sentinel: != a[n]
for (ulong k=0; k<n_; ++k) 1le_[k] = 2 - (m1_[k]l==1);
first();
[--snip--]

The first number is all zero, the last can be read form the array le_[]:

void first()
{

for (ulong k=0; k<n_; ++k) a_[k] = 0;
j-=n_;
}
¥oid last ()
for (ulong k=0; k<n_; ++k) a_[k] = le_[k];
j- =1
[--snip--]

In the computation of the successor the function next_endo () is used instead of a simple increment:
bool next()

bool ret = false;
ulong j = O;
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while ( a_[jl==le_[j]1 ) { a_[jl=0; ++j; } // can touch sentinel
if ( j<n_ ) // only if no overflow

a_[j] = next_endo(a_[jl, mi_[jl); // increment
ret = true;

}
J- =3
return ret;
}
bool prev()
{
bool ret = false;
ulong j = 0;
while ( a_[jl==0 ) { a_[jl=le_[jl; ++j; } // can touch sentinel
if ( j<n_ ) // only if no overflow
a_[j]l = prev_endo(a_[jl, m1_[jl); // decrement
ret = true;
}
- =3
return ret;
}
[--snip--]

217

The function next () generates between about 115 million (radix 2) and 180 million (radix 16) numbers
per second. The listing in figure was created with the program [FXT: comb/mixedradix-endo-
demo.cc].

9.5

Gray code for endo order

OCONOUIPWNFO

M=[ 5 6 ] x i d x
[ .. ] 0 15: [ 2 5 ] 27
[ 1 . ] 1 0o 1 16: [ 45 ] 29
[ 3. ] 3 0o 1 17: [ 35 ] 28
[ 4 . ] 4 0 1 18: [ 15 ] 26
[ 2 . ] 2 0o 1 19: [ . 5] 25
[ 21 ] 7 11 20: [ . 4] 20
[ 4 1 ] 9 0 -1 21: [ 14 ] 21
[ 31 ] 8 0 -1 22: 34 ) 23
[ 11 ] 6 0 -1 23: [ 4 4 ] 24
[ . 1] 5 0 -1 24: [ 2 4 ] 22
[ . 3] 15 1 1 25: [ 2 2 ] 12
[ 1 3] 16 0o 1 26: [ 4 2 ] 14
[ 3 3] 18 0o 1 27: [ 32 ] 13
[ 4 3 ] 19 0o 1 28: [ 12 ] 11
[ 2 3] 17 0o 1 29: . 2] 10

[eJeoJolol Heolololol JolooXeok v

d
1
-1
-1
-1
-1
1
1
1
1
1
1
-1
-1
-1
-1

Figure 9.5-A: Mixed radix numbers in endo Gray code, dots denote zeros. The radix vector is M = [4, 5].
Columns ‘x’ give the values, columns ‘j’ and ‘d’ give the position of last change and its direction,
respectively.

A Gray code for mixed radix numbers in endo order can be obtained by a modification of the CAT algo-
rithm for the Gray code described in section on page In the computation of the last number, the
last digit have to be set to the last endo digit [FXT: class mixedradix_endo_gray in|comb/mixedradix-

endo-gray.hj:
class mixedradix_endo_gray
{
public:
ulong *a_; // mixed radix digits
ulong *ml_; // radices (minus one)
ulong *i_; // direction
ulong *le_; // last positive digit in endo order
ulong n_; // n_ digits
ulong j_; // position of last change
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int dm_; // direction of last move

[--snip--]
¥oid first ()

for (ulong k=0; k<n_; ++k) a_[k] = 0;
for (ulong k=0; k<n_; ++k) i_[k] = +1;
jo=n_;
dm_ = 0;

}

¥oid last ()
for (ulong k=0; k<n_; ++k) a_[k] = 0;
for (ulong k=0; k<n_; ++k) i_[k] = -1UL;

// find position of last even radix:
ulong z = O;
for (ulong i=0; i<n_; ++i)

while ( z<n_ ) // last even .. end:
a_[z] = mi_[z];
i_[z] = +1;
++z;

}

j-=0;

dm_ = -1;

}
[--snip--]

The successor is computed as follows:

bool next()
{

ulong j = O;
ulong ij;
while ( (ij=i_[jl) ) // can touch sentinel i[n]=
{ ulong dj;
bool ovq; // overflow?
if (ij ==1)
{
dj = next_endo(a_[jl, m1_[j1);
ovq = (dj==0);
else
{

ovqg = (a_[j]1==0);
dj = prev_endo(a_[jl, m1_[j1);

if ( ovq )
else

i_[3] = -ij;

a_[jl = dj;
dm_ = ij;

- =3
return true;

}

++3j;
return false;

}
[--snip--]

if (mi_[il&1 ) =z =

i;

Chapter 9: Mixed radix numbers

The routine for computation of the predecessor is obtained by changing the condition if ( ij == 1 ) to
if ( ij !'= 1 ). About 65 million (radix 2) and 110 million (radix 16) numbers per second are generated.
The listing in figure was created with the program [FXT: |comb/mixedradix-endo-gray-demo.cc].
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Chapter 10

Permutations

In this section algorithms for the generation of all permutations are presented. These are typically useful
in situations where an exhaustive search over all permutations is needed. Some algorithms use mixed
radix numbers with factorial base, see section [10.3| on page 222

Algorithms for application, inversion and composition of permutations and the generation of random per-
mutations are given in chapteron page The sign (parity) of a permutation is defined in section|2.11.5

on page [I0§

A important optimization technique is to use arrays instead of pointers. One would change the pointer
declarations to array declarations in the corresponding class as follows:

//ulong *p_; // permutation data (pointer version)
ulong p_[32]; // permutation data (array version)

One also needs to disables the statements to allocate and free memory with the pointers. Here we assume
that nobody would attempt to compute all permutations of 31 or more elements (31! ~ 8.22- 1033, taking
about 1.3 - 10'® years to finish). To use arrays uncomment (in most implementations) a line like

#define PERM_REV2_FIXARRAYS // use arrays instead of pointers (speedup)

near the top of the header file. Whether the use of arrays tends to give a speedup is noted in the comment,
as above.

10.1 Lexicographic order

When generated in lexicographic order the permutations appear as if (read as numbers and) sorted
numerically in ascending order, see figure The first half of the inverse permutations are the
reversed inverse permutations in the second half: the position of zero in the first half of the inverse
permutations lies in the first half of each permutation, so their reversal gives the second half. Write I for
the operator that inverts a permutation, C for the complement, and R for reversal. Then we have

C = IRI (10.1-1)

and thereby the first half of the permutations are the complements of the permutations in the second
half. An implementation of an iterative algorithm is [FXT: class perm_lex in comb/perm-lex.h].

class perm_lex

i .

public:
ulong *p_; // permutation in O, 1, ..., n-1, sentinel at [-1]
ulong n_; // number of elements to permute

public:

perm_lex(ulong n)
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permutation inv. perm. compl. inv. perm. reversed perm.
0: [ .1 23] [ . 123] [321 . ] [321 . ]
1: [ . 13 2] [ .13 2] [32 . 1] [ 231 . ]
2: [ . 21 3] [ . 21 3] [ 312 . ] [ 312 . ]
3: [ . 23 1] [ . 31 2] [3 .2 1] [ 132 . ]
4: [ . 31 2] [ . 23 1] [ 31 . 2] [2 13 . ]
5: [ . 32 1] [ .32 1] [3 . 12] [123 . ]
6: [ 1 .2 3] [1 .2 3] [ 231 . ] [ 32 . 1]
7: [ 1 .3 2] [ 1.3 2] [ 23 . 1] [ 23 . 1]
8: [ 12 . 3] [2 .1 3] [ 132 . ] [3 .2 1]
9: [ 123 . ] [ 3 .1 2] [ . 32 1] [ . 32 1]
10: [ 13 . 2] [2 .3 1] [13 . 2] [2 .3 1]
11: [ 132 . ] [ 3 .2 1] [ . 31 2] [ .23 1]
12: [ 2 .1 3] [ 12 . 3] [213 . ] [31 . 2]
13: [ 2 . 3 1] [ 13 . 2] [2 .3 1] [ 13 . 2]
14: [ 21 . 3] [ 21 . 3] [ 123 . ] [ 3 .1 2]
15: [ 213 . ] [ 31 . 2] [ . 23 1] [ . 31 2]
16: [ 23 . 1] [ 23 . 1] [1 .3 2] [1 .3 2]
17: [ 231 . ] [3 2 . 1] [ . 13 2] [ . 13 2]
18: [ 3 . 1 2] [ 123 . ] [ 21 . 3] [21 . 3]
19: [ 3 . 2 1] [ 132 . ] [2 . 13] [12 . 3]
20: [ 31 . 2] [ 213 . ] [ 12 . 3] [2 .1 3]
21: [ 312 . ] [ 312 . ] [ . 213] [ . 213]
22: [ 32 . 1] [ 231 . ] [1 .2 3] [1 .2 3]
23: [3 21 . ] [3 21 . ] [ .12 3] [ .12 3]

Figure 10.1-A: All permutations of 4 elements in lexicographic order, their inverses, the complements
of the inverses, and the reversed permutations. Dots denote zeros.

{ n_ = n;
p— = new ulongl[n_+1];
p_[0] = 0; // sentinel
++p_;
first();

}

“perm_lex() { --p_; delete [] p_; }
void first() { for (ulong i=0; i<n_; i++) p_[i]l = i; }

const ulong *data() const { return p; }

[--snip--]

The only nontrivial part is the next ()-method that computes the next permutation with each call. The
routine perm_lex: :next () is based on code by Glenn Rhoads

bool next()
{

// find for rightmost pair with p_[i] < p_[i+1]:

const ulong nl = n_ - 1;

ulong i = ni;

do { --i; } while ( p_[il > p_[i+1] );
if ( (long)i<0 ) return false; // last sequence is falling seq.

// find rightmost element p[j] smaller than p[i]:

ulong j = ni;

while ( p_[i]l > p_[j1 ) { --j; }
swap2(p_[il, p_[3j1);
// Here the elements p[i+1], ..., p[n-1] are a falling sequence.

// Reverse order to the right:

ulong r = nil;
ulong s = i + 1;

while ( r > s ) { swap2(p_[r], p_[s]); --r; ++s; }

return true;

}

The routine generates about 113 million permutations per second. Using the class is no black magic

[FXT: lcomb/perm-lex-demo.cc]:

ulong n = 4;
perm_lex P(n);
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do
{
// visit permutation

}
while ( P.next() );

A slightly faster algorithm is obtained by making the changes with the update operation for the co-
lexicographic order (section on the right end of the permutations [FXT: comb/perm-lex2.h|. When
arrays are used instead of pointers the rate is about 133 million per second [FXT: comb/perm-lex2-
demo.cc|. With pointers the rate is about 115 million per second.

10.2 Co-lexicographic order
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Figure 10.2-A: The permutations of 4 elements in co-lexicographic order. Dots denote zeros.

Figure [10.2-Al shows the permutations of 4 elements in co-lexicographic (colex) order. An algorithm for
the generation is implemented in [FXT: class perm_colex in comb/perm-colex.h|:

class perm_colex

{

public:
ulong *d_; // mixed radix digits with radix = [2, 3, 4, ...]
ulong *x_; // permutation
ulong n_; // permutations of n elements

public:

perm_colex(ulong n)
{/ Must have n>=2

n

n;

d_ = new ulong[n_];
d_[n-1] = 0; // sentinel
x_ = new ulong[n_];
first();

3
[--snip--]
¥oid first()

for (ulong k=0; k<n_; ++k) x_[k]

= n_-1-k;
for (ulong k=0; k<n_-1; ++k) d_[k] = 0;

0
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222 Chapter 10: Permutations

The update process uses the falling factorial numbers. Let j be the position where the digit is incremented,
and d the value before the increment. The update

permutation ffact
v-- increment at j=3
[034521] [12311] <--=digit before increment is d=1
[5642031] [...21]

034521] [12311]
024531] [12321] <--=swap positions d=1 and j+1=4
542031] [ . 21] <--=reverse range 0...j

if ( d_[0]==0 ) // easy case
{

a_[0] = 1;
swap2(x_[0], x_[11);
return true;

else

d_[o] = 0;
ulong j = 1;

ulong m1 = 2; // nine in falling factorial base
while ( d_[jl==m1 )

d_[j1 = 0;
++ml;
++j;
}
if ( j==n_-1 ) return false; // current permutation is last
const ulong dj = d_[j];
d_[j] = dj + 1;
swap2( x_[djl, x_[j+1] ); // swap positions dj and j+1

{ // reverse range [0...j]:
ulong a = 0, b= j;
do
{
swap2(x_[al, x_[bl);
++a;
__b;

}
) while ( a<b );

return true;

}

About 194 million permutations per second can be generated [FXT: comb/perm-colex-demo.cc|. With
arrays instead of pointers the rate is 210 million per second.

10.3 Factorial representations of permutations

The factorial number system corresponds to the mixed radix bases M = [2,3,4,...] (rising factorial basis)
or M =1...,4,3,2] (falling factorial basis). A (n —1)-digit factorial number can have n! different values.
We develop different methods to convert factorial numbers to permutations and vice versa.

10.3.1 The Lehmer code

Each permutation of n distinct elements can be converted to a unique (n — 1)-digit factorial number
A =lag,a1,...,a,_2] in the falling factorial base by counting, for each index k, the number of elements
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with indices j > k that are bigger than the current element [FXT: |comb/fact2perm.cc|:

void perm2ffact(const ulong *x, ulong n, ulong *fc)

// Convert permutation in x[0,...,n-1] into
//  the (n-1) digit factorial representation in fc[0,...,n-2].
// One has: fc[0]l<n, fc[1l<n-1, ... , fc[n-2]<2 (falling radices)
for (ulong k=0; k<n-1; ++k)
{
ulong xk = x[k];
ulong i = O;
for (ulong j=k; j<m; ++j) if ( x[jl<xk ) ++i;
fclk] = i
}

}

The routine works as long as all elements of the permutation are distinct. The factorial representation
obtained by this method is called the Lehmer code of the permutation. For example, the permutation
[3,0,1,4,2] has the Lehmer code [3,0,0, 1], because three elements smaller than the first element (3) lie
right to it, no elements smaller than the second element (0) lies right to it, etc.

A routine that computes the permutation for a given Lehmer code is

void ffact2perm(const ulong *fc, ulong n, ulong *x)
// Inverse of perm2ffact():

// Convert the (n-1) digit factorial representation in fc[0,...,n-2].
// into permutation in x[O0,...,n-1]

// Must have: fc[0]l<n, fc[1l<n-1, ... , fc[n-2]<2 (falling radices)

{

for (ulong k=0; k<n; ++k) x[k] = k;
for (ulong k=0; k<n-1; ++k)
{
ulong fa = fclk];
if ( fa ) rotate_rightl(x+k, fa+1);
}
A routine to compute the inverse permutation is

void ffact2invperm(const ulong *fc, ulong n, ulong *x)

// Convert the (n-1) digit factorial representation in fc[0,...,n-2].
// into permutation in x[0,...,n-1] such that

// the permutation is the inverse of the one computed via ffact2perm().
{

for (ulong k=0; k<n; ++k) x[k] = n-1; // "empty"
for (ulong k=0; k<n-1; ++k)

{
ulong fa = fclk];
for (ulong j=0; ; ++j)
if ( x[jl==n-1 ) // if empty
if ( 0==fa ) { x[j] = k; Dbreak; }
--fa;
}
}
}

}
A similar method can compute a representation in the rising factorial base:

void perm2rfact(const ulong *x, ulong n, ulong *fc)

// Convert permutation in x[0,...,n-1] into

//  the (n-1) digit factorial representation in fc[0,...,n-2].
// One has: fc[0]<2, fc[1]<3, ... , fc[n-2]<n (rising radices)
{

for (ulong k=1; k<n; ++k)
{

ulong xk = x[k];

ulong i = 0;
for (ulong j=0; j<k; ++j) if ( x[jl>xk ) ++i;
fclk-1] = i;
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ffact permutation rev.compl.perm rfact
0: [ .1 23] [ .1 23]
1: [ 1 . . ] [ 1 .2 3] [ . 13 2] .o 1]
2: [ 2 . . [ 2 .1 3] [ . 23 1] 2]
3: [ 3 . . ] [ 3 .1 2] [ 123 . ] .. 3]
4: [ . 1 . ] [ . 21 3] [ . 21 3] 1]
5: [ 11 . ] [ 12 . 3] [ . 31 2] .11 ]
6: [ 21 . [ 21 . 3] [ . 32 1] .12 ]
7: [ 31 . ] [ 31 . 2] [ 132 . ] .13 ]
8: [ . 2 . ] [ . 312] [ 12 . 3] 2]
9: [ 1 2 . ] [ 13 . 2] [ 13 . 2] [ . 2 1]
10: [ 2 2 . ] [ 23 . 1] [ 23 . 1] [ . 2 2]
11: [ 32 . ] [ 32 . 1] [ 231 . ] [ . 2 3]
12: [ . . 1] [ . 13 2] [ 1 . 2 3] [ 1 . . ]
13: [ 1 . 1] [ 1 .3 2] [ 1 .3 2] [ 1 . 1]
14: [ 2 . 1] [2 .3 1] [ 2 . 3 1] [ 1 . 2]
15: [ 3 . 1] [ 3 .2 1] [ 213 . ] [ 1 . 3]
16: [ . 1 1] [ . 23 1] [ 2 .1 3] [ 11 . ]
17: [ 111 ] [ 123 . ] [ 3 .1 2] [ 111 ]
18: [ 21 1] [ 213 . ] [ 3 .21 ] [ 11 2 ]
19: [ 31 1] [ 312 . ] [ 312 . ] [ 11 3]
20: [ . 2 1] [ . 32 1] [ 21 . 3] [ 1 2 . ]
21: [ 121 ] [ 132 . ] [ 31 . 2] [ 1 21 ]
22: [ 2 21 ] [ 231 . ] [ 32 . 1] [ 1 2 2 ]
23: [ 32 1] [3 21 . ] [ 321 . ] [ 1 2 3 ]

Figure 10.3-A: Numbers in falling factorial basis and permutations so that the number is the Lehmer
code of it (left columns). Dots denote zeros. The rising factorial representation of the reversed and
complemented permutation equals the reversed Lehmer code (right columuns).

rfact permutation rev.compl.perm ffact
0: [ .1 23] [ .12 3]
1: [ 1. . ] [ 1 .2 3] [ . 13 2] [ . . 1]
2: [ . 1. ] [ . 21 3] [ .21 3] [ .1 . ]
3: [ 11 . ] [ 2 .1 3] [ .23 1] [ . 11]
4: [ . 2. ] [ 12 . 3] [ . 312] [ . 2. ]
5: [ 12 . ] [ 21 . 3] [ . 32 1] [ .21 ]
6: [ . . 1] [ . 13 2] [ 1.2 3] [ 1. . ]
7: [1 . 1] [ 1 .3 2] [1 .3 2] [1 . 1]
8: [ . 11] [ . 31 2] [1 2. 3] [ 11 . ]
9: [111] [ 3 .1 2] L1233 . ] L1 11]
10: [ . 21] [ 13 . 2] [ 13 . 2] [ 12 . ]
11: [121] [ 31 . 2] [1 32 . ] [ 121 ]
12: [ . . 2] [ . 23 1] [2 .1 3] [2 . . ]
13: [ 1. 2] [ 2 . 3 1] [2 .3 1] [2 . 1]
14: [ .1 2] [ . 32 1] [21 . 3] [ 21 . ]
15: [112] [ 3 . 2 1] [2 13 . ] [ 21 1]
16: [ . 22] [ 23 . 1] [23 . 1] [ 22 . ]
17: [ 12 2] [ 32 . 1] [ 231 . ] [ 221 ]
18: [ . . 3] [ 123 . ] [3 .1 2] [ 3 . . ]
19: [ 1. 3] [ 213 . ] [3 .2 1] [ 3 . 1]
20: [ . 13] [ 132 . ] [3 1 . 2] [ 31 . ]
21: [ 11 3] [ 312 . ] [3 12 . ] [ 31 1]
22: [ . 23] [ 231 . ] [3 2. 1] [ 3 2. ]
23: [1 23] [ 321 . ] [3 21 . ] [3 21 ]

Figure 10.3-B: Numbers in rising factorial basis and permutations so that the number is the Lehmer
code of it (left columns). The reversed and complemented permutations and their falling factorial repre-
sentations are shown in the right columns. They appear in lexicographic order.
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}

Here we count, starting with the second element of the permutation, the number of elements to the left
that are bigger than the current element. The inverse routine is

void rfact2perm(const ulong *fc, ulong n, ulong *x)

{
for (ulong k=0; k<n; ++k) x[k] = k;
ulong *y = x+n;
for (ulong k=n-1; k!=0; --k, --y)
{
ulong fa = fcl[k-1];
if ( fa )
{
++fa;
rotate_leftl(y-fa, fa);
}
}
}

A routine for the inverse permutation is

void rfact2invperm(const ulong *fc, ulong n, ulong *x)

// Convert the (n-1) digit factorial representation in fc[O0,...,n-2].
// into permutation in x[0,...,n-1] such that

// the permutation is the inverse of the one computed via rfact2perm().
{

for (ulong k=0; k<n; ++k) x[k] = 0; // "empty"
for (ulong k=n-2; (long)k>=0; --k)
{

ulong fa = fclk];
for (ulong j=0; ; ++j)

if ( x[jl==0) // if empty
if ( 0==fa ) { x[j] = k+1; break; }
--fa;
}
}

The permutations corresponding to the Lehmer codes (in counting order) are shown in figure
(left columns). The permutation whose rising factorial representation is the digit-reversed Lehmer
code is obtained be reversing and complementing (replacing each element x by n — 1 — ) the original
permutation:

Lehmer code permutation rev.perm compl.rev.perm rising fact
[3,0,0,1] [3,0,1,4,2] (2,4,1,0,31 [2,0,3,4,1] [1,0,0,3]

The permutations obtained from counting in the rising factorial base are shown in figure [10.3-B

10.3.2 An representation via reversals

Replacing the rotations in the computation of a permutation from its Lehmer code by reversals one
obtains a different one to one relation between factorial numbers and permutations. For the falling
factorial basis one gets [FXT: |comb/fact2perm-rev.cc|:

void perm2ffact_rev(const ulong *x, ulong n, ulong *fc)

{
ALLOCA(ulong, ti, n); // inverse permutation
for (ulong k=0; k<n; ++k) til[x[k]] = k;
for (ulong k=0; k<n-1; ++k)
{
ulong j; // find element k
for (j=k; j<n; ++j) if ( til[jl==k ) break;
j =k
fclk]l = j;
reverse(ti+k, j+1);
}
}
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Figure 10.3-C: Numbers in falling factorial basis and permutations so that the number is the alternative
(reversal-) code of it (left columns). The inverse permutations and their rising factorial representations
are shown in the right columns.

rfact permutation inv.perm. rfact
0: L. . .] [ .123] [ .123] L. ..]
1: [ 1. . ] [ 1 .2 3] [1 .2 3] [ 1. . ]
2: [ .1 . ] [ . 21 3] [ .21 3] [ .1 . ]
3: [ 11 . ] [ 2 .1 3] [12 . 3] [ 12 . ]
4: [ . 2. ] [ 21 . 3] [21 . 3] [ . 2. ]
5: [ 12 . ] [ 12 . 3] [2 .1 3] [ 11 . ]
6: [ . . 1] [ . 13 2] [ .13 2] [ . . 1]
7: [ 1. 1] [ 1 .3 2] [ 1.3 2] [1 . 1]
8: [ . 11] [ . 312] [ .23 1] [ . 1 2]
9: [ 11 1] [ 3 .1 2] [ 123 . ] [ . 23]
10: [ .21 ] [ 31 . 2] [2 13 . ] [ 1 23]
11: [ 121 ] [ 13 . 2] [2 .3 1] [ 11 2]
12: [ . . 2] [ . 32 1] [ . 32 1] [ . . 2]
13: [ 1. 2] [ 3 .2 1] [ 132 . ] [ 11 3]
14: [ .1 2] [ . 23 1] [ . 312] [ . 11]
15: [112] [ 2 .3 1] [13 . 2] [ 121 ]
16: [ . 22] [ 23 . 1] [ 23 . 1] [ . 22]
17: [ 12 2] [ 32 . 1] [2 31 . ] [ 1 . 3]
18: [ . . 3] [ 321 . ] [3 21 . ] [ . . 3]
19: [ 1. 3] [ 231 . ] [3 2 . 1] [ 12 2]
20: [ . 13] [ 312 . ] [3 12 . ] [ . 13]
21: [113] [ 132 . ] [3 . 2 1] [ 1. 2]
22: [ . 23] [ 123 . ] [3 .1 2] [ 11 1]
23: [ 12 3] [ 213 . ] [31 . 2] [ . 21]

Figure 10.3-D: Numbers in rising factorial basis and permutations so that the number is the alternative
(reversal-) code of it (left columns). The inverse permutations and their falling factorial representations
are shown in the right columns.
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The routine is the inverse of

void ffact2perm_rev(const ulong *fc, ulong n, ulong *x)

{
for (ulong k=0; k<n; ++k) x[k] = k;

for (ulong k=0; k<n-1; ++k)

{
ulong fa = fclk];
// Lehmer: rotate_rightl(x+k, fa+1l);
if ( fa ) reverse(x+k, fa+l);

}

}

227

Figure shows the permutations of 4 elements and their falling factorial representations, it was
created with the program [FXT: comb/fact2perm-rev-demo.cc|. The routines for the rising factorial

(figure [10.3-DJ) basis are

void perm2rfact_rev(const ulong *x, ulong n, ulong *fc)
{

ALLOCA(ulong, ti, n); // inverse permutation

for (ulong k=0; k<n; ++k) til[x[k]] = k;

for (ulong k=n-1; k!=0; --k)

{
ulong j; // find element k
for (j=0; j<=k; ++j) if ( ti[jl==k ) break;
j=K-3;
fclk-1]1 = j;
reverse (ti+k-j, j+1);
}
}
and

void rfact2perm_rev(const ulong *fc, ulong n, ulong *x)

{

for (ulong k=0; k<n; ++k) x[k] = k;
ulong *y = x+n;
for (ulong k=n-1; k!=0; --k, --y)
{
ulong fa = fcl[k-1];
if ( fa )
++fa;
// Lehmer: rotate_leftl(y-fa, fa);
reverse(y-fa, fa);
}
}

10.3.3 A representation via swaps

The routines for the conversion from permutations to factorial representations shown so far have com-
plexity n?. The following routines compute different factorial representations with complexity n [FXT:

comb /fact2perm-swp.cc|:

void
perm2ffact_swp(const ulong *x, ulong n, ulong *fc)
// Convert permutation in x[0,...,n-1] into

//  the (n-1) digit (swaps-) factorial representation in fc[O0,..
// One has: fc[0]l<n, fc[1]<n-1, , fc[n-2]<2 (falling radices)
{

ALLOCA(ulong, t, n);

for (ulong k=0; k<n; ++k) t[k] = x[k];
ALLOCA(ulong, ti, n); // inverse permutation
for (ulong k=0; k<n; ++k) til[t[k]] = k;
for (ulong k=0; k<n-1; ++k)

ulong tk = t[kl; // >=k

fclk] = tk - k;
ulong j = tilk];
tiltk] = tilt[j1];

// location of element k
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Figure 10.3-E: Numbers in falling factorial basis and permutations so that the number is the alternative
(swaps-) code of it (left columns). The inverse permutations and their rising factorial representations are
shown in the right columns.

rfact permutation inv.perm. ffact
.. .] [ .123] [ .123] L. . .]
[ 1. . ] [ . 13 2] [ . 13 2] [ . . 1]
[ .1 . ] [ .21 3] [ . 21 3] [ .1 . ]
[ 11 . ] [ . 312] [ .23 1] [ .1 1]
[ .2 . ] [ . 32 1] [ . 32 1] [ . 2 . ]
[ 12 . ] [ .23 1] [ . 31 2] [ . 21]
[ . . 1] [1 .2 3] [ 1 .2 3] [ 1 . . ]
[ 1 . 1] [ 1.3 2] [1 .3 2] [ 1 . 1]
[ .1 1] [2 .1 3] [ 12 . 3] [ 11 . ]
[ 11 1] [3 .1 2] [ 123 . ] [ 11 1]
[ . 21] [3 . 2 1] [ 132 . ] [ 12 . ]
[ 12 1] [ 2 .3 1] [ 13 . 2] [ 121 ]
[ . . 2] [21 . 3] [ 21 . 3] [ 2 . . ]
[ 1 . 2] [3 1 . 2] [ 213 . ] [ 2 . 1]
[ .1 2] [1 2. 3] [2 .1 3] [ 21 . ]
[ 11 2] [13 . 2] [ 2 .3 1] [ 21 1]
[ . 2 2] [ 23 . 1] [ 23 . 1] [ 22 . ]
[ 12 2] [3 2. 1] [ 231 . ] [ 22 1]
[ . . 3] [3 12 . ] [ 312 . ] [ 3 . . ]
[ 1 . 3] [213 i [ 31 . 2] [ 3 . 1]
[ . 1 3] [3 21 . ] [ 321 . ] [ 31 . ]
[ 11 3] [231 . ] [ 32 . 1] [ 31 1]
[ . 23] [ 132 . ] [ 3 .2 1] [ 32 . ]
[ 1 2 3] [ 123 . ] [ 3 12 ] [ 32 1]

Figure 10.3-F: Numbers in rising factorial basis and permutations so that the number is the alternative
(swaps-) code of it (left columns). The inverse permutations and their falling factorial representations
are shown in the right columns.
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t[j] = tk;
}
void perm2rfact_swp(const ulong *x, ulong n, ulong *fc)
// Convert permutation in x[0,...,n-1] into
//  the (n-1) digit (swaps-) factorial representation in fc[O,...,n-2].
// One has: fc[0]<2, fc[1]<3, ... , fc[n-2]<n (rising radices)
{
ALLOCA(ulong, t, n);
for (ulong k=0; k<n; ++k) t[k] = x[k];
ALLOCA(ulong, ti, n); // inverse permutation
for (ulong k=0; k<n; ++k) ti[t[k]] = k;
for (ulong k=0; k<n-1; ++k)
ulong j = til[k]; // location of element k, j>=k
fc[n-2-k] = j - k;
ulong tk = t[k];
tiltk] = tilt[j1];
t[j] = tk;
}
}

Their inverses also have complexity n. The routine for falling base is

void ffact2perm_swp(const ulong *fc, ulong n, ulong *x)
// Inverse of perm2ffact_swp().

for (ulong k=0; k<n; ++k) x[k] = k;
for (ulong k=0; k<n-1; ++k)

{
ulong fa = fclk];
swap2( x[k], x[k+fal );

}
The routine for the rising base is

void rfact2perm_swp(const ulong *fc, ulong n, ulong *x)
// Inverse of perm2rfact_swp().

for (ulong k=0; k<n; ++k) x[k] = k;
for (ulong k=0, j=n-2; k<n-1; ++k,--j)

{
ulong fa = fclk];

swap2( x[j], x[j+fal );
}

The permutations corresponding to the alternative codes for the falling basis are shown in figure
(left columns). The inverse permutation has the rising factorial representation that is digit-reversed
representation (right columns). The permutations corresponding to the alternative codes for rising basis
are shown in figure The listings were created with the program [FXT: comb/fact2perm-swp-
demo.cc]. The routines can serve as a means to find interesting orders of permutations. Indeed, the
permutation generator shown in section [I0.4] on page 231] was found this way. A recursive algorithm for

the (inverse) permutations shown in figure [10.3-F|is given in section [10.13| on page

10.3.4 Cyclic permutations

Cyclic permutations of n elements (permutations that consists of one cycle of size n, see section [2.11.4]
on page [108) can be obtained from length-(n — 2) factorial numbers. We give routines for both falling
and rising base [FXT: comb /fact2cyclic.cc]:

void ffact2cyclic(const ulong *fc, ulong n, ulong *x)
// Generate cyclic permutation (standard representation) in x[]

//  from the (n-2) digit factorial number in fc[O,...,n-3].
// Falling radices: [n-1, ..., 3, 2]
{
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Figure 10.3-G: Numbers in falling factorial basis and the corresponding cyclic permutations.
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Figure 10.3-H: Numbers in rising factorial basis and corresponding cyclic permutations.
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for (ulong k=0; k<n; ++k) x[k] = k;
for (ulong k=n-1; k>1; --k)

{
ulong z = n-1-k; // 0, ..., n-3
ulong i = fclz];
swap2(x[k], x[i]);

}

if ( n>1 ) swap2(x[0], x[11);
}

void rfact2cyclic(const ulong *fc, ulong n, ulong *x)
// Generate cyclic permutation (standard representation) in x[]
// from the (n-2) digit factorial number in fc[O0,...,n-3].
// Rising radices: [2, 3, ..., n-1]
{
for (ulong k=0; k<n; ++k) x[k] = k;

for (ulong k=n-1; k>1; --k)
{

ulong i = fc[k-2]; // k-2 ==n-3, ..., 0
swap2(x[k], x[i]);

if ( n>1 ) swap2(x[0], x[11);
}

The cyclic permutations of 5 elements are shown in figures [10.3-G| (falling base) and [10.3-H]| (rising
base). The listings were created with the program [FXT: |comb/fact2cyclic-demo.cc|. Note that the cycle
representation could be obtained by applying the transformations to (all) permutations to all but the

first element. That is, one can generate all cyclic permutations in cycle form by permuting all elements
but the first with any permutation algorithm.

10.4 An order from reversing prefixes

permutation rfact inv. perm.
0: [ . 1 23] [ . 123]
1: [ 1 . 23] [ 1. . ] [1 .2 3]
2: [ 2 .1 3] [ .1 . ] [1 2. 3]
3: [ . 21 3] [ 11 . ] [ . 213]
4: [ 12 . 3] [ . 2 . ] [2 .1 3]
5: [ 21 . 3] [ 12 . ] [21 . 3]
6: [ 3 .1 2] [ . . 1] [ 123 . ]
7: [ . 312] [ 1. 1] [ . 231]
8: [ 13 . 2] [ .1 1] [2 .3 1]
9: [ 31 . 2] [ 11 1] L2133 . ]
10: [ . 132] [ . 21 ] [ . 132]
11: [ 1.3 2] [ 12 1] [1 .3 2]
12: [ 23 . 1] [ . . 2] [23 . 1]
13: [ 32 . 1] [ 1. 2] [2 31 . ]
14: [ . 231] [ .1 2] [ . 312]
15: [ 2 .3 1] [ 11 2] [ 13 . 2]
16: [ 3 .2 1] [ . 2 2] [132 . ]
17: [ . 321 ] [ 12 2] [ . 321]
18: [ 123 . [ . . 3] [3 . 12]
19: [ 213 [ 1. 3] [31 . 2]
20: [ 31 2. [ . 13 ] [3 12 . ]
21: [ 132 . [ 113] [3 .2 1]
22: [231. [ . 23] [3 2. 1]
23: [321. [ 1 23] L3 21 . ]

Figure 10.4-A: All permutations of 4 elements in an order where the first j 4+ 1 elements are reversed
when the first j digits change in the mixed radix counting sequence with radices [2, 3, 4, ...].

A surprisingly simple algorithm for the generation of all permutations is obtained by mixed radix counting
with the radices [2, 3, 4, ...] (column digits in figure [10.4-Al). Whenever the first j digits change with
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an increment then the permutation is updated by reversing the first j 4 1 elements. As with lex order the
first half of the permutations are the complements of the permutations in the second half, now rewrite

relation [10.1-1) on page [219] as
R = ICI (10.4-1)

to see that the first half of the inverse permutations are the reversed inverse permutations in the second
half. This can (for n even) also be observed from the positions of the largest element in the inverse
permutations. An implementation is [FXT: class perm_rev in comb/perm-rev.h|:

class perm_rev

éublic:
ulong *d_; // mixed radix digits with radix = [2, 3, 4, ..., n-1, (sentinel=-1)]
ulong *p_; // permutation
ulong n_; // permutations of n elements

public:
perm_rev(ulong n)

{

n

— n;

P- new ulong[n_];

d_ = new ulong[n_];

d_[n-1] = -1UL; // sentinel
first();

}

~perm_rev ()
delete [] p_;
delete [] d_;

¥oid first ()

for (ulong k=0; k<n_-1; ++k) d_[k]
for (ulong k=0; k<n_; ++k) p_[k] =

~ o
o

}
void last()
{

k=0; k<n_-1; ++k) d_[k] = k+1;

for (ulong k=
=0; k<n_; ++k) p_[k] = n_-1-k;

for (ulong k:

}
The update routines are quite concise:
?ool next ()

// increment mixed radix number:

ulong j = O;

while ( d_[jl==j+1 ) { d_[jl=0; ++j; }
// j==n-1 for last permutation

if ( j!'=n_-1) // only if no overflow

++d_[j];
reverse(p_, j+2); // update permutation
return true;

else return false;

}
bool prev()
{

// decrement mixed radix number:
ulong j = 0;
while ( d_[j]==0 ) { d_[jl=j+1; ++j; }

// j==n-1 for last permutation
if ( j'=n_-1 ) // only if no overflow
{

--d_[j1;
reverse(p_, j+2); // update permutation
return true;

else return false;
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}
};

Note that the routines work for arbitrary (distinct) entries of the array p_[].

An upper bound for the average number of elements that are moved in the transitions when generating
all N = n! permutations is e /= 2.7182818 so the algorithm is CAT. The implementation is actually fast,
it generates more than 110 million permutations per second. Usage of the class is as simple as:

ulong n = 4; // Number of elements to permute
perm_rev P(n);
P.first(Q);
do
{
// Use permutation here

}
while ( P.next() );

Figure|10.4-A|was produced with [FXT: comb/perm-rev-demo.cc|. The described method is given in [250].

10.4.1 Optimizing the update routine

One can optimize the update routine by observing that 5 out of six updates are the swaps
(0,1 (0,2) (0,1) (0,2) (0,1

We use a counter ct_ and modify the methods first() and next() [FXT: class perm_rev2 in
comb/perm-rev2.h]:

class perm_rev2

[--snip--]
¥oid first()

for (ulong k=0; k<n_-1; ++k) d_[k]
for (ulong k=0; k<n_; ++k) p_[k] =
ct_ = 5;

= 0;
k;

}

?ool next ()

if ( ct_!'=0 ) // easy case(s)

{
__Ct .

swap2(p_[01, p_[1 + (ct_ & 1)1);
return true;

else // increment mixed radix number:

ct_ = 5; // reset counter

ulong j = 2; // note: start with 2
while ( d_[jl==j+1 ) { d_[j1=0; ++j; }
// j==n-1 for last permutation

if ( j!'=n_-1 ) // only if no overflow

++d_[j];
reverse(p_, j+2); // update permutation
return true;

else return false;

}
[--snip--]
The speedup is remarkable, about 186 million permutations per second can be generated (about 11.8
cycles per update). If arrays are used instead of pointers, the rate is about 200 million per second

(10.8 cycles per update). The routine can be used for permutations of at least three elements [FXT:
comb /perm-rev2-demo.cc].
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10.4.2 Method for unranking

Conversion of a mixed radix (rising factorial) number into the corresponding permutation proceeds as
exemplified for the 16-th permutation (15=1-1+1-2+2-6,s0d=[1,1,2]):

1: p=[0, 1, 2, 3] d=[ 0, 0, 0] // start

13: p=[2, 3,0, 1] a=[0, 0, 21 // right rotate all elements twice
156: p=[0, 2, 3,11 d=[0, 1, 2] // right rotate first three elements
16: p=[ 2,0, 3,11 d=[1, 1, 21 // right rotate first two elements

The idea can be implemented as

void goto_rfact(const ulong *d)
// Goto permutation corresponding to d[] (i.e. unrank d[]).
// 4[] must be a valid (rising) factorial mixed radix string:
// d[l==[d(0), d(1), d(2), ..., d(n-2)] (n-1 elements) where 0<=d(j)<=j+1
{
for (ulong k=0; k<n_; ++k) p_[k] = k;
for (ulong k=0; k<n_-1; ++k) d_[k] = d[k];
for (long j=n_-2; j>=0; --j) rotate_right(p_, j+2, d_[j1);

10.5 Minimal-change order (Heap’s algorithm)

permutation swap digits rfact (perm) inv. perm.
0: .123] (0, 0) L. . .1 L. . .1 [ .123]
1: [1.23] (1, 0) [1..] [1..] [1.23]
2: [2.13] (2, 0) [.1.] [11.] [12.3]
3: [ .213] (1, 0) [11.] [.1.] [.213]
4: [12.3] (2, 0) [.2.] [.2.] [2.13]
5: [21.3] (1, 0) [12.] [12.] [21. 3]
6: [31.2] (3, 0 [..1] [121] [213.]
7: [13.2] (1, 0) [1.1] [ .21] [2.31]
8: [ .312] (2, 0) [ .11] [ .11] [ .231]
9: [3.12] (1, 0) [111] [111] [123.]
10: [ 1 32] (2, 0 [ .21] [1.1] [1.32]
11: [ .132] (1, 0) [121] [..1] [ .132]
12: [ .231] (3, 1) [. . 2] [..2] [ .312]
13: [2.31] (1, 0) [1.2] [1.2] [13.2]
14: [3.21] (2, 0) [ .12] [112] [132.]
15: [ .321] (1, 0) [112] [ .12] [ .321]
16: [23.1] (2, 0) [.22] [.22] [23.1]
17: [32.1] (1, 0 [122] [122] [231.]
18: [321.] (3, 2) [. .31 [123] [321.]
19: [231 ] (1, 0) [1.3] [ . 23] [32.1]
20: [132.] (2, 0) [ .13] [ .13] [3.21]
21: [312.] (1, 0 [113] [113] [312.]
22: [213.] (2, 0) [ . 23] [1.3] [31.2]
23: [123.] (1, 0) [123] [. .31 [3.12]

Figure 10.5-A: The permutations of 4 elements in a minimal-change order. Dots denote zeros.

Figure shows the permutations of 4 elements in a minimal-change order: just two elements are
swapped with each update. The column labeled digits shows the mixed radix numbers (rising factorial
base, see section on page in counting order. Let j be the position of the rightmost change of
the mixed radix string R. Then the swap is (j+ 1, 2) where z = 0 if j is odd, and z = R; — 1 if j is even.
The sequence of values j + 1 starts

1,2,1,2,1,3,1,2,1,2,1,3,1,2,1,2,1, 3,1, 2,1, 2,1, 4,1, 2,1, ...

The n-th value (starting with n = 1) is the largest z such that 2! divides n (entry |A055881) of [214]). The
column labeled rfact (perm) of the figure shows the rising factorial representations of the permutation,
see section [I0.§ on page The column is a Gray code only for permutations of up to four elements.

An implementation of the algorithm (given in [I31]) is [FXT: class perm_heap in comb/perm-heap.h|:
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class perm_heap

{
public:
ulong *d_; // mixed radix digits with radix = [2, 3, 4, ..., n-1, (sentinel=-1)]
ulong *p_; // permutation
ulong n_; // permutations of n elements
ulong swil_, sw2_; // indices of swapped elements
[--snip--]

The computation of the successor is simple:
?ool next ()

// increment mixed radix number:
ulong j = 0

while ( d_[jl==j+1 ) { d_[j1=0; ++j; }

// j==n-1 for last permutation
if ( j!'=n_-1 ) // only if no overflow

ulong k = j+1;

ulong x = ( (k&1) 7 d_[j] : 0);
swap2(p_[k]l, p_[x1);

swl_ = k; sw2_ = x;

++d_[j1;

return true;
else return false;
}
[--snip--]

About 115 million permutations are generated per second. Often one will only use the indices of the
swapped elements to update the visited configurations:

void get_swap(ulong &sl1, ulong &s2) const { sl=swl_; s2=sw2_; }
Then the statement swap2(p_[k], p_[x]); in the update routine can be omitted which leads to a rate

of 165 million permutations per second. Figure shows the permutations of 4 elements, it was
created with the program [FXT: comb/perm-heap-demo.cc|.

10.5.1 Optimized implementation

The algorithm can be optimized by treating 5 out of 6 cases separately, those where the first or second
digit in the mixed radix number changes. We use a counter ct_ that is decremented [FXT: class
perm_heap?2 in [comb/perm-heap2.h|:

class perm_heap2

gublic:
ulong *d_; // mixed radix digits with radix = [2, 3, 4, 5, ..., n-1, (sentinel=-1)]
ulong *p_; // permutation
ulong n_; // permutations of n elements
ulong swl_, sw2_; // indices of swapped elements
ulong ct_; // count 5,4,3,2,1,(0); nonzero ==> easy cases
[--snip--]

The counter is set to 5 in the method first (). The update routine is
?ool next ()

if ( ct_!'=0 ) // easy case(s)

t --ct_;
swi_ =1+ (ct_& 1); // ==1,2,1,2,1
sw2_ = 0;
swap2(p_[swi_], p_[sw2_]1);
return true;
else

ct_ = 5; // reset counter

// increment mixed radix number:
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ulong j = 2;

while ( d_[jl==j+1 ) { d_[j]1=0; ++j; }
// j==n-1 for last permutation

if ( j!'=n_-1 ) // only if no overflow

ulong k = j+1;

ulong x = ( (k&1) 7?7 d_[j] : 0);
swl_ = k; sw2_ = x;
swap2(p_[swi_]l, p_[sw2_1);
++d_[j];

return true;
else return false;

}

Note that the routine only works for permutations of at least three elements. Usage of the class is shown
in [FXT: comb/perm-heap2-demo.cc]. The rate is about 190 million updates per second.

10.5.2 Computing just the swaps

If only the swaps are of interest we can simply omit all statements involving the permutation array p_[].
The implementation is [FXT: class perm heap2_swaps in comb/perm-heap2-swaps.h|, usage of the class
is shown in [FXT: comb/perm-heap2-swaps-demo.cc|:

ulong n = 4;

ulong *x = new ulong[n]; // permutations

for (ulong k=0; k<n; ++k) x[k] = k;

perm_heap2_swaps P(n);

%o

ulong swl, sw2;

P.get_swap(swl, sw2);

swap2( x[swll, x[sw2] ); // update permutation
// visit permutation

}
while ( P.next() );

The update routine works at a rate about 310 million per second (about 7 CPU cycles per update). Using
arrays instead of pointers results in a rate of about 420 million per second (5.25 cycles per update).

Heap’s algorithm and the optimization idea was taken from the excellent survey [211] which gives several
permutation algorithms and implementations in pseudo code.

10.6 Lipski’s Minimal-change orders

10.6.1 Variants of Heap’s algorithm

Various algorithms similar to Heap’s method are given in Lipski’s paper [I71], we take three of those
and add a similar one. The four orderings obtained for the permutations of five elements are shown
in figure [10.6-Al The leftmost order is Heap’s order. The implementation is given in [FXT: class

perm_gray_lipski in comb/perm-gray-lipski.h|, the variable r determines the order that is generated:

class perm_gray_lipski

[--snip--]
ulong r_; // order (0<=r<4):
[--snip--]

bool next()
{

// increment mixed radix number:

ulong j = O;

while ( d_[jl==j+1 ) { d_[jl1=0; ++j; }
if ( j<n_-1 ) // only if no overflow
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Figure 10.6-A: First half and last permutations of five elements as obtained by variants of Heap’s

method. Next to the permutations the swaps are shown as (z,y), a swap (z,0) is given as ().
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{
const ulong d = d_[jl;
ulong x;
switch ( r_ )
{
case 0: x = (j&1 ? 0 : d); break; // Lipski(9) == Heap
case 1: x = (j&1 ? 0 : j-d); Dbreak; // Lipski(16)
case 2: x = (j&1 ? j-1 : d); break; // Lipski(10)
default: x = (j&1 7 j-1 : j-d); break; // not in Lipski’s paper

const ulong k = j+1;
swap2(p_[k], p_[x1);
swl_ = k; sw2_ = x;

a_[jl = d + 1;
return true;

else return false; // j==n-1 for last permutation
}
[--snip--]
The top lines in figure repeat the statements in the switch-block. For three or less elements all
orderings coincide, with n = 4 elements the orderings for r = 0 and r = 2, and the orderings for r = 1

and r = 3 coincide. About 110 million permutations per second are generated [FXT: comb/perm-gray-
lipski-demo.cc]. Optimizations similar to those for Heaps method should be obvious.

10.6.2 Variants of Wells’ algorithm

x=C (G&1) || (d<=1) 7 j : j-d); x=(C (j&1) || (d==0) ? 0 : d-1);
1: [ .123] 1: .123]
2: [1.23] 1, 0 2: [1.23]1 (1, 0
3: [12.3] (2, 1) 3: [2.13] (2, 0)
4. [21.3]1 (1, 0 4: [.213]1 (1, 0)
5: [2.13] (2,1 5: [12 .31 (2,0
6: [.213] 1, 0 6: [21.3]1 (1, 0
7: [.231]1 (3, 2 7: [31.2]1 (3, 0
8: [2.31] (1, 0 8: [13.2]1 (1, 0)
9: [23.1] (2,1 9: [.312]1 (2,0
10: [32.1] (1, 0 10: [3.121 (1, 0
11: [3.21] (2, 1) 11 [1.32]1 (2,0
12: [.321]1 (1, 0) 12 [.132]1 (1, 0)
13: [.312]1 (3, 2 13 [213.1 (3, 0
14: [3.12]1 1, 0 14 [123.1 (1, 0
15: [31.2]1 (2, 1) 15 [321 .1 (2,0
16: [13.2]1 1, 0 16 [231 .1 (1, 0)
17: [1.32]1 (2,1 17 [132 .1 (2,0
18: [.132]1 (1, 0 18 [312 .1 (1, 0
19: [213 .1 (3, 0 19 [3.21] (3, 1)
20: [123.]1 (1, 0 20 [.321]1 (1, 0)
21: [132 .1 (2,1 21 [23 .11 (2,0
22: [312.]1 1, 0 22 [32 .11 (1, 0
23: [321 .1 (2, 1) 23 [.231] (2,0
24: [231 .1 (1, 0) 24 [2.31] (1, 0)

Figure 10.6-B: Wells’ order for the permutations of four elements (left), and an order where most swaps
are with the first position (right). Dots denote the element zero.

A Gray code for permutations given by Wells [241] is shown in the left of figure The following
implementation, following Lipski’s paper [I71], includes two variants of the algorithm. We just give
the crucial assignments in the method that computes the successor [FXT: class perm gray wells in
comb/perm-gray-wells.h]:

class perm_gray_wells

[--snip--]
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switch ( r_ )

case 1: x
case 2: X
default: x

( (j&1) 1l (d==0) ? 0 : d-1); break; // Lipski(14)
C (j&1) Il (d@==0) ? j : d-1); ©break; // Lipski(15)
( (§j&1) || (a<=1) 7 j : j-d); break; // Wells’ order == Lipski(8)

[--snip--]

3

Both expressions (d==0) can be changed to (d<=1) without changing the algorithm. More than 90 million
permutations per second are generated [FXT: comb/perm-gray-wells-demo.cc|.

10.7 Strong minimal-change order (Trotter’s algorithm)

10.7.1 Variant where smallest element moves most often

permutation swap inverse p. direction
0: [ .123] (3, 2) [ .123] + 4+ + +
1: [1.23] (0, 1 [1.23] + + + +
2: [12.3] (1, 2) [2.13] + o+ + o+
3: [123.] (2, 3) [3.12] + 4+ + +
4: [213 .1 (0, 1 [31.2] -+ + +
5: [21.3] (3, 2) [21 . 3] -+ + +
6: [2.13] 2, 1 [12.3] -+ + +
T: [ .213] 1, 0 [ .213] -+ + +
8: [ .231] (2, 3) [ .312] + o+ + +
9: [2.31] (o, 1 [13.2] + + + +
10: [23.1] (1, 2) [23 .11 + + + +
11: [231.] (2, 3) [32.1] + + + +
12: [321 .1 (0, 1 [321.] - -+ +
13: [32.1] 3, 2) [231.] - -4+
14: [3.21] 2, 1 [132.] - -+ +
15: [ .321] (1, 0 [ .321] - -+ +
16: [ .312] 3, 2) [ .231] + -+ +
17: [3.12] 0, 1) [123.]1] + -+ +
18: [31.2] 1, 2 [213.] + -+ +
19: [312 .1 (2, 3) [312.] + - + +
20: [132.] (1, 0 [3.21] - -+ +
21: [13.2] (3, 2) [2.31] - -+ +
22: [1.32] 2, 1 [1.32] - -+ +
23: [ .132] (1, 0 [ .132] - -+ +
Figure 10.7-A: The permutations of 4 elements in a strong minimal-change order (smallest element

moves most often). Dots denote zeros.

Figure shows the permutations of 4 elements in a strong minimal-change order: just two elements
are swapped with each update and these are adjacent. Note that, in the sequence of the inverse permuta-
tions the swapped pair always consists of elements x and xz + 1. Also the first and last permutation differ
by an adjacent transposition (of the last two elements). The ordering can be obtained by an interleaving
process shown in figure The first half of the permutations in this order are the reversals of the
second half: the relative order of the two smallest elements is changed only with the transition just after
the first half and reversal changes the order of these two elements. Mutual permutations lie n!/2 positions
apart.

A computer program to obtain all permutations in the shown order was given 1962 by H. F. Trotter [230]
(see also [142] and [I07]). However, the order was already known long before in connection with bell
ringing, under the name Plain Changes, see [157].

We compute both the permutation and its inverse [FXT: class perm trotter in|comb/perm-trotter.h]:

class perm_trotter
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—————————————————— perm(4)==
P=[1, 2, 3] o, 1, 2, 3]
--> [0, 1, 2, 3] [1, 0, 2, 3]
--> [1, 0, 2, 3] [1, 2, 0, 3]
------------------ --> [1, 2, 0, 3] [1, 2, 3, 0]
P=|:3] -=> [1’ 2, 3: 0] [2, 1: 3, O]
--> [2, 3] [2, 1, 0, 3]
--> [3, 2] P=[2, 1, 3] (2, 0, 1, 3]
-—=> [2, 1, 3, o] [O’ 2’ l: 3]
--> [2, 1, 0, 3] [o, 2, 3, 1]
--> [2, 0, 1, 3] [2, 0, 3, 1]
--> [0, 2, 1, 3] (2, 3, 0, 1]
[2, 3, 1, 0]
p=[2, 3, 1] (3, 2, 1, 0]
--> [0, 2, 3, 1] (3, 2, 0, 1]
-=> [2: 0: 3) 1] [3: O: 2: 1]
------------------ -> [2, 3, 0, 1] [0, 3, 2, 1]
P=[2, 3] -—=> [2’ 3, 1: O] [O, 3: 1’ 2]
--> [1, 2, 3] [3, 0, 1, 2]
-=> [2: 1: 3] P=[3, 2: 1] [3: 1) 0: 2]
-=> [2s 3’ 1] -=> [3, 2’ 13 O] [3: 1: 2, O]
-—=> [3’ 2, O: 1] [1, 3: 2) O]
P=[3, 2] --> [3, 0, 2, 1] [1, 3, 0, 2]
-=> [3: 2: 1] -—=> [O, 3: 2) 1] [1: O: 3: 2]
-=> [3’ 1’ 2] [0: 1: 3, 2]
--> [1, 3, 2] P=[3, 1, 2]
--> [0, 3, 1, 2]
--> [3, 0, 1, 2]
--> [3, 1, 0, 2]
--> [3, 1, 2, 0]
P=[1, 3, 2]
--> [1, 3, 2, 0]
--> [1, 3, 0, 2]
--> [1, 0, 3, 2]
--> [0, 1, 3, 2]

Figure 10.7-B: Trotter’s construction as an interleaving process.

{
public:
ulong n_; // number of elements to permute
ulong *x_; // permutation of {0, 1, ..., n-1}
ulong *xi_; // inverse permutation
ulong *d_; // auxiliary: directions
ulong swl_, sw2_; // indices of elements swapped most recently
public:
perm_trotter(ulong n)
{
n_ = n;
x_ = new ulong[n_+2];
xi_ = new ulong[n_];
d_ = new ulong[n_];

ulong sen = 0; // sentinel value minimal
x_[0] = x_[n_+1] = sen;

Note that sentinel elements are at the lower and higher end of the array for the permutation. For each
element we store a direction-flag = +1 in an array d_[]. Initially all are set to +1:

¥oid first()

for (ulong i=0; i<n_; i++) xi_[i] = i;
for (ulong i=0; i<n_; i++) =x_[i] = 1i;
for (ulong i=0; i<n_; i++) d_[i] = 1;
swl_=mn_-1; sw2_ =n_ - 2; // relative to last permutation
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}
[--snip--]

To compute the successor, find the smallest element el whose neighbor e2 (left or right neighbor, ac-
cording to the direction) is greater than el. Swap the elements el with €2 and change the direction of
all elements that could not be moved. The location of the elements, i1 and i2 are found with the inverse
permutation, which has to be updated accordingly:

bool next()
for (ulong el=0; el<n_; ++el)

// el is the element we try to move

ulong il = xi_[el]; // position of element el
ulong d = d_[el]; // direction to move el
ulong i2 = il + d; // position to swap with
ulong e2 = x_[i2]; // element to swap with
if (el < e2 ) // can we swap?
{
xi_[el] = i2;
xi_[e2] = i1;
x_[i1] = e2;
x_[i2] = el;
swl_ = 1il; sw2_ = i2;
while ( el-- ) d_[e1] = -d_[ell;
return true;
}
}
first();

return false;

}
The locations of the swap can be obtained with the method

void get_swap(ulong &sl1, ulong &s2) const
{ sil=swl_; s2=sw2_; }

The last permutation can be obtained via
¥oid last ()
for (ulong i=0; i<n_; i++) xi_[i] = i;
for (ulong i=0; i<n_; i++) =x_[i] = i;
for (ulong i=0; i<n_; i++) d_[i] = -1UL;
swl_=mn_ - 1;
1

_ _ ; sw2_ =n_ - 2; // relative to first permutation
d_[swi_] = +1;
d_[sw2_] = +1;
swap2(x_[swi_], x_[sw2_]1);
swap2(xi_[swi_], xi_[sw2_1);

}
The routine for the predecessor is obtained by adding one character to the routine next (), it’s a minus:

bool next()

[--snip--]
ulong d = -d_[el]; // direction to move el (NOTE: negated)
[--snip--]
last();

return false;

}
Well, we also changed the call first() to last().

The routines next () and prev() generate about 137 million permutations per second. Figure
was created with the program [FXT: comb/perm-trotter-demo.cc|:

ulong n = 4;
perm_trotter P(n);
do

// visit permutation

}
while ( P.next() );
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The element zero is moved most often, so we can treat that case separately [FXT: |comb/perm-trotter.h]:
bool next()

{ // most frequent case: el ==

ulong il = xi_[0];
ulong d = d_[0];

// position of element el
// direction to move el

// position to swap with
// element to swap with

if (0 < e2) // can we swap?

ulong i2 = il + d;
ulong e2 = x_[i2];
{
xi_[0] = i2;
xi_[e2] = il;
x_[i1] = e2;
x_[i2] = 0;
swl_ = il; sw2_

return true;

}

= i2;

for (ulong el=1; el<n_; ++el) // note: start at el=1
[--snip--]

The very same modification can be applied to the method prev(), only the minus has to be added:

ulong d = -d_[0];

// direction to move el (NOTE: negated)

Now both methods compute about 174 million permutations per second, corresponding to less than 12.6
CPU cycles per update.

We can also treat the second most frequent case separately by adding the block:
bool next()

{ // most frequent case: el == 0

[--snip--]
3

{ // second most frequent case: el ==

}

ulong il = xi_[1];
ulong d = d_[1];

ulong i2 = il + d;
ulong e2 = x_[i2];

// position of element el
// direction to move el

// position to swap with
// element to swap with

if (1 <e2) // can we swap?

{
xi_[1] = i2;
xi_[e2] = il;
x_[i1] = e2;
x_[i2] = 1;
d_[0] = -d_[0];
swl_ = il; sw2_
return true;

}

// negate
= 1i2;

for (ulong el=2; el<n_; ++el) // note: start at el=2

[--snip--]

With this modification the rate increases to about 179 million per second (12.3 cycles per update).

10.7.3 Variant where largest element moves most often

A variant of the algorithm moves the largest element most often as shown in figure [10.7-C| (created with
[FXT: comb/perm-trotter-lg-demo.cc]). Ounly a few modifications have to be made to the code [FXT:

class perm_trotter_lg in comb/perm-trotter-lg.h]. The sentinel needs to be greater than all elements
of the permutations, and the directions start with minus one:

class perm_trotter_lg

{
[--snip--]
public:
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permutation swap inverse p. direction
0: [ .123] (0, 1) [ .123] - - - -
1: [ .132] (3, 2) [ .132] - - - -
2: [ .312] (2, 1) [ .231] - - - -
3: [3.12] (1, 0) [123.] - - - -
4: [3.21] (3, 2) [132.] - - -+
5: [ .321] (0, 1) [ .321] - - -+
6: [ .231] (1, 2) [ .312] - - -+
7: [ .213] (2, 3) [ .213] - - -+
8: [2.13] (1, 0) [12.3] - - - -
9: [2.31] (3, 2) [13.2] - - - -
10: [23.1] (2, 1) [23.1] - - - -
11: [32.1] (1, 0) [231.] - - - -
12: [321.] (3, 2) [321.] - -+ +
13: [231.] (0, 1) [32.1] - -+ +
14: [213.] (1, 2) [31.2] - -+t
15: [21.3] (2, 3) [21.3] - -+ +
16: [12.3] (0, 1) [2.13] - -+ -
17: [123.] (3, 2) [3.12] - -+ -
18: [132.] (2, 1) [3.21] - -+ -
19: [312.] (1, 0) [312.] - -+ -
20: [31.2] (2, 3) [213.] - -+ +
21: [13.2] (0, 1) [2.31] - -+ +
22: [1.32] (1, 2) [1.32] - -+ +
23: [1.23] 2, 3 [1.23] - -+ +

Figure 10.7-C: The permutations of 4 elements in a strong minimal-change order (largest element moves
most often). Dots denote zeros.

perm_trotter_lg(ulong n)

[--snip--]
ulong sen = n_; // sentinel value maximal
x_[0] = x_[n_+1] = sen;

}
[--snip--]
¥oid first()

for (ulong i=0; i<n_; i++) xi_[i] = i;
for (ulong i=0; i<n_; i++) =x_[i] = i;
for (ulong i=0; i<n_; i++) d_[i] = -1UL;
swl_ = 0; sw2_ =1; // relative to last permutation
}
[--snip--]

In the update routine we look for the largest element whose neighbor is smaller than itself:
bool next()
{

ulong el = n_;

while ( el-- )
{

// el is the element we try to move

ulong il = xi_[el]; // position of element el
ulong d = d_[el]; // direction to move el
ulong i2 = il + d; // position to swap with
ulong e2 = x_[i2]; // element to swap with
if (el >e2 ) // can we swap?
{

xi_[el] = i2;

xi_[e2] = il;

x_[i1] = e2;

x_[i2] = el;

swl_ = il; sw2_ = i2;

while ( ++el<n_ ) d_[el] = -d_[el];
) return true;
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first(Q;
return false;

The last permutation can be obtained via
void last()

for (ulong i=0; i<n_; i++) xi_[i] = i;
for (ulong i=0; i<n_; i++) =x_[i] = i;
for (ulong i=0; i<n_; i++) d_[i] = +1;
swl_ = 0; sw2_ =1; // relative to first permutation
d_[swi_] = -1UL;
d_[sw2_] = -1UL;
swap2(x_[swi_], x_[sw2_]);
swap2(xi_[swi_], xi_[sw2_1);

}

The method to compute the predecessor is obtained as before. The routines next () and prev() generate
about 126 million permutations per second.

10.8 Minimal-change orders from factorial numbers

10.8.1 Permutations with falling factorial numbers

permutation ffact pos dir inverse perm.
0: [ .123] L. . .] [ .123]
1: [ 1 .2 3] [ 1. . ] 0 +1 [ 1 .2 3]
2: [ 12 . 3] [ 2 . . ] 0 +1 [ 2 .1 3]
3: [ 123 . ] [ 3 . . ] 0 +1 [ 3 . 1 2]
4: [ 213 . ] [ 31 . ] 1 +1 [ 31 . 2]
5: [ 21 . 3] [ 21 . ] 0 -1 [ 21 . 3]
6: [ 2 .1 3] [ 11 . ] 0 -1 [ 12 . 3]
7: [ . 21 3] [ .1 . ] 0 -1 [ . 21 3]
8: [ . 23 1] [ . 2 . ] 1 +1 [ . 312]
9: [ 2 .3 1] [ 12 . ] 0 +1 [ 13 . 2]
10: [ 23 . 1] [ 22 . ] 0 +1 [ 23 . 1]
11: [ 231 . ] [ 32 . ] 0 +1 [ 32 . 1]
12: [ 321 . ] [ 321 ] 2 +1 [ 321 . ]
13: [ 32 . 1] [ 221 ] 0 -1 [ 231 . ]
14: [ 3 . 2 1] [ 121 ] 0 -1 [ 132 . ]
15: [ . 321 ] [ . 21] 0 -1 [ . 32 1]
16: [ . 312] [ . 11] 1 -1 [ . 23 1]
17: [ 3 .1 2] [ 111] 0 +1 [ 123 . ]
18: [ 31 . 2] [ 21 1] 0 +1 [ 213 . ]
19: [ 312 . ] [ 31 1] 0 +1 [ 312 . ]
20: [ 132 . ] [ 3 . 1] 1 -1 [ 3 .2 1]
21: [ 13 . 2] [ 2 . 1] 0 -1 [ 2 . 3 1]
22: [ 1 .3 2] [ 1 . 1] 0 -1 [ 1 .3 2]
23: [ . 13 2] [ . . 1] 0 -1 [ . 13 2]

Figure 10.8-A: Permutations in minimal-change order (left) and Gray code for mixed radix numbers
with falling factorial base. The two rightmost columns give the place of change with the mixed radix
numbers and its direction. Whenever digit p (=pos) changes by d = +1 (=dir) in the mixed radix
sequence the element p of the permutation is swapped with its right (d = +1) or left (d = —1) neighbor.

The Gray code for the mixed radix numbers with falling factorial base allows the computation of the
permutations in minimal-change order in an elegant way. See figure which was created with
the program [FXT: comb/perm-gray-flact2-demo.cc]. The algorithm is implemented in [FXT: class
perm_gray_ffact2 in comb/perm-gray-ffact2.hj:

class perm_gray_ffact2

{
public:
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mixedradix_gray2 *mrg_; // loopless routine

ulong n_; // number of elements to permute

ulong *x_; // current permutation (of {0, 1, ..., n-1})

ulong *ix_; // inverse permutation

ulong swl_, sw2_; // indices of elements swapped most recently

public:

perm_gray_ffact2(ulong n)
: n_(n)
x_ = new ulong[n_];
ix_ = new ulong[n_];
mrg_ = new mixedradix_gray2(n_-1, 0); // falling factorial base
first();

}

[--snip--]

¥oid first()

}

mrg_->first();
for (ulong k=0; k<n_; ++k) =x_[k] = ix_[k] = k;
swl_=n_-1; sw2_=n_-2;

The crucial part is the computation of the successor:

bool next()
{

}

// Compute next mixed radix number in Gray code order:
if ( false == mrg_->next() ) { first(); return false; }

const ulong j = mrg_->pos(); // position of changed digit

const int d = mrg_->dir(); // direction of change

// swap:

const ulong x1
const ulong il
const ulong i2

s // element j

ix_[x1]; // position of j

il + d; // mneighbor

const ulong x2 = x_[i2]; // position of neighbor

x_[i1] = x2; _[i2] = x1;  // swap2(x_[i1], x_[i2]);
ix_[x1] = i2; ix_[x2] = i1; // swap2(ix_[x1], ix_[x2]);
swl_=il; sw2_=i2;

return true;

Moononon

245

The class uses the loopless algorithm for the computation of the mixed radix Gray code, so it is loopless
itself. An alternative (CAT) algorithm is implemented in [FXT: class perm_gray_ffact in comb/perm-
gray-ffact.h], we give just the routine for the successor:

private:

void swap(ulong j, ulong im) // used with next() and prev()

{

¥
public:

const ulong x1
const ulong il
const ulong i2

s // element j

ix_[x1]; // position of j

il + im; // neighbor

const ulong x2 = x_[i2]; // position of neighbor

x_[i1] = x2; _[i2] = x1; // swap2(x_[i1], x_[i2]);
ix_[x1] = i2; ix_[x2] = i1; // swap2(ix_[x1], ix_[x2]);
swl_=il; sw2_=i2;

Moononou

bool next()
{

ulong j = 0;

ulong m1 = n_ - 1; // nine in falling factorial base
ulong ij;

zhile ¢ Ej=i_[iD D

ulong dj

i_[31;
d_[j] + im;
if (djdml ) // ="

= if ( (dj>m1) || ((long)dj<0) )
i_[31 = -ij;

else
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d_[jl = dj;
swap(j, im);
return true;

}

--ml;
++3j;

return false;

}

The routine for the predecessor (prev()) is obtained by replacing the statement ulong im = i_[j];
by ulong im = -i_[j];. The loopless routine computes about 80 million permutations per second, the
CAT version about 110 million per second [FXT: |comb/perm-gray-ffact-demo.cc|. Both are slower than
the implementations given in section [10.7) on page

10.8.2 Permutations with rising factorial numbers

permutation rfact pos dir inverse perm.
0: [ .123] [ .. .] [ .123]
1: [1.23] [1. .] 0 +1 [1.23]
2: [ 2 .1 3] [ 11 . ] 1 +1 [ 12 . 3]
3: [ . 21 3] [ . 1 . ] 0 -1 [ . 21 3]
4: [ 12 . 3] [ . 2 . ] 1 +1 [ 2 .1 3]
5: [ 21 . 3] [ 12 . ] 0 +1 [ 21 . 3]
6: [ 31 . 2] [ 121 ] 2 +1 [ 213 . ]
7: [ 13 . 2] [ . 2 1] 0 -1 [ 2 .3 1]
8: [ . 31 2] [ .1 1] 1 -1 [ . 23 1]
9: [ 3 .1 2] [ 11 1] 0 +1 [ 123 . ]
10: [ 1 . 3 2] [ 1 . 1] 1 -1 [ 1 .3 2]
11: [ . 13 2] [ . . 1] 0 -1 [ . 13 2]
12: [ . 23 1] [ . . 2] 2 +1 [ . 31 2]
13: [ 2 . 3 1] [ 1. 2] 0 +1 [ 13 . 2]
14: [ 3 .21 ] [ 11 2] 1 +1 [ 132 . ]
15: [ . 32 1] [ .1 2] 0 -1 [ . 32 1]
16: [ 23 . 1] [ . 2 2] 1 +1 [ 23 . 1]
17: [ 32 . 1] [ 12 2] 0 +1 [ 231 . ]
18: [ 321 . ] [ 12 3] 2 +1 [ 321 . ]
19: [ 231 . ] [ . 23] 0 -1 [ 32 . 1]
20: [ 132 . ] [ . 1 3] 1 -1 [ 3 . 2 1]
21: [ 312 . ] [ 11 3] 0 +1 [ 312 . ]
22: [ 213 . ] [ 1. 3] 1 -1 [ 31 . 2]
23: [ 123 . ] [ . 3 ] 0 -1 [3 . 12]

Figure 10.8-B: Permutations in minimal-change order (left) and Gray code for mixed radix numbers
with rising factorial base. For even n the first and last permutations are cyclic shifts by one of each other.

base. The ordering coincides with Heap’s algorithm (see section [10.5| on page for up to four ele-
ments. A recursive construction for the order is shown in figure [10.8-C| The figure was created with the
program [FXT: comb/perm-gray-rfact-demo.cc| (see also [FXT: |comb/fact2perm-demo.cc]). A constant
amortized time (CAT) algorithm for generating the permutations is [FXT: class perm_gray rfact in
comb/perm-gray-rfact.h|:

Figure|10.8-B|shows a Gray code for permutations based on the Gray code for numbers in rising factorial
ﬁ

class perm_gray_rfact

{
public:

mixedradix_gray *M_; // loopless routine

ulong n_; // number of elements to permute

ulong *x_; // current permutation (of {0, 1, ..., n-1})

ulong *ix_; // inverse permutation

ulong swl_, sw2_; // indices of elements swapped most recently
public:

perm_gray_rfact(ulong n)

: n_(n)
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append 3:
012 3
perm(2)= 102 3
01 201 3 ==> perm(4):
10 021 3 0123
120 3 1023
append 2: 210 3 2013
01 2 0213
10 2 reverse and swap (3,2): 1203
310 2 2103
reverse and swap (2,1) 130 2 3102
201 031 2 1302
021 301 2 0312
103 2 3012
reverse and swap (1,0) 013 2 1032
12 0 0132
21 0 reverse and swap (2,1): 0231
023 1 2031
==> perm(3) 203 1 3021
012 302 1 0321
102 032 1 2301
201 230 1 3201
021 320 1 321
120 2310
210 reverse and swap (1,0): 1320
321 0 3120
231 0 2130
132 0 1230
312 0
213 0
123 0

Figure 10.8-C: Recursive construction of the permutations.

x_ = new ulong[n_];
ix_ = new ulong[n_];
M_ = new mixedradix_gray(n_-1, 1); // rising factorial base

first();

}
[--snip--]
¥oid first()

M_->first();
for (ulong k=0; k<n_; ++k) =x_[k] = ix_[k] = k;
swl_=n_-1; sw2_=n_-2;

}

Let 7 > 0 be the position of the digit changed with incrementing the mixed radix number, and d = £1 the
increment or decrement of that digit. The swap to obtain the successor permutation swaps the element
21 at position j + 1 with the element zo where x5 is lying to the left of 21 and it is the greatest element
smaller than x; for d > 0, and the smallest element greater than x; for d < 0:

bool next()
{

// Compute next mixed radix number in Gray code order:
if ( false == M_—>next() ) { first(); return false; }
ulong j = M_->pos(); // position of changed digit

if ( j<=1 ) // easy cases: swap == (0, j+1)
{

j+1;  // i1 ==

const ulong x1 x_[0], =x2 = x_[i2];

x_[0] = x2; _[i2] = x1; // swap2(x_[i1], x_[i2]);
ix_[x1] = i2; ix_[x2] = 0; // swap2(ix_[x1], ix_[x2]);
swl_=0; sw2_=i2;

return true;

const ulong i2

el

else
ulong i1l = j+1, 1i2 = it;
ulong x1 = x_[i1], x2;
int 4 = M_->dir(); // direction of change
if ( d>0)
x2 = 0;
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for (ulong t=0; t<il; ++t) // search maximal smaller element left

ulong xt = x_[t];
if ( (xt < x1) && (xt >= x2) ) { i2=t; x2=xt; }

else
X2 = n_;
for (ulong t=0; t<il; ++t) // search minimal larger element

ulong xt = x_[t];

if ( (xt > x1) && (xt <= x2) ) { i2=t; x2=xt; }
}
x_[i1] = x2; x_[12]
ix_[x1] = i2; ix_[x2]
swl_=i2; sw2_=il;
return true;

x1; // swap2(x_[i1], x_[i2]);
il; // swap2(ix_[x1], ix_[x2]);

}
}

There is a slightly more efficient algorithm to compute the successor using the inverse permutations:
bool next()

[--snip--] /* easy cases as before */

flse
ulong il = j+1, i2 = iil;
ulong x1 = x_[i1], x2;
int d = M_->dir(); // direction of change

if ( d>0 ) // in the inverse permutation search first smaller element left:
for (x2=x1-1; ; --x2) if ( (i2=ix_[x2]) < i1l ) break;
else // in the inverse permutation search first smaller element right:
for (x2=x1+1; ; ++x2) if ( (i2=ix_[x2]) < i1 ) break;
[--snip--] /* swaps as before */

}

The method is chosen by defining SUCC_BY_INV in the file [FXT: comb/perm-gray-rtact.h]. About 68 mil-
lion permutations per second are generated, about 58 million with the first method.

10.8.3 Permutations with permuted factorial numbers

The rising and falling factorial numbers are special cases of factorial numbers with permuted digits. We
give a method to compute the Gray code for permutations from the Gray code for permuted (falling)
factorial numbers. A permutation of the radices determines how often a digit at any position is changed:
the leftmost changes most often, the rightmost least often. The permutations corresponding to the mixed
radix numbers with radix vector [2,3,5,4], the falling factorial last two radices swapped, is shown in
figure [FXT: comb/perm-gray-rotl-demo.cc|]. The desired property of this ordering is that the
last permutation is as close to a cyclic shift by one of the first as possible. With even n the Gray code
with the falling factorial basis the last permutation is a shift by one. With odd n no such Gray code
exists: the total number of transpositions with any Gray code is odd for all n > 1, but the cyclic rotation
by one corresponds to an even number of transpositions. The best we can get is that the first e elements
where e < n is the greatest possible even number. For example,

first last
n=6: [0123 5] [123450]]
n=7: [0123 56 1] [1234506]

4
4
We use this ordering to show the general method [FXT: class perm gray_rotl in comb/perm-gray-
rot1.hl:

class perm_gray_rotl

{
public:
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Figure 10.8-D: Permutations with mixed radix numbers with radix vector [2, 3, 5, 4].

mixedradix_gray *M_;
ulong n_;

ulong *x_;
ulong *ix_;

// Gray code for factorial numbers
// number of elements to permute
// current permutation (of {0, 1,
// inverse permutation

., n-1})

ulong swl_, sw2_; // indices of elements swapped most recently

public:

perm_gray_rotl(ulong n)

{/ Must have: n>=1

n_
X_

ix_

M

(n?n:

1);

new ulong[n_];

// at least ome

= new ulong[n_];

= new mixedradix_gray(n_-1, 1); // rising factorial base

// apply permutation of radix vector with mixed radix number:
%f((n_>=3)&&(n&1))

ulong *ml = M_->ml_;
swap2(mi[n_-2], mi[n_-3]); // swap last two factorial nines

first();

}
[--snip--]

// odd n>=3

The permutation applied here can be replaced by any permutation, the following update routines will

still work:

bool next()
{

// Compute next mixed radix number in Gray code order:
if ( false == M_->next() )

const ulong j = M_->pos();

const ulong il = M_->m1_[j];

{ first(); return false; }
// position of changed digit

// valid for any permutation of factorial radices

[fxtbook draft of 2008-January-19]




250 Chapter 10: Permutations

const ulong x1 = x_[i1];
ulong i2 = i1, x2;
const int d = M_->dir(); // direction of change

if ( d>0 ) // in the inverse permutation search first smaller element left:
for (x2=x1-1; ; --x2) if ( (i2=ix_[x2]) < i1 ) break;

else // in the inverse permutation search first smaller element right:
for (x2=x1+1; ; ++x2) if ( (i2=ix_[x2]) < i1 ) break;

x_[i1] = x2; x_[i2]
ix_[x1] = i2; ix_[x2]

swl_=i2; sw2_=il;

x1; // swap2(x_[i1], x_[i2]);
il; // swap2(ix_[x1], ix_[x2]);

return true;
}
[--snip--]

Note that instead of taking j + 1 as the position of the element to move, we take the value of the nine at
the position j. The special ordering obtained here can be used to construct a Gray code with the single

track property, see section [10.10.2] on page 257}

10.9 Orders where the smallest element always moves right

10.9.1 A variant of Trotter’s construction

An ordering for the permutations where the first element always moves right can be obtained by the
interleaving process shown in figure The process is the same as that for Trotter’s order shown in
figure on page[240] but without changing the directions. The second half of the permutations is the
reversed list of the reversed permutations in the first half. The permutations are shown in figure [10.9-B|
they are the inverses of the permutations corresponding to the falling factorial numbers, see figure
on page An implementation is [FXT: class perm-mv0 in comb/perm-mv0.h]:

class perm_mvO

{
public:
ulong *d_; // mixed radix digits with radix = [n-1, n-2, n-3, ..., 2]
ulong *x_; // permutation
ulong ect_; // counter for easy case
ulong n_; // permutations of n elements
public:

perm_mvO(ulong n)
// Must have n>=2

n_ = n;
d_ = new ulong[n_];
d_[n-1] = 1; // sentinel (must be nonzero)
x_ = new ulong[n_];
first(Q;

[--snip--]

¥oid first()

for (ulong k=0; k<n_; ++k) x_[k] = k;
for (ulong k=0; k<n_-1; ++k) d_[k] = 0;
ect_ = 0;

[--snip--]

The update process uses the falling factorial numbers. Let j be the position where the digit is incremented,
and d the value before the increment. The update

permutation ffact
v-- increment at j=2
[423510]1] [6411 .1 <--=digit before increment is d=1
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P=[1, 2, 3] perm(4)==
--> [0, 1, 2, 3] (0o, 1, 2, 3]
--> [1, 0, 2, 3] [1, 0, 2, 3]
—————————————————— --> [1, 2, 0, 3] [1, 2, 0, 3]
P=[3] -=> [1, 2: 3’ O] [1: 2, 3: O]
--> [2, 3] (0o, 2, 1, 3]
-=> [3, 2] P=[2, 1, 3] (2, 0, 1, 3]
-=> [0’ 2: 1: 3] [2: 1: O: 3]
--> [2, 0, 1, 3] [2, 1, 3, 0]
--> [2, 1, 0, 3] (o, 2, 3, 1]
-=> [2: 1: 3, O] [2, 0, 3’ 1]
[2: 3, 0, 1]
P=[2, 3, 1] (2, 3, 1, 0]
--> [0, 2, 3, 1] (0o, 1, 3, 2]
—————————————————— --> [2, 0, 3, 1] [1, 0, 3, 2]
P=[2: 3] -=> [2’ 33 O: 1] [1: 3, O: 2]
-=> [1’ 2, 3] -=> [2, 3: 1} O] [1: 3) 2, O]
--> [2, 1, 3] [0, 3, 1, 2]
-=> [2: 3: 1] P=[1, 33 2] [3, O: 13 2]
-—=> [0’ 13 3: 2] [3: 1, O: 2]
P=|:3: 2] -=> [1, O: 3’ 2] [3: 1) 2, O]
--> [1, 3, 2] --> [1, 3, 0, 2] (o, 3, 2, 1]
-—=> [3: 1: 2] -—=> [1: 3) 2; O] [3, O: 23 1]
-=> [3’ 2, 1] [3: 2, O: 1]
P=[3, 1, 2] (3, 2, 1, 0]
--> [0, 3, 1, 2]
-=> [3: O) 1, 2]
-—=> [3, 1: 0, 2]
-—=> [3, 1: 2’ 0]
P=[3, 2, 1]
-=> [0, 3: 2’ 1]
--> [3, 0, 2, 1]
-=> [3’ 2) o, 1]
--> [3, 2, 1, 0]

Figure 10.9-A: Interleaving process to obtain all permutations by right moves.
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Figure 10.9-B: All permutations of 4 elements and falling factorial numbers used to update the permu-
tations. Dots denote zeros.
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[014325] [..21.]

is done in three steps:

[423510] [5411.]
[432510] [5421.] move element at position d=1 to the right
[ x*x4325] [ **21 .1 move all but j=2 elements to end
[014325] [ 21 .1 1insert identical permutation at start

We treat the first digit separately as it changes most often (easy case):

bool next()
if ( ++ect_ < n_ ) // easy case

swap2(x_[ect_], x_[ect_-11);
return true;

else
{

ect_ = 0;

ulong j = 1;

ulong m1 = n_ - 2; // nine in falling factorial base
while ( d_[jl==m1 ) // find digit to increment

if ( j==n_-1 ) return false; // current permutation is last
const ulong dj = d_[j];
d_[j] =4dj + 1;

// element at d[j] moves one position to the right:
swap2( x_[djl, x_[dj+1] );

{ // move n-j elements to end:
ulong s = n_-j, d=n_;

X_ [é] = x_[s];

}
while ( s );

// £ill in 0,1,2,..,j-1 at start:
for (ulong k=0; k<j; ++k) x_[k] = k;

return true;

}

The routine generates about 160 million permutations per second [FXT: comb/perm-mv0-demo.cc].

10.9.2 Ives’ algorithm

An ordering where most of the moves are a move by one to the right of the smallest element is shown
in figure With n elements only one in n (n — 1) moves is more than a transposition (only the
update from 12 to 13 in figure [10.9-C]). The second half of the list of permutations is the reversed list of
the reversed permutations in the first half. The algorithm, given by Ives [I39], is implemented in [FXT:
class perm_ives in comb/perm-ives.h]:

class perm_ives

{
public:

ulong *p_; // permutation

ulong *ip_; // inverse permutation

ulong n_; // permutations of n elements
public:

perm_ives(ulong n)
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Figure 10.9-C: All permutations of 4 elements in an order by Ives.

{/ Must have: n >= 2

n_ = n;
p_ = new ulong[n_];
ip_ = new ulong[n_];
first();

[--snip--]

The computation of the successor is

bool next()
{

ulong el = 0, u =

do
{

const ulong il
const ulong i2
const ulong e2

=}

_1,

ip_[ell;
(il==u 7 el : i1+l );
p_[i2];

p_[i1] = e2; p_[i2] = el;
ip_[e2] = ii;

ip_[el] = i2;

if ( (p_[el]!=el)
++el;

——u;

while (u > el );
return false;

[--snip-

-]

(p_[ul'=u) ) return true;

The rate of generation is about 180 M /s [FXT: comb/perm-ives-demo.cc|. Using arrays instead of pointers
increases the rate to about 190 M/s.

As the easy case with the update (when just the first element is moved) occurs so often it is natural to

create an extra branch for it. When the define for PERM_IVES_OPT is made before the class definition
then a counter is created:

class perm_ives

[--snip--]

ulong ctm_; // aux: counter for easy case

ulong ctmO_; // aux: start value of ctm == nx(n-1)-1
[--snip--]
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When the counter is nonzero the following update can be used:
bool next()

if ( ctm_-- ) // easy case

{
ip_[0]; // el ==
const ulong i2 (il==n_-1 7 0 : il+1);
const ulong e2 = p_[i2];
p_[i1]l = e2; p_[i2] = 0;
ip_[0] = i2; ip_[e2] = i1;
return true;

const ulong il

ctm_ = ctmO_;

[--snip--] // rest as before

When arrays are used a minimal speedup is obtained (rate 192 M/s), when pointers are used, the effect
is a notable slowdown (rate 163 M/s).

The greatest speedup is obtained by a modified condition in the loop:

if ( (p_[e1]l”el) | (p_[ul”uw) ) return true;
// same as: if ( (p_[ell!=el) || (p_[ul!=u) ) return true;

The rate is increased to almost 194 M/s. This optimization is activated by defining PERM_IVES_0PT2.

10.10 Single track orders
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Figure 10.10-A: Permutations of 4 elements in single track order. Dots denote zeros.

Figure shows a single track order for the permutations of four elements. Each column in the list
of permutations is a cyclic shift of the first column. A recursive construction for the ordering is shown
in figure The figure was created with the program [FXT: comb/perm-st-demo.cc] which uses
[FXT: class perm_st in comb/perm-st.hj:

class perm_st

{

public:
ulong *d_; // mixed radix digits with radix = [2, 3, 4, ..., n-1, (sentinel=-1)]
ulong *p_; // permutation
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23 <--= permutations of 2 elements

32

11 23 32 <--= concatenate rows and prepend new element
112332 <--= shift 0

321123  <--= shift 2

233211  <--= shift 4

000000 112332 321123 233211

A
|
|
|

000000 112332 321123 233211 <--= shift 0
233211 000000 112332 321123 <--= shift 6
321123 233211 000000 112332 <--= shift 12
112332 321123 233211 000000 <--= shift 18

= concatenate rows and prepend new element

Figure 10.10-B: Construction of the single track order for permutations of 4 elements.

ulong *pi_; // inverse permutation

ulong n_; // permutations of n elements
public:

perm_st (ulong n)

{
n_ = n;
d_ = new ulong[n_];
p_ = new ulongln_];
pi_ = new ulong[n_];
d_[n-1] = -1UL; // sentinel
first();

}

[--snip--]

The first permutation is in enup order (see section on page [175)):

const ulong *data() const { return p_; }
const ulong *invdata() const { return pi_; }
¥oid first()

for (ulong k=0; k<n_-1; ++k) d_[k] =
for (ulong k=0, e=0; k<n_; ++k)

p_[k] = e;
pi_[el =
e = next_enup(e, n_-1);
}
}
[--snip--]

The swap with the inverse permutations are determined by the rightmost position j changing with mixed
radix counting with rising factorial base. We write —1 for the last element, —2 for the second last, and

S0 on:

J swaps

0: (-2,-1)

1. (-3,-2)

2: (-4,-3) (-2,-1)

3: (-5,-4) (-3,-2)

4: (-6,-5) (-4,-3) (-2,-1)

5: (- 7, 6) (-5,-4) (-3,-2)

i (=j-2, -j-1 (=2-(3%1), -1-(3%1))
The computation of the successor is CAT:

bool next()
{

// increment mixed radix number:

ulong j = 0;

while ( d_[jl==j+1 ) { d_[jl=0; ++j; }

if ( j==n_-1 ) return false; // current permutation is last
++d_[j1;

for (ulong el=n_-2-j, e2=el+l; e2<n_; el+=2, e2+=2)
{
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const ulong il
const ulong i2

pi_lell; // position of element el
pi_[e2]; // position of element e2

pi_lel]l = i2;
pi_[e2] = i1;
p_[i1] = e2;
p_[i2] = el;

}

return true;

All swaps with the inverse permutations are of adjacent pairs. The reversals of the first half of all
permutations lie in the second half, the reversal of the k-the permutation lies at position n! — 1 — k

permutation inv. perm.
0: [ . 123] [ . 123]
1: [ .13 2] [ 1. . ] [ . 132]
2: [ . 23 1] [ .1 . ] [ . 312]
3: [ .32 1] [ 11 . ] [ . 321]
4: [ . 31 2] [ . 2 . ] [ .23 1]
5: [ . 213] [ 12 . ] L . 213]
6: [ 13 . 2] [ . . 1] [2 .3 1]
7: L 12 . 3] L1 . 1] L2 .13]
8: [21 . 3] [ .1 1] [21 . 3]
9: [ 31 . 2] [ 11 1] [ 213 . ]
10: [32 . 1] [ . 2 1] (231 . ]
11: [ 23 . 1] [ 12 1] [23 . 1]
12: [3 21 . ] [ . . 2] L3271 . ]
13: [ 231 . ] [ 1. 2] [32 . 1]
14: [ 132 . ] [ . 12] L3 .21]
15: [1 23 . ] [ 11 2] [3 . 12]
16: [ 213 . ] [ . 2 2] [3 1 . 2]
17: [ 312 . ] [ 12 2] [312 . ]
18: [2 . 3 1] [ . . 3] [ 13 . 2]
19: [3 .2 1] [ 1. 3] [132 . ]
20: [ 3 .1 2] [ . 13] [1 23 . ]
21: [ 2 . 13] [ 113 L12 . 3]
22: [1 .2 3] [ . 23] [1 .2 3]
23: [1 .3 2] [ 12 3] [1 .3 2]

Figure 10.10-C: Permutations of 4 elements in single track order starting with the identical permutation.

The single track property is independent of the first permutation, one can start with the trivial permu-
tation using

void first_id() // start with identical permutation

for (ulong k=0; k<n_-1; ++k) d_[k] = 0;
for (ulong k=0; k<n_; ++k) p_[k] = pi_[k] = k;
}
The ordering obtained is shown in figure [10.10-C| The reversal of the k-the permutation lies at position
(n!)/2 + k. About 85 million permutations per second can be generated.

10.10.1 Construction of all single track orders

A construction for a single track order of n+ 1 elements from an arbitrary ordering of n elements is shown
in figure (for n = 3 and lexicographic oder). Thereby we obtain as many single track orders
for the permutations of n elements as there are orders of the permutations of n — 1 elements, namely
((n — 1)HL. One can apply cyclic shifts in each blocks as shown in figure The shifts in the first
(n — 1)! positions (first blocks in the figure) determine the shifts for the remaining permutations. Now
there are n different cyclic shifts in each position. Indeed all single track orderings are of this form, so
their number is

Ny(n) = ((n—1)) nr-D! (10.10-1)
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112233

231312 <--= permutations of 3 elements in lex order (columns)

323121

000000 112233 231312 323121 <--= concatenate rows and prepend new element
000000 112233 231312 323121 <--= shift 0

323121 000000 112233 231312 <--= shift 6

231312 323121 000000 112233 <--= shift 12

112233 231312 323121 000000 <--= shift 18

Figure 10.10-D: Construction of a single track order for permutations of 4 elements from an arbitrary
ordering of the permutations of 3 elements.

single track ordering modified single track ordering
...... 112233 231312 323121 21.113 1.333. .212.1 332.22
323121 ...... 112233 231312 1.333. .212.1 332.22 21.113
231312 323121 ...... 112233 .212.1 332.22 21.113 1.333.
112233 231312 323121 ...... 332.22 21.113 1.333. .212.1
000000 210321 <--= cyclic shifts

Figure 10.10-E: In each of the first (n — 1)! permutations in a single track ordering (first block left) an
arbitrary rotation can be applied (first block right), leading to a different single track ordering.

The number of single track orders that start with the identical permutation, and where the k-th run of
(n —1)! elements starts with k (and thereby all shifts between successive tracks are left shifts by (n — 1)!
positions) is

Ny(n)/n! = ((n—1)!=1)I pr—Di71 (10.10-2)

10.10.2 A single track Gray code

[ . 1234] [1234 . ] [234 . 1] [34 .12 [4 . 123]
[1 .23 4] [ . 234 1) [2341 . ] [ 341 . 2] [ 41 . 23]
[2 . 134] [ . 1342] [1342 . ] [342 . 1] [42.13]
.2134] [2134 . ] [134 . 2] [34 .21 ] [ 4 .21 3]
[ 12 .3 4] [2 .34 1] [ .3412] [3412 . ] [412. 3]
[21 .34] [1.342] [ . 3421 ] [3421 . ] [421.3]
[31 .24 ] [1 .24 3] [ . 2431] [ 2431 . ] [ 431 . 2]
[13.24] [3.241] [ .2413] [ 2413 . ] [413. 2]
[ . 3124] [ 3124 . ] [124 . 3] [ 24 .31 ) [ 4 .312]
[3.124] [ . 1243] [1243 . ] [ 243 . 1] [ 43 .12]
[1.324] [ . 3241] [324 1 [241 . 3] [41.32]
[ . 1324] [1324 . ] [324 . 1] [24 . 13] [4 . 132]
[ .23 14] [2314 . ] [314 . 2] [14 .23 [ 4 .231]
[2 . 314] [ . 3142) [3142.] [142 . 3] [42.31]
[3.214] [ . 2143] [2143 . ] [143 . 2] [ 43 .21 ]
[ . 3214 ] [ 3214 . ] [214 . 3] [ 14 .32 [ 4 .321]
[ 23 . 14] [3.142] [ . 1423] [1423 . ] [ 423 . 1]
[ 32 .14 ] [ 2 .14 3] [ . 1432] [1432 . ] [ 432 . 1]
[ 321 . 4] [ 21 .4 3] [1.432] [ . 4321 ] [4321.
[ 231 . 4] [31 .42] [1.423] [ . 4231] [ 4231
[ 132 . 4] [32 .4 1] [2.413] [ . 4132] [4132
[312 . 4] [12 . 43] [2.431] [ . 4312] [4312.
[ 213 . 4] [13 .42 [3.421] [ . 4213 [4213 .
[ 123 . 4] [23 .4 1] [3 .41 2] L 412 3] [4 123 .
Figure 10.10-F: A cyclic Gray code for the permutations of 5 elements with the single track property.

A Gray code for permutations that has the single track property can be constructed by using a Gray
code for the permutations of n — 1 elements if the first and last permutation are cyclic shifts by one
position of each other. Such Gray codes exist for even lengths only. Figure shows a single track
Gray code for n = 5. For even n we use a Gray code where all but the last element are cyclically shifted
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Figure 10.10-G: The single track ordering for odd n with the least number of transpositions contains
n — 1 extra transpositions. Here the non-Gray transitions are cycles between the elements 0, 4, and 5.

between the first and last permutation. Such a Gray code is given in section [10.8.3| on page The
resulting single track order is as close to a Gray code as possible, just n — 1 extra transpositions occur
ﬁ

for all permutation of n elements, see figure

10.10-G| The listings were created with the program [FXT:

comb/perm-st-gray-demo.cc| which uses [FXT: class perm_st_gray in comb/perm-st-gray.h|:

class perm_st_gray

i .

public:
perm_gray_rotl *
ulong *x_; //
ulong *ix_; //
ulong n_; //

ulong sct_; //
public:

perm_st_gray(ulo

4/ Must have n>=

= (n>=2 7

= new ulo
X_ = new ul
first();

n
G
X
i
}
[--snip--]
¥oid first()
G—>first();

for (ulong j
sct_ = n_;

G; // underlying permutations

permutation

inverse permutation
number of elements
count cyclic shifts

ng n)
2
n: 2);

ngln_]1;
ong[n_];

= new perm_gray_rotl(n-1);

=0; j<n_; ++j) ix_[j] = x_[j]

= j;

We define two auxiliary routine to swap elements by their value and by their positions:

private:
void swap_elemen
{
const ulong
x_[i1] = x2;

ts(ulong x1, ulong x2)

i1 ix_[x1], i2 = ix_[x2];

;_[i2] = x1;
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ix_[x1] = i2; ix_[x2] = il; // swap2(ix_[x1], ix_[x2]);
}

void swap_positions(ulong il, ulong i2)
const ulong x1 = x_[i1], x2 = x_[i2];
x_[i1] = x2; x_[i2] = x1; // swap2(x_[i1], x_[i2]);

ix_[x1] = i2; ix_[x2] = i1; // swap2(ix_[x1], ix_[x2]);
}

The update routine consists of two cases. The frequent case is the update via the underlying permutation:

public:
?ool next ()

bool q = G->next();
if ( @ ) // normal update (in underlying permutation of n-1 elements)

ulong il, i2; // positions of swaps
G->get_swap(il, i2);

// rotate positions according to sct:
il 4= sct_; if ( i1>=n_ ) il-=n_;
i2 4= sct_; if ( i2>=n_ ) i2-=n_;

swap_positions(il, i2);
return true;

}

The infrequent case happens when the last underlying permutation is encountered:

else // goto next cyclic shift (once in (n-1)! updates, n-1 times in total)
G->first(); // restart underlying permutations
--sct_; // adjust cyclic shift
swap_elements(0, n_-1);

if ( 0==(n_&1) ) // n even
if ( n_>=4 ) swap_elements(n_-2, n_-1); // one extra transposition

return ( O!=sct_ );

10.11 Star-transposition order

The permutations can be ordered so that successive permutations differ by a swap of the element at the
first position with some other element (star transposition), figure[10.11-A] An algorithm for the generation
of such an ordering is given in [I57]. The implementation of the algorithm, ascribed to Gideon Ehrlich,
is given in [FXT: class perm_star in comb/perm-star.h|. The generation of the inverse permutations
is an option that is activated by the #define PERM_STAR_WITH_INVERSE. If the successive permutations
differ by a transposition

swap2(a_[0], a_[swp_1);
then the inverse can be updated as
swap2(ia_[a_[0]], ia_[a_[swp_11);

Note that in the sequence of the inverse permutations the zero is always moved. In the list of the inverse
permutations the reversed permutations of the first half are in the second half.

The listing shown in figure can be obtained with [FXT:|comb/perm-star-demo.cc]. About 77 mil-
lion permutations per second are generated and about 115 million when the inverse permutation is not
computed. If the only the swaps are of interest then use [FXT: class perm_star_swaps in [comb/perm-
star-swaps.h| whose update routine works at a rate about 158 million per second [FXT: comb/perm-star-
swaps-demo.cc].
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permutation swap inverse

0: [ .123] [ .12
1: [1.23] (0, 1) [1.2
2: [2.13] (0, 2) [12.
3: [ .213] (0, 1) [.21
4: [12.3] 0, 2) [2 .1
5: [21.3] (0, 1) [21.
6: [31.2] (0, 3 [213
7: [.132] (0, 2) [ .13
8: [1.32] (0, 1) [1.3
9: [3.12] (0, 2) [123
10: [ .312] (0, 1) [ .23
11: [13.2] 0, 2) [2.3
12: [23 . 1] (0, 3) [23.
13: [32.1] (0, 1) [231
14: [ .231] (0, 2) [ .31
15: [2.31] (0, 1) [13.
16: [3.21] 0, 2) [132
17: [ .321] (0, 1) [ .32
18: [132.] (0, 3) [3 .2
19: [231.] (0, 2) [ 32.
20: [321.] (0, 1) [321
21: [123.] (0, 2) [3 .1
22: [213.] (0, 1) [31.
23: [312.] 0, 2) [312

PR NN PRPERPs DN WWWWwwwwo
|_||_n_||_n_||_n_|_||_||_n_|_||_||_||_|_|u_n_|_n_n_n_|u‘

. NN -

Figure 10.11-A: The permutations of 4 elements in star-transposition order. Dots denote zeros.

10.12 Derangement order

The derangement order for permutations is characterized by the fact that two successive permutations
have no element at the same position, as shown in figure The listing was created with the
program [FXT: comb/perm-derange-demo.cc|. There is no such sequence for n = 3. The implementation
of the underlying algorithm is [FXT: class perm_derange in [comb/perm-derange.h]:

class perm_derange

L

public:
ulong n_; // number of elements
ulong *x_; // current permutation

ulong ctm_; // counter modulo n
perm_trotter*x T_;

public:
perm_derange (ulong n)
// Must have: n>=4
// n=2: trivial, n=3: no solution exists,

n;

new ulong[n_];

T_ new perm_trotter(n_-1);
first();

o]
nonn

[--snip--]
The routine to update the permutation is

bool next()

n>=4:

ok

// current permutation is last

t[k];

++ctm_;
if ( ctm_>=n_ ) // every n steps: need next perm_trotter
{
ctm_ = 0;
if (! T_->next() ) return false;
const ulong *t = T_->data();
for (ulong k=0; k<n_-1; ++k) x_[k] =
x_[n_-1] = n_-1; // last element
else // rotate
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permutation inverse perm
0: [ . 123] [ . 123]
1: [3 .1 2] [123 . ]
2: [ 123 . ] :3.12=
3: [23 . 1] 23 . 1]
4: [1 .2 3] [ 1.2 3]
5: 31 . 2] 213 . ]
6: [ .23 1] :.312:
7: [ 231 . ] [ 32 . 1]
8: [ 12 . 3] [2 . 13]
9: [ 312 . ] [ 312 . ]
10: [2 .3 1] :13.2:
11: [ . 312] [ .23 1]
12: [21 . 3] [21 . 3]
13: [ 321 . ] [ 321 . ]
14: [ 1.3 2] :1.32;
15: [ . 32 1] [ . 321]
16: [2 .1 3] [1 2. 3]
17: [32 . 1] [231 . ]
18: [ . 13 2] :.132=
19: [ 132 . ] [3 .21]
20: [ .21 3] [ . 213 ]
21: [3 .21 132 . ]
22: [ 213 . ] :31.2:
23: [13 . 2] [2 .3 1]

Figure 10.12-A: The permutations of 4 elements in derangement order.

if ( ctm_==n_-1 ) rotate_leftl(x_, n_);
else // last two elements swapped
{
rotate_rightl(x_, n_);
if ( ctm_==n_-2 ) rotate_rightl(x_, n_);
}

}
return true;

}

The routines rotate_right1() and rotate_last() rotate the array x_[] by one position [FXT:
perm/rotate.h]. These rotations are the performance bottleneck, the cost of one update of a length-
n permutation is proportional to n. Still, about 35 million permutations per second are generated for
n =12.

Derangement order for even n

An algorithm for the generation of permutations via cyclic shifts suggested in [I63] generates a derange-
ment order if the number n of elements is even, see figure An implementation of the algorithm,
following [I57], is [FXT: class perm_rot in [comb/perm-rot.h]. For odd n the number of times that
the successor is not a derangement of the predecessor equals ((n 4+ 1)/2)! — 1. The program [FXT:
comb /perm-rot-demo.cc] generates the permutations and counts those transitions.

An alternative ordering with the same number of transitions that are no derangements is obtained via
mixed radix counting in falling factorial basis and the routine [FXT: |comb/perm-rot-unrank-demo.cc]

void ffact2perm_rot(const ulong *fc, ulong n, ulong *x)

// Convert falling factorial number fc[0, ..., n-2] into
// permutation of x[0, ... ,n-1].
{

for (ulong k=0; k<n; ++k) x[k] =
for (ulong k=n-1, j=2; k!=0; --k, ++j) rotate_right(x+k-1, j, fcl[k-1]);
}

Figure[10.12-C|shows the generated ordering for n = 4 and n = 3. The observation that the permutations
in second ordering are the complemented reversals of the first leads to the unranking routine

class perm_rot

{
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ulong *a_; // permutation of n elements
ulong n_;
[--snip--]
void goto_ffact(const ulong *d)
// Goto permutation corresponding to d[] (i.e. unrank d[]).
// d[] must be a valid (falling) factorial mixed radix string.

{
for (ulong k=0; k<n_; ++k) a_[k] = k;
for (ulong k=n_-1, j=2; k!=0; --k, ++j) rotate_right(a_+k-1, j, d[k-1]);
reverse(a_, n_);
make_complement(a_, a_, n_);
}
[--snip--]

Compare to the unranking for permutations by prefix reversals shown in section on page

10.13 Recursive algorithm for cyclic permutations

permutation inverse ffact-swp
0: [ . 1 23] [ .1 23]
1: [ . 13 2] [ . 13 2] [ . . 1]
2: [ . 21 3] [ . 21 3] [ .1 . ]
3: [ . 23 1] [ . 312] [ . 1 1]
4: [ . 321 ] [ . 32 1] [ .2 . ]
5: [ . 31 2] [ . 23 1] [ . 21]
6: [ 1 .2 3] [ 1.2 3] [ 1. . ]
7: [ 1 .3 2] [ 1 .3 2] [ 1 . 1]
8: [ 12 . 3] [ 2 .1 3] [ 11 . ]
9: [ 123 . ] [ 3 .1 2] [ 11 1]
10: [ 132 . ] [ 3 . 2 1] [ 12 . ]
11: [ 13 . 2] [ 2 .3 1] [ 121 ]
12: [ 21 . 3] [ 21 . 3] [ 2 . . ]
13: [ 213 . ] [ 31 . 2] [ 2 . 1]
14: [ 2 .1 3] [ 12 . 3] [ 21 . ]
15: [ 2 . 3 1] [ 13 . 2] [ 21 1]
16: [ 23 . 1] [ 23 . 1] [ 22 . ]
17: [ 231 . ] [ 32 . 1] [ 22 1]
18: [ 312 . ] [ 312 . ] [ 3 . . ]
19: [ 31 . 2] [ 213 . ] [ 3 . 1]
20: [ 321 . ] [ 321 . ] [ 31 . ]
21: [ 32 . 1] [ 231 . ] [ 31 1]
22: [ 3 . 21 ] [ 132 . ] [ 32 . ]
23: 3 .12] [1 23 . ] [321]

Figure 10.13-A: All permutations of 4 elements (left) and their inverses (middle), and their (swaps-)
representations as mixed radix numbers with falling factorial basis. Permutations with common prefixes
appear in succession. Dots denote zeros.

A simple recursive algorithm for the generation of the permutations of n elements can be described as
follows: Put each of the n element of the array to the first position and generate all permutations of n — 1
elements. If n equals one, print the permutation.

The order obtained is shown in figure [10.13-Al it corresponds to the alternative (swaps-) factorial repre-
sentation with falling basis, given in section [10.3.3] on page

The algorithm is implemented in [FXT: class perm_rec in comb/perm-rec.h|:

class perm_rec

i .
public:
ulong *x_; // permutation
ulong n_; // number of elements

void (*visit_) (const perm_lex_rec &); // function to call with each permutation
public:
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perm_rec(ulong n)

{

n
X

n;
new ulong[n_];

}

“perm_rec()
{ delete [1 x_; }

void init()

for (ulong k=0; k<n_; ++k) =x_[k] = k;

}
void generate(void (*visit) (const perm_lex_rec &))
{

visit_ = visit;

init O;

next_rec(0);

The recursive function next_rec() is

void next_rec(ulong d)

if ( d==n_-1 ) visit_(*this);
else

const ulong pd = x_[d];
for (ulong k=d; k<n_; ++k)

{
ulong px = x_[k];
x_[k] = pd; =x_[d]l = px; // ="= swap2(x_[d], x_[k]);
next_rec(d+1);
x_[k] = px; =x_[d] = pd; // ="= swap2(x_[d], x_[k]);

}

}
}
The algorithm works because at each recursive call the elements x[d],...,x[n-1] are in a different

order and when the function returns the elements are in the same order as they were initially. With the
‘for’-statement changed to

for (ulong x=n_-1; (long)x>=(long)d; --x)
the permutations would appear in reversed order. Changing the loop in the function next_rec() to
for (ulong k=d; k<n_; ++k)

swap2(x_[d], x_[k]);
next_rec(d+1l, qq);

}
rotate_leftl(x_+d, n_-d);
produces lexicographic order.

A modified function generates the cyclic permutations (permutations consisting of exactly one cycle of
full length, see section [108]). The only change is to skip the case = d in the loop:

for (ulong k=d+1; k<n_; ++k) // omit k==

The cyclic permutations of five elements are shown in figure [10.13-B} The program [FXT: comb/perm-
rec-demo.cc| was used to create the figures [10.13-Al and [10.13-B|

void visit(const perm_rec &P) // function to call with each permutation

// Print the permutation

}

int

main(int argc, char **argv)

{
ulong n = 5; // Number of elements to permute
bool cq = 1; // Whether to generate only cyclic permutations
perm_rec P(n);

if ( cq ) P.generate_cyclic(visit);
else P.generate(visit) ;
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permutation cycle inverse ffact-swp
0: [1234.] (0,1, 2,3,4) [4.123] [1111]
1: [124.3] (0,1, 2,4, 3) [3.142] [1121]
2: [13.42] (0,1, 3,4, 2) [2.413] [1211]
3: [1342.] (o0,1,3,2,4) [4.312] [1221]
4: [143.2] (0,1, 4, 2, 3) [3.421] [1311]
5: [14.23] (0,1, 4,3, 2) [2.341] [1321]
6: [2.341] (0, 2,3,41) [14.23] [2111]
7: [2.413] (0,2, 4, 3,1) [13.42] [2121]
8: [2314.] (0, 2,1, 3,4) [42.13] [2211]
9: [234 . 1] (0,2, 4,1, 3) [34.12] [2221]
10: [2431.] (o0, 2,3,1,4) [43.21] [2311]
11: [241 . 3] (0, 2,1, 4, 3) [32.41] [2321]
12: [32.41] (0, 3,4,1, 2) [241.3] [3111]
13: [3241.] (0,3,1,2,4) [431.2] [3121]
14: [3.142] (o, 3,42,1) [124.3] [3211]
15: [3.421] (o0, 3,2, 4,1) [143.2] [3221]
16: [34.12] (0, 3,1, 4, 2) [234.1] [3311]
17: [3412.] (0,3,2,1,4) [423.1] [3321]
18: [423.1] (o, 4,1, 2, 3) [3412.] [4111]
19: [42.13] (o, 4, 3,1, 2) [2314.]1] [4121]
20: [431.2] (0, 4, 2,1, 3) [3241.] [4211]
21: [43.21] (0, 4,1, 3,2) [2431.] [4221]
22: [4.312] (o, 4,2, 3,1) [1342.] [4311]
23: [4.123] (o, 4, 3, 2, 1) [1234.] [4321]

Figure 10.13-B: All cyclic permutations of 5 elements and the permutations as cycles, their inverses,
and their (swaps-) representations as mixed radix numbers with falling factorial basis (from left to right).

return O;

The routines generate about 57 million permutations and about 37 million cyclic permutations per sec-
ond.

10.14 Minimal-change order for cyclic permutations

sectionon page[210]). Two successive permutations differ at three positions as shown in figure|10.14-A

All cyclic permutations can be generated from a mixed radix Gray code with falling factorial base (see
An constant amortized time (CAT) implementation is [FXT: class cyclic_perm incomb/cyclic-perm.hj:

class cyclic_perm

{
public:
mixedradix_gray *M_;
ulong n_; // number of elements to permute
ulong *ix_; // current permutation (of {0, 1, ..., n-1})
ulong *x_; // inverse permutation
public:
cyclic_perm(ulong n)
: n_(n)

ix_ = new ulong[n_];
x_ = new ulong[n_];

M_ = new mixedradix_gray(n_-2, 0); // falling factorial base
first(Q;

[--snip--]

The computation of the successor uses the position and direction of the mixed radix digit changed with
the last increment:

private:
void setup()
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permutation fact.num. cycle
0: [40123] L. ..] (4, 3,2,1, 0, )
1: [34120] [1. .1 (4,0, 3,2,1,)
2: [30421] [2..] (4,1,0,3,2,)
3: [30142] [3. .] (4,2,1,0,3,)
4: [23140] [31.] (4,0,2,1, 3,)
5: [23401] [21.] (4,1,3,0,2,)
6: [24103] [11.] (4,3,0,2,1,)
7: [43102] [.1.] (4,2,1,3,0,)
8: [40312] [.2.] (4, 2,3,1,0,)
9: [24310] [12.] (4,0,2,3,1,)
10: [20413] [22 .1 (4,3,1,0,2,)
11: [20341] [32.] (4,1,0,2,3,)
12: [12340] [321] (4,0,1,2,3,)
13: [12403] [221] (4,3,0,1,2,)
14: [14302] [121] (4,2,3,0,1,)
15: [42301] [ .21] (4,1,2,3,0,)
16: [43021] [ .11] (4,1,3,2,0,)
17: [14023] [111] (4,3,2,0,1,)
18: [13420] [211] (4,0,1,3,2,)
19: [13042] [311] (4,2,0,1,3,)
20: [32041] [3.1] (4,1, 2,0, 3,)
21: [32410] [2.1] (4,0,3,1,2,)
22: [34012] [1.1] (4,2,0,3,1,)
23: [42013] [..1] (4, 3,1,2,0,)

Figure 10.14-A: All cyclic permutations of 5 elements in a minimal-change order.

const ulong *fc = M_->data();
for (ulong k=0; k<n_; ++k) ix_[k] = k;

for (ulong k=n_-1; k>1; --k)
{
ulong z = n_-3-(k-2); // 0, ..., n-3

ulong i = fclz];
swap2(ix_[k], ix_[i]);

}
if ( n_>1 ) swap2(ix_[0], ix_[11);

make_inverse(ix_, x_, n_);
}
public:
¥oid first()

M_->first();
setup();

bool next()
{

if ( false == M_->next() ) { first(); return false; }
ulong j = M_->pos();

if ( j && (x_[0]==n_-1) ) // once in 2*n cases

setup(); // work proportional n
// only 3 elements are interchanged

else // easy case
{
int d = M_->dir();
ulong x2 = (M_->data()) [j];
ulong x1 x2 - d, x3 =mn_-1;
ulong il x_[x1], i2 = x_[x2], i3 = x_[x3];
swap2(x_[x1], x_[x2]);
swap2(x_[x1], x_[x31);
swap2(ix_[i1], ix_[i2]);
swap2(ix_[i2], ix_[i3]);

}

return true;
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}
[--snip--]
The order so that the permutation is the same as if one would compute it via the function [FXT:
ffact2cyclic() in [comb/fact2cyclic.cc] which is given in section [10.3.4] on page The listing in

figure [10.14-A| was created with the program [FXT: comb/cyclic-perm-demo.cc]. About 40 million per-
mutations per second are generated.

10.15 Permutations with special properties

10.15.1 The number of certain permutations

We discuss permutations with special properties, such as involutions, derangements, and permutations
with prescribed cycle types.

Permutations with m cycles: Stirling cycle numbers

n: total m= 1 2 3 4 4 6 7 8 9
1: 1 1

2: 2 1 1

3: 6 2 3 1

4. 24 6 11 6 1

5: 120 24 50 35 10 1

6: 720 120 274 225 85 15 1

7: 5040 720 1764 1624 735 175 21 1

8: 40320 5040 13068 13132 6769 1960 322 28 1

9: 362880 40320 109584 118124 67284 22449 4536 546 36 1

Figure 10.15-A: Stirling numbers of the first kind s(n, m) (Stirling cycle numbers).

The number of permutations of n elements into m cycles is given by the (unsigned) Stirling numbers of
the first kind (or Stirling cycle numbers) s(n,m). The first few are shown in figure [10.15-A| which was
created with the program [FXT: comb/stirlingl-demo.cc|]. One has s(1,1) =1 and

s(n,m) = sn—1,m—1)4+(n—1)s(n—1,m) (10.15-1)
n n
s(n,m)e™ = H et+m = e" (10.15-2)
m=0 m=0

A generating function is given as relation on page see also entry |A008275 of [214]. The
Stirling numbers of the second kind (Stirling set numbers) are treated in section on page Many
identities involving the Stirling numbers are given in [124] pp.243-253]. We note just a few, writing
S(n, k) for the Stirling set numbers:

" = ZR:S(n,k)xE = anS(n,k;) (=1)" ko (10.15-3a)
k=0 k=0

where 25 =z (z —1) (2 —2)--- (e —k+1) and 2F =z (z 4+ 1) (x+2) - (x + k —1).

ok = is(n,k)(q)”*kxk (10.15-3b)
k=0
aF = Xn:s(n,kj)xk (10.15-3c)

~
Il

0
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Further [124, p.296], with D := d% and ¥ = zd%, we have the operator identities

9" = Y S(n,k)z" D (10.15-4a)
k=0
n
2" D" = Z s(n, k) (—=1)""* ok (10.15-4b)
k=0
Permutations with prescribed cycle type
A permutation of n elements is of type C = [e1, ¢2, C3, ..., ¢p] if it has ¢ fixed points, ¢y cycles of

length 2, c3 cycles of length 3, and so on. The number Z,, ¢ of permutations of n elements with type C
equals

Znc = nl/(cileles! ... c,l190223% (. nt) (10.15-5)

This relation is given in [87, p.233] which is a good source for identities of generating functions. We
necessarily have n = 1¢; +2¢2 + ... + ncy, that is, the ¢; correspond to a integer partition of n.

Prefix conditions

involutions up-down indecomposable derangements

1: 1 2 3 4 1: 1 3 2 4 1: 2 3 4 1 1: 2 1 4 3
2: 1 2 4 3 2: 1 4 2 3 2: 2 4 1 3 2: 2 3 4 1
3: 1 3 2 4 3: 2 3 1 4 3: 2 4 3 1 3: 2 4 1 3
4: 1 4 3 2 4: 2 4 1 3 4: 3 1 4 2 4: 3 1 4 2
5: 2 1 3 4 5: 3 4 1 2 5: 3 2 4 1 5: 3 4 1 2
6: 2 1 4 3 #perm = 5 6: 3 4 1 2 6: 3 4 2 1
7: 3 2 1 4 7: 3 4 2 1 7: 4 1 2 3
8: 3 4 1 2 8: 4 1 2 3 8: 4 3 1 2
9: 4 2 3 1 9: 4 1 3 2 9: 4 3 2 1
10: 4 3 2 1 10: 4 2 1 3 #perm = 9
#perm = 10 11: 4 2 3 1

12: 4 3 1 2

13: 4 3 2 1

#perm = 13

Figure 10.15-B: Examples of permutations subject to conditions on the prefixes. From left to right:
involutions, up-down permutations, indecomposable permutations and derangements.

Some types of permutations can be generated efficiently by a routine that produces the lexicographically
ordered list of permutations subject to conditions for all prefixes. The implementation (following [157])
is [FXT: class perm restrpref in comb/perm-restrpref.h]. The condition (as a function pointer) has
to be supplied upon creation of an instance of the class. The program [FXT: comb/perm-restrpref-
demo.cc| demonstrates the usage, it can be used to generate all involutions, up-down, indecomposable,

or derangement permutations, see figure |10 Bl.

Involutions

The sequence I(n) of the number of involutions (self-inverse permutations) starts as (n > 1)
1, 2, 4, 10, 26, 76, 232, 764, 2620, 9496, 35696, 140152, 568504, 2390480,
This is sequence A000085| of [214]. Compute I(n) using the relation
In) = In—-1)+n—-1)I(n—-2) (10.15-6)
N=20; v=vector(N);
v[1]=1; v[2]=2;

for (n=3,N,v[n]l=v[n-1]+(n-1)*v[n-2]);
(1, 2. 4, 10, 26, 76, ... ]
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The exponential generating function is

Z I(];;)' = exp (2 +12°/2) (10.15-7)
k=0 ’

The relation is given in [247] p.85], as the special case m = 2 of the exponential generating function

exp Z z?/d (10.15-8)
d\m
for the number permutations whose m-th power is identity.
The corresponding condition function is

bool cond_inv(const ulong *a, ulong k)

{
ulong ak = a[k];
if ( (ak<=k) && (alak]!=k) ) return false;
return true;

}

Alternating permutations

The alternating permutations (or up-down permutations) satisty ag < a1 > as < az > .... The condition
function is

bool cond_updown(const ulong *a, ulong k)

// up-down condition: al < a2 > a3 < a4 > ...

if ( k<2 ) return true;
if ( (k%2) ) return ( alkl<al[k-1] )
else return ( alk]>alk-1] )

Note that the routine is for the permutations of the elements 1,2,...,n in a one-based array.
The sequence A(n) of the number of alternating permutations starts as (n > 1)

1, 1, 2, 5, 16, 61, 272, 1385, 7936, 50521, 353792, 2702765, 22368256,

It is sequence |A000111) of [214], the sequence of the Euler numbers. The list can be computed using the
relation

An) = % ];) <” . 1> A(k) Aln — 1 — k) (10.15-9)

N=20; v=vector (N+1);

v[0+1]=1; v[1+1]=1; v[2+1]=1; \\ start with zero: v[x] == A(x-1)

for(n=3,N,v[n+1]=1/2*%sum(k=0,n-1,binomial (n-1,k)*v[k+1]*v[n-1-k+1]1)); v
[1, 1, 1, 2, 5, 16, 61, 272, ... ]

Indecomposable permutations

The indecomposable (or connected) permutations satisfy, for k = 0,1,...,n — 1, the inequality of sets

{ag, a1, ..., ar} # {0,1,..., Kk} (10.15-10)

The condition function is

ulong N; // set to n in main()

bool cond_indecomp(const ulong *a, ulong k)

// indecomposable condition: {al,...,ak} != {1,...,k} for all k<n
{
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if ( k==N ) return true;
for (ulong i=1; i<=k; ++i) if ( a[il>k ) return true;
return false;

The sequence C(n) of the number of indecomposable permutations starts as (n > 1)
1, 1, 3, 13, 71, 461, 3447, 29093, 273343, 2829325, 31998903, 392743957,

This is sequence | A003319| of [214]. Compute C(n) using
n—1

Cn) = nl=)Y KCn—k) (10.15-11)
k=1

N=20; v=vector(N);
for(n=1,N,v[n]=n!-sum(k=1,n-1,k!'*v[n-k])); v
[1, 1, 3, 13, 71, 461, 3447, ... ]

Derangements

A permutation is a derangement if ay # k for all k:

bool cond_derange(const ulong *a, ulong k)
// derangement condition: f[k]!=k for all k

return ( alk]!=k );

The sequence D(n) of the number of derangements starts as (n > 1)

0, 1, 2, 9, 44, 265, 1854, 14833, 133496, 1334961, 14684570, 176214841,
This is sequence |A000166| of [214], the subfactorial numbers. Compute D(n) using either of

D(n) = (n—1)[Dn—1)+ D(n—2)] (10.15-12a)

D(n) = nD(n—1)+(-1)" (10.15-12b)
" n!

n) = 1k .15-12¢

D(n) ;;)( 1) =] (10.15-12c)

D(n) = |(n!l4+1/2)/e] (10.15-12d)

where e = exp(1). We use the recursion [10.15-12a

N=20; v=vector(N); v[1]=0; v[2]=1;
for(n=3,N,v[n]l=(n-1)*(v[n-1]+v[n-21)); v
[0, 1, 2, 9, 44, 265, 1854, 14833, ... ]

10.15.2 Permutations with distance restrictions

We present constructions for Gray codes for permutations with certain restrictions. These are computed
from Gray codes of mixed radix numbers with factorial basis. We write p(k) for the position of the
element k in a given permutation.

Permutations where p(k) <k +1

Let M (n) the number of permutations of n elements where no element can move more than one place to
the right. We have M (n) = 2"~!. A Gray code for these permutation is shown in ﬁgurewhich was
created with the program [FXT: comb/perm-rightl-gray-demo.cc]. M(n) also counts the permutations
that start as a rising sequence (ending in the maximal element) and end as a falling sequence. The
recursion for the array in the leftmost column of figure can be obtained by the recursion
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ffact perm inv. perm ffact(inv)

1: .3 .. [04123] [ 02341 ) 111
2: 2. [ 03 124] [ 0231 4] .11

3 1. . [02134] [02134)] S
4: .1 01 L0214 3] [ 0214 3] .1 .1
5: .. .1 [01243] [ 0124 3] S
6: . - L0123 4] L 01234] o

7: . 1. [ 01324] [ 01 324] .o 1.
8: L2 [ 014 23] [ 0134 2] o011
9: 1.2 [ 1042 3] [ 1034 2] 1 .11
10: 1 .1. [10324] [ 1032 4] 1 .1.
11: 1. .. [ 1023 4] [ 102 3 4] 1. .

12:  1..1 [10243] [1024 3] 1. .1
13: 2 . 1 L2014 3] [ 1204 3] 11 1
14: 2 . [2013 4] [ 1203 4] 11 .
15: 3. [30124] [12304] 111.
16: 4 . [40123] [12340] 1111

Figure 10.15-C: Gray code for the permutations of 5 elements where no element lies more than one
place to the right of its position in the identical permutation.

void Y_rec(ulong d, bool z)

if ( d>=n ) visit(Q);
else

if ( z ) // forward:

// words 0, 10, 200, 3000, 40000,
ulong k = 0;
do

ff[d] = k;
Y_rec(d+k+1, !'z);

}
) while ( ++k <= (n-4d) );
ilse // backward:

// words ..., 40000, 3000, 200, 10, O
ulong k = n-d+1;

do

{

__k;
f£[d] = k;
Y_rec(d+k+1, !'z);

}
while ( k !=0 );

The array £f (of length n) must be initialized with zeros and the initial call is Y_rec(0, true);. About
85 million words per second are generated. In the inverse permutations (where no element is more than
one place left of its original position) the swaps are adjacent end their position is determined by the
ruler function. Thereby the inverse permutations can be generated using [FXT: class ruler_func in
comb /ruler-func.h|, described in section on page m

Permutations where k — 1 <p(k) <k +1

Let F'(n) the number of permutations of n elements where no element can move more than one place to
the left. Then F'(n) is the (n + 1)-st Fibonacci number. A Gray code for these permutation is shown in
figure [10.15-D| which was created with the program [FXT: comb/perm-dist1l-gray-demo.cc].
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Figure 10.15-D: Gray code for the permutations of 7 elements where no element lies more than one

place away from its position in the identical permutation. The permutations are self-inverse.

OO OOOOFFOOFIWOL F L0
m543333455433455433334554
DONMNIFLOFTONANNANNNNNIFLOLOFTMNOMOANN

o,
HAEAAAANANANNONOFFONONNNN A A

m000000000001111111222233
AANANANNAAAAAAAO O OO OO0 OOO

FLOOLOMOLOLIEILLLOLLOLLOIIOMMLWLWH LW
LFOLOONFLOIANNFOOLNOWOLO M F O L
OO ANANLTFIFANNONDHIIIOON A
m000022223333332222111133

[V]
ALANANNNOOOOCOOOHHATATAAANANANANANN

HAHAA A A A A A A AT OO OO OO OO0

B TR e e R = b= R I BRI I BRI I I
+L ey v o iR aR ol

m ........ Hyd A A s e e e e e e . ~—
ﬁllll .............. R ]

SAANMNMFIOONMNOIOATANMNIFOONWOIDNO
A A A A A A A AN

Figure 10.15-E: Gray code for the permutations of 6 elements where no element lies more than one

place to the left or two places to the right of its position in the identical permutation.
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Permutations where k — 1 < p(k) <k +d

A Gray code for the permutations where no element lies more than one place to the left or d places to
the right of its original position can be obtained via the Gray codes for binary words with at most d
successive ones given in section [12.2| on page Figure [10.15-F| shows the permutations of 6 elements
with d = 2, it was created with the program [FXT: comb/perm-l1r2-gray-demo.cc|]. The array shown
leftmost in figure can be generated via the recursion

void Y_rec(ulong d, bool z)

{
if ( d>=n ) visit(Q;
else
const ulong w = n-d;
%f (z)
if (w1 ) { ff[dl=1; ff[d+1]=1; f£f[d+2]=0; Y_rec(d+3, !'z); }
ff[dl=1; £ff[d+1]1=0; Y_rec(d+2, 'z);
ff[d]=0; Y_rec(d+1, !'z);
else
ff[d]1=0; Y_rec(d+1i, 'z);
ff[dl=1; ff[d+1]=0; Y_rec(d+2, !'z);
if (w1 ) { ffldl=1; ff[d+1]=1; ff[d+2]=0; Y_rec(d+3, 'z); }
}
}
}

If the two lines starting if ( w>1 ) are omitted then the Fibonacci words are obtained. About 110 million
words per second are generated.
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Chapter 11

Subsets and permutations of a
multiset

11.1 Subsets of a multiset

n == 630
primes =[ 2 3 5 7]
exponents = [ 1 2 1 1]
d auxiliary products exponents change @
1: 1 [ 1 1 1 1 1] [ . . . ] 4
2: 2 2 1 1 1 1] [ 1. . . ] 0
3: 3 3 3 1 1 1] [ . 1. . ] 1
4: 6 6 3 1 1 1] [ 11 . . ] 0
5: 9 9 9 1 1 1] [ . 2. . ] 1
6: 18 18 9 1 1 1] L 12 . . ] 0
7: 5 [ 5 &5 5 1 1] [ . .1 . ] 2
8: 10 [ 10 5 5 1 1] [1 .1 . ] 0
9: 15 [ 16 156 5 1 1] [ . 11 . ] 1
10: 30 [ 30 15 5 1 1] [ 111 . ] 0
11: 45 [ 45 45 5 1 1] [ .21 . ] 1
12: 90 [ 90 45 5 1 1] [ 121 . ] 0
13: 7 [ 7 7 7 7 1] L . . . 1] 3
14: 14 [ 14 7 7 7 1] [ 1. . 1] 0
15: 21 [ 21 21 7 7 1] L .1 . 1] 1
16: 42 [ 42 21 7 7 1] [ 11 . 1] 0
17: 63 [ 63 63 7 7 1] [ .2 . 1] 1
18: 126 [ 126 63 7 7 1] [ 12 . 1] 0
19: 35 [ 35 35 35 7 1] [ . .11 ] 2
20: 70 [ 70 36 35 7 1] [ 1. 11] 0
21: 105 [ 105 105 35 7 1] [ . 11 1] 1
22: 210 [ 210 105 35 7 1] [ 1111] 0
23: 315 [ 316 315 35 7 1] [ . 21 1] 1
24: 630 [ 630 3156 35 7 1] [1211] 0

Figure 11.1-A: Divisors of 630 = 2! - 32 - 5! . 7! generated as subsets of the multiset of exponents.

A multiset is set where elements can be repeated. A subset of a set of n elements can be identified with
the bits of all n-bit binary words. The subsets of a multiset can be obtained as mixed radix numbers: if
the j-th element is repeated r; times then the radix of digit j has to be r; 4+ 1. Thereby all methods of
chapter [9 on page [207] can be applied.

As an example, all divisors of a number z whose factorization z = p° - pj* ---p;" ' is known can
be obtained via the length-n mixed radix numbers with radices [eg + 1,e1 + 1, ..., e,—1 + 1]. The
implementation [FXT: class divisors in mod/divisors.h| generates the subsets of the exponent-multiset
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in counting order (figure shows the data for x = 630). An auxiliary array T of products is updated
with each step: if the changed digit (at position j) became 1 then set ¢ := Tj41 - p;, else set t :=Tj - p;.
Set T; =t for all 0 < ¢ < j. A sentinel element T,, = 1 avoids unnecessary code. Figure was
created with the program [FXT: mod/divisors-demo.cc|. The computation of all products of k out of n
given factors is described in section [6.1.2| on page [168

11.2 Permutations of a multiset

2, 2, O (6, 2) (1, 1, 1, 1)
1: [..112] 1: [ ... .. .11] 1: [.123]
2: [..121] 2: [ ... ..1.1] 2: [.132]
3: [..211] 3: [ ... . .11 . ] 3: [.213]
4: [ .1.12] 4: [ ... .1..1] 4: [ .231]
5: [ .1 .21] 5: [ ... .1.1.] 5: [ .312]
6: [.11.2] 6: [ . ...11. .1 6: [ .321]
7: [.112.] 7: [ .. .1 .. .1] 7: [1.23]
8: [.12.1] 8: [ . ..1..1.] 8: [1.32]
9: [.121.] 9: [ .. .1.1..] 9: [12. 3]
10: [ .2.11) 10: [ . ..11. . .] 10: [123 . ]
11: [ .21 .1) 11: [ . .1 ... .1] 11: [13 . 2]
12: [.211.] 12: [..1...1.] 12: [132.]
13: [1..12)] 13: [ . .1..1..] 13: [2.13]
14: [1 . .21] 14: [ . .1.1. . .] 14: [2 .3 1]
15: [1.1.2) 15: [ . .11 ... .1 15: [21 . 3]
16: [1.12.] 16: [.1.....1] 16: [213 . ]
17: [1.2.1) 17: [ .1 ... .1.] 17: [23 . 1]
18: [1 .21 . ] 18: [ .1...1..] 18: [231 . ]
19: [11..2] 19: [.1..1. . .] 19: [3.12]
20: [11.2.] 20: [ .1.1....] 20: [3.21]
21: [112..] 21: [ .11 . ... .] 21: [31 . 2]
22: [12..1] 22: [1 ... ...1] 22: [312.]
23: [12.1.] 23: [1 ... ..1.] 23: [32 . 1]
24: [121 . .] 24: [1 ... .1..] 24: [321 . ]
26: [2..11] 26: [1 .. .1...]
26: [2.1.1] 26: [1. .1 ]
27: [2 .11 .] 27: [ 1. 1. ]
28: [21 .. 1] 28: [11. 1
20: [21.1.]
30: [211..]

Figure 11.2-A: Permutations of multisets in lexicographic order: the multiset (2,2,1) (left), (6,2)
(combinations (6J2r2), middle), and (1,1,1,1) (permutations of four elements, right). Dots denote zeros.

We write (rg,71,...,7k—1) for a multiset with ro elements of the first sort, r; of the second sort, ...,
rp_1 elements of the k-th sort. The total number of elements is n = Zj;() r,. For the elements of the
j-th sort we always use the number j. The number of permutations P(rg,71,...,7,—1) of the multiset

(ro,7T1,.-.,TKk—1) is a multinomial coefficient:
o, T'1, T2,. .. 7"0!~--7’1€_1.

_ (n) (” - 7“0) (n —rp — 7“1) o (Tk—3 + TE—2 + Tk—l) (Tk—2 + Tk—l) (11.2-1b)
0 71 79 Tk—3 Tk—2

Relation [11.2-1a] is obtained by observing that among the n! ways to arrange all n elements ry! permu-
tations of the first sort of elements, r1! of the second, and so on, lead to identical permutations.

|
P(ro,r1,...,1p—1) = ( " - 1) = nil (11.2-1a)
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11.2: Permutations of a multiset

11.2.1 Recursive generation

Let [ro, r1, T2,..., rg—1] denote the list of all permutations of the multiset (rg, 71, ro, ..
recursion
To - [7’0 — 1, T, T2,..., Tk—l]
T . [7‘0, T — 1, T2, ..y Tk'—l]
_ ro . |ro, 1, o — 1, .., TR
[7’0’ T17T27...,rk_1] f— 2 [ 07 1 2 ) b k 1]
Th—1 - [T0, 71, T2y oy The1 — 1]

is used to obtain the following procedure [FXT: comb/mset-lex-rec-demo.cc]:

ulong n; // number of objects

ulong *ms; // multiset data in ms[0], ..., ms[n-1]

ulong k; // number of different sorts of objects

ulong *r; // number of elements ’0’ in r[0], ’1’ in r[1], ..., ’k-1’ in r[k-1]

With the recursion

void mset_rec(ulong d)

if ( d>=n ) visit(Q);
else

for (ulong j=0; j<k; ++j) // for all buckets

++wct;
if ( r[jl ) // bucket has elements left
{

++rct;

--r[jl; // take element from bucket
ms[d] = j; // put element in place
mset_rec(d+1); // recursion

++r[jl; // put element back

}

277
.y Tk—1)~ The
(11.2-2)

and the initial call mset_rec(0) we generate all multiset permutations in lexicographic order. As given
the routine is inefficient when used with (many) small numbers r;. An extreme case is r; = 1 for all
j, corresponding to the (regular) permutations: we have n = k and for the n! permutations the work
is proportional to n™. The method can be made efficient by maintaining a list of pointer to the next

nonzero ‘bucket’ nk[] [FXT: class mset_lex._rec in comb/mset-lex-rec.h|:

class mset_lex_rec

{
public:
ulong k_; // number of different sorts of objects
ulong *r_; // number of elements ’0’ in r[0], ’1’ in r[1], ..., ’k-1’ in r[k-1]
ulong n_; // number of objects
ulong *ms_; // multiset data in ms[0], ..., ms[n-1]
ulong *nn_; // position of next nonempty bucket

void (*visit_)(const mset_lex_rec &); // function to call with each permutation

ulong ct_; // count objects
ulong rct_; // count recursions (==work)

[--snip--]
The initializer takes as arguments an array of multiplicities and its length:
public:
mset_lex_rec(ulong *r, ulong k)
{
k_ = k;
r_ = new ulongl[k];

for (ulong j=0; j<k_; ++j) r_[j] = r[jl; // get buckets

n_ = 0;
for (ulong j=0; j<k_; ++j) n_ += r_[j];
ms_ = new ulong[n_];
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278 Chapter 11: Subsets and permutations of a multiset

nn_ = new ulongl[k_+1]; // incl sentinel
for (ulong j=0; j<k_; ++j) mnn_[j] = j+1;
nn_[k] = 0; // pointer to first nonempty bucket

}
[--snip--]
The method to generate all permutations takes a ‘visit’ function as argument:

void generate(void (*visit) (const mset_lex_rec &))

{
visit_ = visit;
ct_ = 0;
rct_ = 0;
mset_rec(0);
}
private:

void mset_rec(ulong d);
};
The recursion itself is [FXT: |comb/mset-lex-rec.cc]:
void mset_lex_rec::mset_rec(ulong d)

if ( d>=n_ )

++ct_;
visit_( *this );

else
for (ulong jf=k_, j=nn_[jfl; j<k_; jf=j, j=nn_[jl) // for all nonempty buckets

++rct_; // work == number of recursions

--r_[jl; // take element from bucket
ms_[d] = j; // put element in place

if ( r_[jl==0 ) // bucket now empty?
{

ulong f = nn_[jf]; // where we come from
nn_[jf] = nn_[j]l; // let recursions skip over j

mset_rec(d+1); // recursion
nn_[jf] = £; // remove skip
}
else mset_rec(d+1); // recursion
++r_[j]; // put element back

}

Note that the test whether the current bucket is nonempty is omitted as empty buckets are skipped.
Now the work involved with (regular) permutations is (less than) e = 2.71828... times the number of
the generated permutations. Usage of the class is shown in [FXT: comb/mset-lex-rec2-demo.cc]. The
permutations of 12 elements are generated at a rate of about 25 million per second, the combinations (‘fg)
at about 40 million per second, and the permutations of (2,2,2,3,3,3) at about 20 million per second.

11.2.2 TIterative generation

The algorithm to generate the next permutation in lexicographic order given in section on page |220
can be adapted for an iterative method for multiset permutations [FXT: class mset_lex in comb/mset-
lex.h]:

class mset_lex

i .
public:
ulong k_; // number of different sorts of objects
ulong *r_; // number of elements ’0’ in r([0], ’1’ in r[1], ..., ’k-1’ in r[k-1]
ulong n_; // number of objects
ulong *ms_; // multiset data in ms[0], ..., ms[n-1], sentinel at [-1]
public:

mset_lex(const ulong *r, ulong k)
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{
k_ = k;
r_ = new ulong[k];
for (ulong j=0; j<k_; ++j) r_[j]l = r[jl; // get buckets
n_ = 0;
for (ulong j=0; j<k_; ++j) n_ += r_[j];
ms_ = new ulong[n_+1];
ms_[0] = 0; // sentinel
++ms_; // nota bene
first(Q;
}

void first()
for (ulong j=0, i=0; j<k_; ++j)
for (ulong h=r_[jl; h!=0; --h, ++i) ms_[i] = j;
[—Esnip——]
The only change in the update routine is to replace the operators > by >= in the scanning loops:
?ool next ()

// find for rightmost pair with p_[i] < p_[i+1]:

const ulong nl = n_ - 1;

ulong i = nil;

do { --i; } while ( ms_[i] >= ms_[i+1] ); // can touch sentinel
if ( (long)i<0 ) return false; // last sequence is falling seq.

// find rightmost element p[j] smaller than p[i]:
ulong j = ni;

while ( ms_[i] >=ms_[j] ) { --j; }
swap2(ms_[il, ms_[j1);

// Here the elements p[i+1], ..., p[n-1] are a falling sequence.
// Reverse order to the right:

ulong r = nil;

ulong s = i + 1;

while ( r > s ) { swap2(ms_[r], ms_[s]); --r; ++s; }

return true;
}
}

Usage of the class is shown in [FXT: comb/mset-lex-demo.cc]:

ulong ct = 0;
do

// visit
while ( P.next() );

The permutations of 12 elements are generated at a rate of about 110 million per second, the combinations
(‘;’g) at about 60 million per second, and the permutations of (2,2, 2, 3, 3, 3) at about 82 million per second.
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Chapter 12

Gray codes for strings with
restrictions

We give constructions for Gray codes for strings with certain restrictions, such as forbidding two success-
sive zeros or nonzero digits. The constraints considered are so that the number of strings of a given type
satisfies a linear recursion with constant coefficients.

3 e e

22222222, ...
............. 1111111111111111. ...
1 22222.......... W(n) ==
........ I P I 5 e e
..... 22..... ...l 22

[120 W(n-3)] + rev([10 W(n-2)]1) + [00 W(n-2)]
11111111 0 e e
22222222 Lo e e

..... 11111111 11111111.....
0 222..........
2...... 3 111111
...1111. ... 220.000010 0 11, ce.
1...22.. JA1..0.0.0110..2 2...11....11.

Figure 12.0-A: Obtaining a Gray code by a sublist recursion.

The algorithms are given as list recursions. For example, write W (n) for the list of n-digit words (of a
certain type), write WR(n) for the reversed list, and [z . W (n)] for the list with the word x prepended at
each word. The recursion for a Gray code is

[00. W(n—2) ]
W(n) = [10. WB(n —2)] (12.0-1)
[120. W(n—3)]

Such a relation always implies a backward version which is obtained by reversing the order of the sublists
on the right hand side and additionally reversing each sublist

[120. WR(n — 3)]
WRn) = [10.W(n-2) | (12.0-2)
[00. WR(n—2) ]

The construction is illustrated in figure [12.0-A] An implementation of the algorithm is [FXT: comb/fib-
alt-gray-demo.cc):
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void X_rec(ulong d, bool z)
if ( d>=n )

if ( d<=n+1 ) // avoid duplicates

visit();
else
if (z)
rv[d]=0; rv[d+1]=0; X_rec(d+2, z);
rv[d]l=1; rv[d+1]=0; X_rec(d+2, ! z);
rv[d]l=1; rv[d+1]=2; rv[d+2]=0; X_rec(d+3, z);
else
rv[d]l=1; rv[d+1]=2; rv[d+2]=0; X_rec(d+3, z);
rv[dl=1; rv[d+1]=0; X_rec(d+2, ! z);
rv[d]=0; rv[d+1]=0; X_rec(d+2, z);
}

}

The initial call is X_rec(0, 0);. The parameter z determines whether the list is generated in forward or
backward order. No optimizations are made as these tend to obscure the idea. Here we could omit one
statement rv[d]=1;, replace the arguments z and !z in the recursive calls by constants, and of course
create an iterative version.

The number w(n) of words W (n) is determined by a recursion (and some initial values w(n)) that can be
obtained by counting the size of the list on both sides of the recursion relation [12.0-1| on the preceding

page:
w(n) = 2w(n—2)+wn—23) (12.0-3)

One can typically set w(0) = 1, there is one empty list and this satisfies all conditions. The numbers
w(n) are in fact the Fibonacci numbers.

12.1 Fibonacci words

A recursive routine to generate the Fibonacci words (binary words not containing two consecutive ones)
can be given as follows:

ulong n; // number of bits in words
ulong *rv; // bits of the word

void fib_rec(ulong d)

if ( d>=n ) visit();
else

rv[d]=0; fib_rec(d+1);
rv[dl=1; rv[d+1]=0; fib_rec(d+2);

}
We allocate one extra element to avoid if-statements in the code:
int main()

n==1;

rv = new ulong[n+1];
fib_rec(0);

return O;

}

The output (assuming visit() simply prints the array) is given in the left of figure [12.1-A] Note that
with the n-bit Fibonacci Gray code the number of ones in the first and last, second and second-last,
etc. tracks are equal. Thereby the sequence of reversed words is also a Fibonacci Gray code. It turns
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1: e e e 1: . 1. 1. .10 o1 .10 01
2: e e a1 2: . 1. 1.1 .10 0L .1 R
3: Co.o. . 1. 3: . 1. o1 .10, o1 .1 1.
4. .. 1. 4: .1 . . . .1 .1 .01 .. 1.
5: o, 1 01 5. . 1. 1. 101 .. .o .
6: o1 6: .1 .1.1. ... 1. .. .1
7: .10 01 7: .1 .1 . .. . .1 .1 o101
8: .. 101 g: .1 .1. .1 . .1 .. 1.
9: 100 L 9: . . .1 . .1 . .. 1.1. .
10: .10 001 10: P oo, o1 1.1.1
i1: . .1 . . 1. 11: 101 . o1 01, 1. .1
12: . .1 .1. 12: L. 1. .1 1. R
13: . .1 .1.1 13: e e ., .1 . .1 1. 1.
14: .1 . . .. 14: B | 1.1. .1

15: .1 . . . . 15: oo 101 1.1. ..

16: . 1 . . 1 16: I 1.1.1.

1i7: .1 . .1. 17: .1 .01 ., 1. . .1.

18: .1 . ., 1. 18: 1.1 .01 1. ..

19: .1 .1 . . 19: .10 001 1. , .1
20: .1 .1 . . 20: .1, 1. 1.1
21: 1.1.1 21: .10 .1 . 1. .1..
22: J 22: .10 .1 .
23: R | 23: .10 0
24: N 24: D O |
25: .. 1 . 25: .1 .1 .1
26: .o, 1. 26: .1 .1 0.
27 P 27 oo 1L
28: o1 28: 101
29: a1 1. 29: o1
30: 1. . 30: . ..
31: 1. .1 31: X 1.
32: .10 1. 32: .1 .1 .
33: 101 33: .10
34: .1 0101 34: 1. .1

Figure 12.1-A: The first 34 Fibonacci words in counting order (left), and Gray codes through the first
34, 21, and 13 Fibonacci words (right). Dots are used for zeros.

out that a simple modification of the routine generates a Gray code through the Fibonacci words [FXT:
comb /fibgray-rec-demo.cc|:

void fib_rec(ulong d, bool z)

if ( d>=n ) visit();

else
z = lz; // change direction for Gray code
if (z)
{
rv[d]=0; fib_rec(d+1l, z);
rv[d]l=1; rv[d+1]=0; fib_rec(d+2, z);
else
rv[d]l=1; rv[d+1]=0; fib_rec(d+2, z);
rv[d]=0; fib_rec(d+1, z);
}

}

The variable z controls the direction in the recursion, it is changed unconditionally with each step. The
if-else blocks can be merged into

rvl[d]l='z; zrv[d+1]l= z; fib_rec(d+i+!z, z);
rvldl= z; rv[d+1]l=!z; fib_rec(d+1+ z, z);

The algorithm is CAT (constant amortized time) and fast in practice, about 80 million objects are
generated per second. A bit-level algorithm is given in section [1.29.2] on page

The algorithm for the list of the length-n Fibonacci words F'(n) can be given as a recursion:

F(n) = %(.)Fﬁzf”:lf)} (12.1-1)

Merging two steps we find

[100.F(n—3) |
[1010. F(n —4)]
[00.F(n—2) ]
[010. F(n—3) ]

F(n) = (12.1-2)
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12.2 Generalized Fibonacci words

........................ B e e e e P |
............. 0 e e e 0 e A A
....... 111111.......1 .......111111..............111 1....... cee.L. 111111
1 1 S I .11, 111. 1 11,111, .. 11
11..1 .11..1..1 11..1. oL 01001101 1....11.. 11..1..11..
1.1.1..2.2.2.0.202.0201000002001020100000200101010 0000010101010 010010101010 01010
e e e e e e e e s e
I 0 11111111111111111111
.......................... 0 e e e e e e 0 0 e P 0 0
....... 0 e e e 0 0 0 e e e e A A 0 0 e e e e
111........ 1111........ B 111111...... .. 1111........ 111111, ..
O 0 1111 11 1111....1111. .. 11 B 1111. 11 . 11
DR E RS S RO & DO DRSS DI & DU S DS SIS R DR & DS SR § DS DS RS D & D |

Figure 12.2-A: The 7-bit binary words with maximal 2 successive ones in lexicographic (top) and
minimal-change (bottom) order. Dots denote zeros.

..................................... 11111111111111111111
............. 0 0 e e e e e e P 0 5 5 s

....... 0 0 s e e 0 0 e e e 0 0 0 e e e e e e
11,011 11, 0 0 0 0 s 111111, ...

1,111, ... 1111, 01101111, o111t L1, 12t L L 1111....11....11
S 1 S s e e s e e e e O e s A R s s A AP |

Figure 12.2-B: Recursive structure for the 7-bit binary words with maximal 2 successive ones.

We generalize the Fibonacci words by allowing a fixed maximum value r of successive ones in a binary
word. The Fibonacci words correspond to r = 1. Figure shows the 7-bit words with » = 2. The
method to generate a Gray code for these words is a straightforward generalization of the recursion for
the Fibonacci words. Write L,(n) for the list of n-bit words with at most r successive ones, then the
recursive structure for the Gray code is

0 LR(n -1)
0.LE(n-2)
10. LR(n —3)

]
]
]
: ] (12.2-1)
1720 | LB(n —1—7r+2)]
1" 10. LR(n —1—7r+1)]
1"0. LR(n—-1-7) ]

Figure [12.2-B| shows the structure for Ls(7), corresponding to the three lowest sublists on the right side
of the equation. An implementation is [FXT: comb/maxrep-gray-demo.cc|:

ulong n; // number of bits in words
ulong *rv; // bits of the word
long mr; // maximum number of successive ones

void maxrep_rec(ulong d, bool z)

if ( d>=n ) visit(Q);
else
z = lz;

long km = H
if (d+km >n ) km =n - d;

if (z)

{
// words: 0, 10, 110, 1110,
for (long k=0; k<=km; ++k)
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rv[d+k] = 0;
maxrep_rec(d+1+k, z);
rv[d+k] = 1;
else
// words: ... 1110, 110, 10, O

for (long k=0; k<km; ++k) rv[d+k] = 1;
for (long k=km; k>=0; --k)

rv[d+k] = 0;
maxrep_rec(d+1+k, z);

}

Figure [12.2-C| shows the 5-bit Gray codes for r € {1,2,3,4,5}. Observe that all sequences are subse-
quences of the leftmost column.

r =5 r =4 r=3 r =2 r=1
1: 11111 1111, 111 . . 11. .1 1. .1
2: 1111, 111 . . 111 .1 11 . .. 1. ..
3: 111 . . 111 1 11. .1 11 .1. 1 .. .1
4. 111 1 11 . 1 11 .. 11 .11 1.1 .1
5: 11. 1 11 . 11 .1 1. .11 1.1 . .
6: 11. . 11 .1 11.11 1. .1. R
7: 11 .1 11.11 1. .11 1. .. .1 01
8: 11.11 1. .11 1. .1. 1. . 1 O |
9: 1. .11 1. .1. 1. . .. 1.1 1 .. ..
10: 1. .1. 1. . . 1. . .1 1.1 . . 1.
11: 1. . . 1. . 1 1.1 .1 1 .11. 1 1.
12: 1. . 1 1.1 1 1.1 . . .11 1 ..
13: 1.1 1 1.1 . 1 .11. o1 . 1 1
14: 1.1 . 1 .11 1.111 .1 01
15: 1 .11 1.111 .. 111 S |
16: 1.111 .. 111 .11 .. ..
17: .. 111 .11 R . 1
18: .11 . o1 . o1 1 S A
19: 1. .1 01 1 .1 .11
20: .1 01 P | 101,
21: R | o1 1.
22: .o.1. .11 .1 .1
23: oo 1 I 1 .11 .11 .1
24 T .1 .11 1 .1. .11 ..
25: .1 .11 .1 01 . 1. ..
26: .1 01 . O 1. .1
27: .1 .10 01 11 .1
28: 1. 1 .11 .1 11 . .
29: .11 1 .11 .. 111 .
30: .11 .. 111 .
31: 111 . 1111
32: 1111

Figure 12.2-C: Gray codes of the 5-bit binary words with maximal r successive ones. The leftmost
column is the complement of the Gray code of all binary words, the rightmost column is the Gray code
for the Fibonacci words.

Let w,(n) be the number of n-bit words W,.(n) with < r successive ones. Taking the length of the lists
on both sides of relation [[2.2-1] we obtain the recursion

s
we(n) = Y we(n—1-j) (12.2-2)
Jj=0
where we set w,.(n) = 2% for 0 < n < r. The sequences for r < 5 start as
n: 0o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
r=1: 1 2 3 5 8 13 21 34 55 89 144 233 377 610 987 1597
r=2: 1 2 4 7 13 24 44 81 149 274 504 927 1705 3136 576 10609
r=3: 1 2 4 8 15 29 56 108 208 401 773 1490 2872 5536 10671 20569
r=4: 1 2 4 8 16 31 61 120 236 464 912 1793 3525 6930 13624 26734
r=b: 1 2 4 8 16 32 63 125 248 492 976 1936 3840 7617 15109 29970
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For r = 1 we obtain the Fibonacci numbers, entry A000045 of [214]; For r» = 2 the tribonacci numbers,
entry A000073; for » = 3 the tetranacci numbers, entry |A000078; for r = 4 the pentanacci numbers, entry
A001591; for 7 = 5 the hexanacci numbers, entry A001592. The variant of the Fibonacci sequence where
each number is the sum of its k predecessors is also called Fibonacci k-step sequence. The generating
function for w,.(n) is

o0 T k»
> wp(n)z" = 72"“:,95 - (12.2-3)
n=0 1=

Alternative Gray code for words without substrings 111 (r = 2)

............................................ 1111111111111111111111111111111111111
........................ 0 e e e e e e e e e e e
............. 0 e s 1 A A A A B e
....... 0 5 e A e e 0 5 e A e A P

I 111111, ..., . 11111........ 111........ 1 1

1...... e e e e 5 5 111, ... 111, ..., 1111, ...111. .,
11...11..11. .10, 011001100120 01101011 01ttt 1t a1 1101101100

Figure 12.2-D: The 7-bit binary words with maximal 2 successive ones in a minimal-change order.

The list recursion for the Gray code for binary words without substrings 111 is the special case r = 2 of
relation [12.2-1| on page 284

[110. LB(n —3)]
Lo(n) = [10.LR(n—-2) ] (12.2-4)
0.LR(n—-1) |

A different Gray code is obtained via

[10.Ly(n—2) ]
Ly(n) = [110.L%mn-3)] (12.2-5)
0.L5(n—-1) ]

The ordering is shown in figure[12.2-D) it was created with the program [FXT: comb/noll1-gray-demo.cc|.

Alternative Gray code for words without substrings 1111 (r = 3)

A list recursion for an alternative Gray code for binary words without substrings 1111 (r = 3) is

110. L'S(n—3) ]

0. L’R(n —1) ]

11 103. L'®(n - 4)] (12.2-6)
]

[
W) = {
[10.L'%(n—2)

The ordering is shown in figure [12.2-E| it was created with the program [FXT: |comb/nollll-gray-
demo.cc]. For all odd r > 3 a Gray code can be obtained by a list recursion where the prefixes with an
even number of ones are followed by those with an odd number of ones. For example, with » = 5 the
recursion is

[11110.L/F(n—1) ]
[110.L'8(n-3) |
0.L/&n—1) ]
111 1510 . L'%(n —6)] (122-7)
[1110. L'8(n—4) ]
[10. L'&(n—2) ]
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1: 1.11.1. 28: 1.1..1. 55: ..111.1 82: .1.1.1

2: 1.11... 29: 1.1.11. 56: 1101 83: .1.111

3: 1.11..1 30: 111.11. 57: 11 84: .1..11

4: 1.11.11 31: 111..1. 58: .1, 856: .1...1

5: 1..1.11 32: 111.... 59: ..1.1 86: .1.....
6: 1..1..1 33: 111...1 60: 111 87: .1....1
7: 1..1... 34: 111..11 61: ..... 11 88: .1...11
8: 1..1.1. 35: 111.111 62: ...... 1 89: .1..111
9: 1..111. 36: 111.1.1 63: ....... 90: .1..1.1
10: 1...11. 37: 111.1.. 64: ..... 1. 91: .1..1..
11: 1....1. 38: .11.1.. 65: ....11. 92: .1.11.

12: 1...... 39: .11.1.1 66: ...111. 93: .1.11.1
13: 1..... 1 40: .11.111 67: ...1.1. 94: 11.11.1
14: 1....11 41: .11..11 68: ...1... 95: 11.11..
16: 1...111 42: .11...1 69: ...1..1 96: 11..1..
16: 1...1.1 43: .11.... 70: ...1.11 97: 11..1.1
17: 1...1.. 44: .11..1. 71 ..11.11 98: 11..111
18: 1..11. 45: .11.11. 72: ..11..1 99: 11...11
19: 1..11.1 46: ..1.11. 73:  ..11... 100: 11....1
20: 1.111.1 a7 1001, 74: ..11.1. 101: 11.....
21: 1.111.. 48: ..1.... 75: .111.1. 102: 11...1.
22: 1.1.1.. 49: ..1...1 76:  .111... 103: 11..11.
23: 1.1.1.1 50: ..1..11 77 .111..1 104: 11.111.
24: 1.1.111 51: ..1.111 78: .111.11 105: 11.1.1.
26: 1.1..11 52: ..1.1.1 79: .1.1.11 106: 11.1...
26: 1.1...1 53: ..1.1.. 80: .1.1..1 107: 11.1..1
27: 1.1.... 54: 111, 81: .1.1... 108: 11.1.11

Figure 12.2-E: The 7-bit binary words with maximal 3 successive ones in a minimal-change order.

12.3 Digit = followed by at least x zeros

Figure 12.3-A: Gray code for the length-5 words with maximal digit 3 where a digit « is followed by at
least x zeros. Dots denote zeros.

Figure shows a Gray code for the length-5 words with maximal digit 3 where a digit « is followed
by at least = zeros. For the Gray code list Z,.(n) of the length-n words with maximal digit 7 we have

[0.ZR(n-1) ]

[10. ZR(n— 2) ]

200.Z8(n -3
TOR 1 Y
[ ]
[ ]

3000. ZR(n — 4) (12.3-1)

r0" . ZB(n—r—1)

A implementation is [FXT: comb/gexz-gray-demo.cc]:

ulong n; // number of digits in words
ulong *rv; // digits of the word
ulong mr; // radix== mr+l

void gexz_rec(ulong d, bool z)

{
if ( d>=n ) visit(Q);
else

if (z)
// words 0, 10, 200, 3000, 40000,
ulong k = 0;
do

rv[d]l=k;
for (ulong j=1; j<=k; ++j) rv[d+j] =
gexz_rec(d+k+1, !z);
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while ( ++k <= mr );
?lse

// words ..., 40000, 3000, 200, 10, O

ulong k = mr + 1;

do

{
__k;
rv[d]l=k;
for (ulong j=1; j<=k; ++j) rv[d+j] = 0;
gexz_rec(d+k+1l, !z);

while ( k != 0 );

}
Let z.(n) be the number of n-bit words Z,.(n), then

r+1
zr(n) = Zz,(n =) (12.3-2)

where we set z.(n) =1 for n < 0. The sequences for r < 5 start as

n: 0 1 2 3 4 b 6 7 8 9 10 11 12 13 14 15
r=1: 1 2 3 & 8 13 21 34 55 89 144 233 377 610 987 1597
r=2: 1 3 5 9 17 31 57 105 193 355 653 1201 2209 4063 7473 13745
r=3: 1 4 7 13 25 49 94 181 349 673 1297 2500 4819 9289 17905 34513
r=4: 1 5 9 17 33 65 129 253 497 977 1921 3777 7425 14597 28697 56417
r=6: 1 6 11 21 41 81 161 321 636 1261 2501 4961 9841 19521 38721 76806

For r = 1 we obtain the Fibonacci numbers, entry A000045 of [214]; For r = 2 the tribonacci numbers,
entry /A000213; for » = 3 the tetranacci numbers, entry |A000288; for r = 4 the pentanacci numbers, entry
A000322; for r = 5 the hexanacci numbers, entry |[A000383. Note that the sequences for r > 2 are different
from those obtained via relation [12.2-2] on page [285

12.4 Generalized Pell words

Gray code for Pell words

......................................... 111111111111111111111111111111111 2222222
................. 111111111111111112222 0 e A A s s S
....... 1111111222, .., ...1111111222. ... ..........1111111222 . .....111111122 1111222
11120011120, 1112...1112... ... o 11120001112, 1112...1112., 1112...
.12.12..12.12..12.12.12..12.12..12.12.12..12.12..12.12..12.12.12..12.12..1 .12..12

1111111111 2222222

e
e
e
[
NI =
N =
=

[
[
-
-
N
N
N
N
N~

- N
e
e
e
e

Y e

Figure 12.4-A: Start and end of the lists of five digit Pell words in counting order (top) and Gray code
order (bottom). The lowest row is the least significant digit, dots denote zeros.

A Gray code of the Pell words (ternary words without the substrings "21" and "22") can be computed
as follows:

ulong n; // number of digits in words
ulong *rv; // digits of the word
bool zq; // order: 0==>Lex, 1==>Gray
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12.4: Generalized Pell words

void pell_rec(ulong d, bool z)

289

if (d>=n ) visit(Q;
else
if ( 0==z )
rv[d]=0; pell_rec(d+l, z);
rv[d]=1; pell_rec(d+1l, zq~z);
rv[d]=2; rv[d+1]=0; pell_rec(d+2, z);
}
else
rv[d]=2; rv[d+1]=0; pell_rec(d+2, z);
rv[d]=1; pell_rec(d+l, zq~z);
rv[d]=0; pell_rec(d+l, z);
}
}

}

The global boolean variable zq controls whether the counting order or the Gray code is generated. The
code is given in [FXT: comb/pellgray-rec-demo.cc]. Both orderings are shown in figure [12.4-Al About
110 million words per second are generated. The computation of a function whose power series coefficients

are related to the Pell Gray code is described in section [36.12.3| on page

Gray code for generalized Pell words

1
11111, 111 %
.123321. .1

22223322221111........ 1
321....123321..123321.

F;
N
w
w
N
=
-
N
W

1
.123321. ...

111111122222222222222222222222222222222222222222223333333333333
2223333333322222222222221111111111111 . . ... ... e

111122223322221111........ 111122223322221111.. ..
.123321....123321..123321..123321....123321..123

c RN
. N

Figure 12.4-B: Gray code for 4-digit radix-4 strings with no substring 3z with « # 0.

A generalization of the Pell words are the radix-(r + 1) strings where the substring ro with  # 0 is
forbidden. Let P.(n) the length-n words, a gray code for these strings can be generated by the recursion

0.

DN =
Rk
3 E; 3

(r— i)

[

[

[
Pn) = B

[

[

(10 Pr(n ~2)

if r is even, and

N = O
Sy
/‘?A/—?
:f:
L
==

(r—1). Pi(n—1)
(r)0. PR(n —2)

r

[

[

[
P(n) = BB

[

[

[

(12.4-1a)

(12.4-1b)

if 7 is odd. Figure [12.4-B] shows a Gray code for the 4-digit strings with » = 3. An implementation of

the algorithm is [FXT: comb/pellgen-gray-demo.cc|:
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ulong n; // number of digits in words
ulong *rv; // digits of the word (radix r+1)
long r; // Forbidden substrings are [r, x] where x!=0

void pellgen_rec(ulong d, bool z)
{

if ( d>=n ) visit(Q;
else

const bool p =r & 1; // parity of r
rv[d] = 0;

if (z)

{

for (long k=0; k<r; ++k) { rv[d] = k; pellgen_rec(d+l, z ~ p "~ (k&1)); }
{ rvld] = r; rv[d+1] = 0; pellgen_rec(d+2, p ~ z); }

}
else

{ rvld] = r; rv[d+1] = 0; pellgen_rec(d+2, p ~ z); }

for (long k=r-1; k>=0; --k) { rv[d] = k; pellgen_rec(d+l, z ~ p ~ (k&1)); }
}

}

With r = 1 we again obtain the Gray code for Fibonacci words. Taking the number p,(n) of words P.(n)
on both sides of relations [12.4-1al and [12.4-1bl we find

pr(n) = rp.(n)+p-(n—2) (12.4-2)

where p,(0) =1 and p,(1) = r + 1. For <5 the sequences start as

n: 0 1 2 3 4 5 6 7 8 9 10 11
r=1: 1 2 3 5 8 13 21 34 55 89 144 233
r=2: 1 3 7 17 41 99 239 577 1393 3363 8119 19601
r=3: 1 4 13 43 142 469 1549 5116 16897 55807 184318 608761
r=4: 1 5 21 89 377 1597 6765 28657 121393 514229 2178309 9227465
r=6: 1 6 31 161 836 4341 22541 117046 607771 3155901 16387276 85092281

The sequences are the following entries of [214]: r» = 1: |]A000045; r = 2: |A001333; » = 3: |]A003688; r = 4:
A015448; r = 5: |A015449. The generating function for p,(n) is

14+

i pr(n)a" = ——— (12.4-3)

1l—rax—a2

12.5 Sparse signed binary words

Figure 12.5-A: A Gray code through the 85 sparse 6-bit signed binary words. Dots are used for zeros,
the symbols ‘P’ and ‘M’ denote +1 and —1, respectively.

Figure|12.5-A|shows a minimal-change order (Gray code) for the sparse signed binary words (nonadjacent
form (NAF), see section on page[59). Note that we allow a digit to switch between +1 and —1. If all
words with any positive digit (‘P’) are omitted then we obtain the Gray code for Fibonacci words given

in section [I2.1] on page [282]
A recursive routine for the generation of the Gray code is given in [FXT: comb/naf-gray-rec-demo.cc|:

ulong n; // number of digits of the string
int *rv; // the string
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void sb_rec(ulong d, bool z)

if ( d>=n ) visit(Q);

else
if ( 0==z )
{
rv[d]=0; sb_rec(d+1, 1);
rv[d]l=-1; =rv[d+1]=0; sb_rec(d+2, 1);
rv[d]=+1; rv[d+1]=0; sb_rec(d+2, 0);
ilse
rv[d]l=+1; zrv[d+1]=0; sb_rec(d+2, 1);
rv[d]=-1; rv[d+1]=0; sb_rec(d+2, 0);
rv[d]=0; sb_rec(d+1, 0);
}

}
About 120 million words per second are generated.

Let S(n) be the number of n-digit sparse signed binary numbers (of both signs), and P(n) be the number
of positive n-digit sparse signed binary numbers, then

n: 012 3 4 5 6 7 8 9 10 11 12 13 14 15 16

S(n): 1 35 11 21 43 85 171 341 683 1365 2731 5461 10923 21845 43691 87381

P(n): 1 23 6 11 22 43 86 171 342 683 1366 2731 5462 10923 21846 43691

The sequence S(n) is entry A001045 of [214], the sequence P(n) is entry |A005578. We have (with
e :=n mod 2)

ont2 _ 14 2¢

S(n) = — = 25(n—1)—1+42e (12.5-1a)
= Sn-1)+25n-2) =3Sn—-2)+25n—-3) = 2P(n)—-1 (12.5-1b)

2t 414
P(n) = — = 2P(n—1)—1—e = S(n—1)+e (12.5-1c)
= Pn—-1)+8Sn-2) = Pm—2)+S(n—2)+S(n-3) (12.5-1d)
= Sn—-2)+Sn-3)+Sn—4)+...+5(2)+5(1)+3 (12.5-1¢)
= 2P(n—1)+P(n—2)—2P(n—3) (12.5-1f)

Almost Gray code for positive words *

><

Figure 12.5-B: An ordering of the 86 sparse 7-bit positive signed binary words that is almost a Gray
code. The transitions that are not minimal are marked with ‘><’. Dots denote zeros.

If we start with the following routine that calls sb_rec() only after a one has been inserted, we obtain
an ordering of the positive numbers:

void pos_rec(ulong d, bool z)

{
if ( d>=n ) visit();
else
if ( 0==2z )
{

rv[d]=0; pos_rec(d+l, 1);
rv[d]l=+1; 1rv[d+1]=0; sb_rec(d+2, 1);
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}

%lse
rv[d]l=+1; zrv[d+1]=0; sb_rec(d+2, 0);
rv[d]=0; pos_rec(d+l, 0);

}

}
}

The ordering obtained with n-digit words is a Gray code, except for n — 4 transitions. An ordering with
only about n/2 non-Gray transitions is obtained by the more complicated recursion [FXT: comb/naf-
pos-rec-demo.cc|:

void pos_AAA(ulong d, bool z)

if ( d>=n ) visit(Q;
else

if ( O0==z )
{

rv[d]=+1; zrv[d+1]=0; sb_rec(d+2, 0); // O
rv[d]=0; pos_AAA(d+1, 1); // 1

}
%1se
rv[d]=0; pos_BBB(d+1, 0); // O
rv[d]l=+1; zrv[d+1]=0; sb_rec(d+2, 1); // 1
}
}
void pos_BBB(ulong d, bool z)
{
if ( d>=n ) visit(Q);
else
%f ( 0==z )
rv[d]=+1; =rv[d+1]=0; sb_rec(d+2, 1); // 1
rv[d]=0; pos_BBB(d+1, 1); // 1
else
rv[d]=0; pos_AAA(d+1, 0); // O
rv[d]=+1; zrv[d+1]=0; sb_rec(d+2, 0); // O
}
}

The initial call is pos_AAA(0,0). The result for n = 7 is shown in figure [12.5-Bl We list the number N
of non-Gray transitions and the number of digit changes X in excess of a Gray code for n < 30:

n: 123456789 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
N: 000012223 4 4 4 5 6 6 6 8§ 8 8 910 10 10 11 12 12 12 13 14
X: 000013445 7 8 8 911 12 12 13 15 16 16 17 19 20 20 21 23 24 24 25 27

12.6 Strings with no two successive nonzero digits

A Gray code for the length-n strings with radix (r + 1) and no two successive nonzero digits is obtained
by the recursion for the list D,.(n):

.DR(n—1)

[ 0. DR(n—1)
[10. DR(n —1)]
20. D, (n—1)]
Dy(n) = [B0.DFn-—1)] (12.6-1)
[40. D, (n—1) |
[50. Dy ]
[ ]

An implementation is [FXT: comb/ntnz-gray-demo.cc):

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/demo/comb/naf-pos-rec-demo.cc
file:@FXTDIR@/demo/comb/naf-pos-rec-demo.cc
file:@FXTDIR@/demo/comb/ntnz-gray-demo.cc

12.6: Strings with no two successive nonzero digits 293

1. .3..3 26: ....1 51: 1.1.2 76: 2.3.2
2: .3..2 27:  ....2 52: 1.1.3 77: 2.3.1
3: .3..1 28: ....3 53: 1...3 78: 2.3..
4. .3... 29: ..1.3 54: 1...2 79: 3.3.
5: .3.1. 30: ..1.2 55: 1...1 80: 3.3.1
6: .3.2. 31: ..1.1 56: 1.... 81: 3.3.2
7: .3.3. 32: ..1.. 57: 1..1. 82: 3.3.3
8: .2.3. 33: ..2.. 58: 1..2. 83: 3.2.3
9: .2.2. 34: ..2.1 59: 1..3. 84: 3.2.2
10:  .2.1. 35: ..2.2 60: 2..3. 85: 3.2.1
11: .2... 36: ..2.3 61: 2..2. 86: 3.2..
12: .2..1 37: ..3.3 62: 2..1. 87: 3.1..
13: .2..2 38: ..3.2 63: 2.... 88: 3.1.1
14: .2..3 39: ..3.1 64: 2...1 89: 3.1.2
15: .1..3 40: ..3.. 65: 2...2 90: 3.1.3
16: .1..2 41: 1.3.. 66: 2...3 91: 3...3
17: .1..1 42: 1.3.1 67: 2.1.3 92: 3...2
18: .1... 43: 1.3.2 68: 2.1.2 93: 3...1
19: 1.1 44: 1.3.3 69: 2.1.1 94: 3....
20: .1.2 45: 1.2.3 70: 2.1.. 95: 3..1.
21: .1.3 46: 1.2.2 71: 2.2.. 96: 3..2.
22: ...3 47: 1.2.1 72: 2.2.1 97: 3..3.
23: 2 48: 1.2.. 73: 2.2.2
24: 1 49: 1.1.. 74: 2.2.3
25 ..., 50: 1.1.1 75: 2.3.3

Figure 12.6-A: Gray code for the length-4 radix-4 strings with no two successive nonzero digits.

ulong n; // length of strings
ulong *rv; // digits of strings
ulong mr; // max digit

void ntnz_rec(ulong d, bool z)

if ( d>=n ) visit(Q);
else

if ( 0==z )

rv[d]=0; ntnz_rec(d+1, 1);
for (ulong t=1; t<=mr; ++t) { rv[dl=t; rv[d+1]=0; ntnz_rec(d+2, t&1); }
}

else
{

for (ulong t=mr; t>0; --t) { rvldl=t; =rv[d+1]1=0; ntnz_rec(d+2, !'(t&1)); }
rv[d]=0; ntnz_rec(d+1, 0);

}

Figure [12.6-Al shows the Gray code for length-4, radix-4 (r = 3) strings. With r» = 2 and upon replacing
1 with —1 and 2 with +1 we obtain the Gray code for the sparse binary words (figure [12.5-Al on page
290). With r = 1 we again obtain the Gray code for the Fibonacci words.

Counting the elements on both sides of relation [12.6-1} on the preceding page we find that for the number
d,-(n) of strings in the list D,.(n) we have

d-(n) = dr(n—1)+rd.(n—2) (12.6-2)
where d,-(0) = 1 and d,(1) = r + 1. The sequences of these numbers start as

n: 01 2 3 4 5 6 7 8 9 10 11 12 13 14
r=1: 12 3 5 8 13 21 34 55 89 144 233 377 610 987
r=2: 13 511 21 43 85 171 341 683 1365 2731 5461 10923 21845
r=3: 14 7 19 40 97 217 508 1159 2683 6160 14209 32689 75316 173383
r=4: 1 5 9 29 65 181 441 1165 2929 7589 19305 49661 126881 325525 833049
r=5: 1 6 11 41 96 301 781 2286 6191 17621 48576 136681 379561 1062966 2960771

These are the following entries of [214]: r = 1: |A000045; r = 2: A001045; » = 3: |A006130; r = 4:
A006131; » = 5: A015440; r = 6: A015441; » = 7: |A015442; r = 8: |A015443. The generating function
for d,.(n) is

1+7rx
do(n)a" = — % 12.6-3
7;) (n)z 1—2z—ra? ( )
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12.7 Strings with no two successive zeros

1: .13 21: 11 . 41: 2 3 1 1: . 122 21: 1 211 41: 2 . 1
2: .12 22: 111 42: 2 3 . 2: . 121 22: 1212 42: 2 . 2
3: .11 23: 11 2 43: 3 3 . 3: .12, 23: 12 . 2 43: 2 . 2 1
4: .1 . 24: 113 44: 3 3 1 4: .11 . 24: 12 . 1 44: 2 . 2 2
5: . 2. 25:1 . 3 45: 3 3 2 5: . 111 26: 11 .1 45: 21 2 2
6: . 21 26: 1 . 2 46: 3 3 3 6: . 112 26: 11 . 2 46: 21 2 1
7: . 22 27: 1 . 1 47: 3 2 3 7: .1 .2 27: 1112 47: 2 1 2 .
8: .23 28: 2 . 1 48: 3 2 2 g: .1 .1 28: 1111 48: 211 .
9: . 33 29: 2 . 2 49: 3 2 1 9: . 2 .1 29: 111 . 49: 2111
10: . 3 2 30: 2 . 3 50: 3 2 . 10: . 2 . 2 30: 11 2. 50: 2112
11: . 31 31: 21 3 51: 31 . 11: . 21 2 31: 1121 51: 21 . 2
12: . 3 . 32: 212 52: 311 12: . 211 32: 1122 52: 21 . 1
13: 1 3 . 33: 211 53: 312 13: . 21 . 33: 1. 22 53: 2 2 . 1
14: 1 3 1 34: 21 . 54: 313 14: . 2 2 34: 1 21 54: 2 2 . 2
16: 1 3 2 35: 2 2 . 556: 3 . 3 15: . 221 35: 1 . 2. 56: 2 21 2
16: 1 3 3 36: 2 21 56: 3 . 2 16: . 2 2 2 36: 1 . 1. 56: 2211
17: 1 2 3 37: 2 2 2 57: 3 . 1 17: 12 2 2 37: 1 .11 57: 2 21 .
18: 1 2 2 38: 223 18: 1221 38: 1 .12 58: 2 2 2 .
19: 1 2 1 39: 2 33 19: 1 2 2 39: 2 .12 59: 2221
20: 1 2 . 40: 2 3 2 20: 1 21 40: 2 . 11 60: 2 2 2 2

Figure 12.7-A: Gray codes for strings with no two successive zeros: length-3 radix-4 (left), and length-4
radix-3 (right). Dots denote zeros.

A Gray code for the length-n strings with radix (r 4+ 1) and no two successive zeros (see figure [12.7-A)) is
obtained by the recursion for the list Z,.(n) as follows:

01.Z.(n—2)] 01 ZR(n—Q)]
02. ZF(n - 2)] 02. Z.(n—-2) ]
03.Z.(n—2)] 03 . ZR(n —2)]
04 Z7(n - 2)] 04 . Z,(n—2) ]
[05. Z.(n—2) ] [05. ZR(n —2)]
[ } [ ]
Z,(n) = [0r.ZR(n—2)] forr even, Z.(n) = [0r. ZR(n —2)] for r odd. (12.7-1)

1.ZR(n-1) ] l1.Z.(n—1) ]
2. Zy(n—1) ] 2. ZR(n—1) |
3. Z7(n—1) ] 3.2 (n—1) |
[4. 2, (n=1) | [4. 2% (n-1) |
[ ] [ |
[r.ZB(n—1) ] [r.Z.(n—1) ]

An implementation is given in [FXT: [comb/ntz-gray-demo.cc]:

ulong n; // number of digits in words

ulong *rv; // digits of the word (radix r+1)

long r; // Forbidden substrings are [r, x] where x!=0

void ntz_rec(ulong d, bool z)

if ( d>=n ) visit(Q;

Else
bool w = 0; // r-parity: w depends on z ...
if (r&l ) w= !z // ... if r odd
if (z)
{
// words 0X:
rv[d] = 0;

%f ( d+2<=n )
for (long k=1; k<=r; ++k, w=!w) { rv[d+1]=k; ntz_rec(d+2, w); }
}

else

ntz_rec(d+1, w);
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w = lw;

}
w "= (r&l); // r-parity: change direction if r odd

// words X:
for (long k=1; k<=r; ++k, w=!w) { rv[dl=k; ntz_rec(d+1l, w); }

}

else

// words X:
for (long k=r; k>=1; --k, w=!w) { rv[dl=k; ntz_rec(d+l, w); }

w "= (r&l); // r-parity: change direction if r odd

// words 0X:
rv[d] = 0;
%f ( d+2<=n )
for (long k=r; k>=1; --k, w=!w) { rv[d+1]l=k; ntz_rec(d+2, w); }
}

else
{

ntz_rec(d+1l, w);
w = lw;

}

With r = 1 we obtain the complement of the minimal-change list of Fibonacci words. Let z.(n) be the
number of words W,.(n), we find

zz(n) = rz.(n—1)+rzn-1) (12.7-2)

where z,.(0) =1 and z,(1) = 7 + 1. The sequences for r < 5 start

n: 01 2 3 4 5 6 7 8 9 10 11
r=1: 12 3 5 8 13 21 34 55 89 144 233
r=2: 13 8 22 60 164 448 1224 3344 9136 24960 68192
r=3: 14 15 57 216 819 3105 11772 44631 169209 641520 2432187
r=4: 15 24 116 560 2704 13056 63040 304384 1469696 7096320 34264064
r=5: 16 35 205 1200 7025 41125 240750 1409375 8250625 48300000 282753125

These (for r < 4) are the following entries of [214]: r = 1: |A000045; r = 2: |A028859; r = 3: |A125145;
r = 4: |A086347. The generating function for z.(n) is

oo

er(n)x" _ e (12.7-3)

1—rx—ra?

12.8 Binary strings without substrings 1x1

A Gray code for binary strings with no substring 1x1 is shown in figure The recursive structure
for the list V' (n) of the n-bit words is

[100.V(n—3) ]
Vin) = [1100.VR(n - 4)] (12.8-1)
[0.V(n—-1) ]

The implied algorithm can be implemented as [FXT: comb/nolx1-gray-demo.cc]:

ulong n; // number of bits in words
ulong *rv; // bits of the word

void nolxl_rec(ulong d, bool z)

{
if (d>=n ) { if ( d<=n+2 ) visit(Q); }
else

if (z)
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Figure 12.8-A: The length-8 binary strings with no substring 1x1 (where x is either 0 or 1): lex order
(top) and minimal-change order (bottom). Dots denote zeros.

rv[dl=1; zrv[d+1]=0; rv[d+2]=0; mnolxl_rec(d+3, z);
rv[d]l=1; rv[d+1]=1; rv[d+2]=0; rv[d+3]=0; nolxl_rec(d+4, 'z);
rv[d]=0; nolxl_rec(d+1l, z);

%lse
rv[d]=0; nolxl_rec(d+l, z);
rv[d]l=1; rv[d+1]=1; rv[d+2]=0; rv[d+3]=0; nolxl_rec(d+4, !'z);
rv[d]l=1; rv[d+1]=0; rv[d+2]=0; mnolxl_rec(d+3, z);

}
}

The sequence of the numbers v(n) of length-n strings starts as

n: 01234 5 6 7 8 9 10 11 12 13 14 15 16 17
v(in): 12469 15 25 40 64 104 169 273 441 714 1156 1870 3025 4895

This is entry A006498 of [214]. The recurrence relation is

vin) = vn—-1)+v(n—3)+vin—4) (12.8-2)
The generating function is
= 1+z+222+23
> omn)a" = T (12.8-3)

12.9 Binary strings without substrings 1xy1l

Figure shows a Gray code for binary words with no substring 1xyl. The recursion for the list of
n-bit words Y (n) is

1000.Y(n—4)
101000 . Y®(n —6)

[ }
[ }
Y(n) = [111000.Y(n—6) ] (12.9-1)
[ 5) ]
[ }

11000.YR(n—5)
0.Y(n—1)

An implementation is given in [FXT: |comb/nolxyl-gray-demo.cc|:
void Y_rec(long pl, long p2, bool z)

if ( p1>p2 ) { visit(); return; }

[fxtbook draft of 2008-January-19]


http://www.research.att.com/~njas/sequences/A006498
file:@FXTDIR@/demo/comb/no1xy1-gray-demo.cc

12.9: Binary strings without substrings 1xy1 297

......................... 1

......................................... 1 B 0
B
.................................................................................. 11111111
................... 00 0 0 s 0 6
............... T e e e e 0 0 0 0 0 A 5 AR s AP

........ 111111 11....11 1 A e T U I s e e e 0 0 0 0 0 A s
1111....1111 I 11 1111 A o e s s e s s s P 11

100110011 11......... A1 11 11..11..11..11...... L 11....11.

Figure 12.9-A: The length-10 binary strings with no substring 1xyl (where x and y are either 0 or 1)
in minimal-change order. Dots denote zeros.

#define S1(a) rv[pi+0]l=a

#define S2(a,b) Si1(a); rvlpl+il=b;

#define S3(a,b,c) S2(a,b); rvlpl+2]l=c;

#define S4(a,b,c,d) 83(a,b,c); rv[pl+3]l=d;
#define S5(a,b,c,d,e) S4(a,b,c,d); rvlpl+dl=e;
#define S6(a,b,c,d,e,f) S5(a,b,c,d,e); rv[pl+5]=f;

long d = p2 - pil;

if (z)

{
if (d>0) { s4(1,0,0,0); Y_rec(pl+4, p2, z); } // 1000
if (d»>2) {86(1,0,1,0,0,0); Y_rec(pl+6, p2, 'z); } // 101000
if (d»>2) {s6(1,1,1,0,0,0); Y_rec(pl+6, p2, z); } // 111000
if (d>1) {85(,1,0,0,0); Y_rec(pl+5, p2, !z); } // 11000
if (d>0) { S1(0); Y_rec(pl+l, p2, z); } // O

}

%1se
if (d>=0) {s1(0); Y_rec(pi+l, p2, =z); } // O
if (d>1) {85(,1,0,0,0); Y_rec(pl+5, p2, !'2); } // 11000
if (d»>2) {s6(1,1,1,0,0,0); Y_rec(pl+6, p2, z); } // 111000
if (d>2) {86(1,0,1,0,0,0); Y_rec(pl+6, p2, !'z); } // 101000
if (d > 0) { s4(1,0,0,0); Y_rec(pl+4, p2, z); } // 1000

}

}

Note the conditions if ( d>= 7 ) that make sure that no string appears repeated. The initial call is
Y_rec(0, n-1, 0). The sequence of the numbers y(n) of length-n strings starts as

n: 0123 4 5 6 7 8 9 10 11 12 13 14 15 16 17
y(n): 1248 12 17 25 41 69 114 180 280 440 705 1137 1825 2905 4610

The generating function is

> l+z+222+42°+322+22°
> yn)a" = S B S g (12.9-2)
n=0

No substrings 1x1 or 1xyl

A recursion for a Gray code of the of n-bit binary words Z(n) with no substrings 1x1 or 1xyl (shown in

ﬁgure is
[1000.Z(n—4) ]
Z(n) = [11000.Z%(n—5)] (12.9-3)
[0.Z(n—1) ]

The sequence of the numbers z(n) of length-n strings starts as
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el 11 .. 11
B 1111, ...111..111, ... 111... ... 111, ... 111 ..., B 11
. FR T P 5 A B 111..11....... 111....... 11..11....... 11..11.

Figure 12.9-B: A Gray code for the length-10 binary strings with no substring 1x1 or 1xyl.

n: 01234 5 6 7 8 910 11 12 13 14 15 16 17
z(n): 12468 11 17 27 41 60 88 132 200 301 449 669 1001 1502

The sequence is (apart from three leading ones) entry |A079972 of [214] where two combinatorial inter-
pretations are given:

Number of permutations satisfying -k<=p(i)-i<=r and p(i)-i not in I, i=1..nm,

with k=1, r=4, I={1,2}.
Number of compositions (ordered partitions) of n into elements of the set {1,4,5}.

The generating function is

o0

" 14+x+4222+22% + 22
Zz(n)x = I — (12.9-4)
n=0
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Chapter 13

Parenthesis strings

13.1 Co-lexicographic order

1: (CCCON)Y 11111, .. .. 22:  (O)OO)Y 11..11.1..
2: ((COOY)) 1111.1.... 23: O0OO) 1.1.11.1..
3: (COO))) 111.11.. 24:  (COMNCO) 111...11..
4: (OO 11.111.. 25: (OOYCO)Y 11.1..11..
5: OWCO))) 1.1111.. 26: OCO)Y(O) 1.11..11..
6: ((COYQO)) 1111..1... 27:  (OYOCO) 11..1.11..
7: ((OOQO)Y) 111.1.1... 28: O0O0OCO) 1.1.1.11..
8: (OCOO)) 11.11.1... 29:  (CCOIMO  1111....1.
9: OCOO)) 1.111.1... 30: (COONO 111.1...1.
10:  (COYCO)) 111..11... 31: (OONO 11.11...1.
11: (OO0 CO))) 11.1.11... 32: OWWONO 1.111...1.
12: OCO))) 1.11.11... 33: ((OYO)Y(O) 111..1..1.
13: (O)O)) 11..111... 34: (OO0 11.1.1..1.
14: O0OWO)) 1.1.111... 35: QOO 1.11.1..1.
15:  (CCONQO) 1111...1.. 36: (O)Y(OYO) 11..11..1.
16: ((COOYO) 111.1..1.. 37: OQCOY(O) 1.1.11..1.
17: (OWO)Q) 11.11..1.. 38: ((CONOO 111...1.1.
18: OCOYO) 1.111..1.. 39: (OOYO(O 11.1..1.1.
19: ((OYOQO) 111..1.1.. 40: O(OYOQO 1.11..1.1.
20: (OOO0O) 11.1.1.1.. 41: (OYOOO 11..1.1.1.
21: OCOO0O) 1.11.1.1.. 42: 00000 1.1.1.1.1.

Figure 13.1-A: All (42) valid strings of 5 pairs of parenthesis in colex order.

An iterative scheme to generate all valid ways to group parenthesis can be obtained from a modified
version of the combinations in co-lexicographic order (see section on page[167)). For n =5 pairs the
possible combinations are shown in figure [13.1-Al This is the output of [FXT: comb/paren-demo.cc].

Consider the sequences to the right of the paren strings as binary words. Whenever the leftmost block
has more than one bit then its rightmost bit is moved one position to the right. If the leftmost block
consists of a single bit then the bits of the longest run of the repeated pattern ‘1.’ at the left are gathered
at the left end and further, the rightmost bit in next block of ones (which contains at least two ones) is
moved by one position to the right and the rest of the block is gathered at the left end (see the transitions
from #13 to #14 or #36 to #37).

A sentinel x [k] is used to save one branch with the generation of the next string [FXT: class paren in
comb /paren.h]:

class paren

{

public:
ulong k_; // Number of paren pairs
ulong n_; // ==2xk
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ulong *x_; // Positions where a opening paren occurs

char *str_; // String representation, e.g. "((O)O)O"
public:

paren(ulong k)

{

k.= (k>1 7k : 2); // not zero (empty) or one (trivial: "(O")
n_ =2 % k_;
x_ = new ulonglk_ + 1];
x_[k_] = 999; // sentinel
str_ = new char[n_ + 1];
str_[n_] = 0;
first();
}
“paren()
delete [] x_;

delete [] str_;

void first() { for (ulong i=0; i<k_; ++i) =x_[i] = i; }
void last() { for (ulong i=0; i<k_; ++i) x_[i] = 2#*i; }
[--snip--]
The code for the computation of the successor and predecessor is quite concise:

ulong next() // return zero if current paren is the last

// if ( k_==1 ) return O; // uncomment to make algorithm work for k_==
ulong j = 0;

if ((x_[1] == 2 )

{

// scan for low end == 010101:

j=2
while ( (j<=k_) && (x_[jl==2%j) ) ++j; // can touch sentinel
if ( j==k_ ) { first(); return 0; }

}

// scan block:
while ( 1 == (x_[j+1] - x_[31) ) { ++j; }

++x_[j]; // move edge element up
for (ulong i=0; i<j; ++i) =x_[i] = i; // attach block at low end
return 1;

}

ulong prev() // return zero if current paren is the first

// if ( k_==1 ) return O; // uncomment to make algorithm work for k_==
ulong j = 0;

// scan for first gap:

while ( x_[jl==j ) ++j;

if ( j==k_ ) { 1last(); return 0; }
if ( x_[j1-x_[j-11 == 2 ) --x_[jl; // gap of length one
else
{
ulong i = --x_[j];
--3;
--i,
// j items to go, distribute as 1.1.1.11111
for ( ; 2*i>j; --i,--j) =x_[j] = 1i;
for ( ; i; --i) =x_[i] = 2#i;
x_[0] = 0;
return 1;

const ulong * data() { return x_; }
[--snip--]

The strings are set up on demand only:

const char * string() // generate on demand
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{
for (ulong j=0; j<n_; ++j) str_[j]l = *)’;
for (ulong j=0; j<k_; ++j) str_[x_[jl] = *(C;
return str_;

}

};

The 477,638,700 paren words for n = 18 are generated at a rate of about 65 million objects per second.
Section [I.30] on page [74] gives a bit-level algorithm for the generation of the paren words in colex order.

13.2 Gray code via restricted growth strings

1: [0, 0, 0, 0, ] O000 1.1.1.1.
2: [0, 0,0,1,] OO 1.1.11
3: [0, 0,1,0,] OO 1.11..1
4: [0, 0,1,1,] OO 1.11.1
5: [0, 0,1, 2,] OCON 1.111.
6: [0, 1, 0, 0,1 MHOO 11..1.1.
7: [0, 1, 0,1,] OO 11..11
8: [0, 1,1,0,] (OMO 11.1..1
9: (o, 1,1,1,]1] OO 11.1.1
10: (o, 1,1, 2,1 OON 11.11
11: [0, 1, 2,0,] «CoONO 111...1
12: [0, 1,2,1,] (O 111..1
13: [0, 1, 2,2, ] (cOoN 111.1
14: o, 1, 2,3,] (CcCcoMm 1111. ...

Figure 13.2-A: Length-4 restricted growth strings (left), and the corresponding paren strings (middle)
and delta sets (right).

The valid paren strings can be represented by sequences ag, a1, - .., a, where ag = 0 and ay < agx_1 + 1.
These sequences are examples of so-called restricted growth strings (RGS). Some sources use the term
restricted growth functions. The RGSs for n = 4 are shown in figure A RGS can be incremented
by incrementing the highest (rightmost in figure digit a; where a; < a;j_; and setting a; = 0 for
all i > j. A decrement is obtained by decrementing the highest digit a; # 0 and setting a; = a;—1 + 1 for
all i > j.

The RGSs for a given n can be generated as follows [FXT: class catalan in |comb/catalan.h]:

class catalan
// Catalan restricted growth strings (RGS)

// By default in near-perfect minimal-change order, i.e.
// exactly two symbols in paren string change with each step

{
public:
int *as_; // digits of the RGS: as_[k] <= as[k-1] + 1
int *d_; // direction with recursion (+1 or -1)
ulong n_; // Number of digits (paren pairs)
char *str_; // paren string
bool xdr_; // whether to change direction in recursion (==> minimal-change order)
int drO_; // dr0: starting direction in each recursive step:
// dr0=+1 ==> start with as[]=[0,0,0,...,0] =="000...0"
// dr0=-1 ==> start with as[]=[0,1,2,...,n-1] == "((( ... )"
public:
catalan(ulong n, bool xdr=true, int dr0=+1)
: n_(n)
as_ = new int[n_];
d_ = new int[n_];
str_ = new char[2*n_+1]; str_[2*n_] = 0;
init(xdr, dr0);
}
“catalan()
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From left to right: restricted

Figure 13.2-B: Minimal-change order for the paren strings of 5 pairs.

growth strings, arrays of directions, paren strings, delta sets, and difference strings. If the change is not
adjacent, then the distance of changed positions is given at the right. The order corresponds to dr0

=-1.
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From left to right: restricted

Figure 13.2-C: Minimal-change order for the paren strings of 5 pairs.

growth strings, arrays of directions, paren strings, delta sets, and difference strings. If the change is not
adjacent, then the distance of changed positions is given at the right. The order corresponds to dr0

=+1,
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delete [] as_;
delete [] d_;
delete [] str_;

void init(bool xdr, int dr0)

dr0_
xdr_

( (dr0>=0) 7 +1 : -1 );
xdr;

ulong n = n_;
if ( dr0_>0 ) for (ulong k=0; k<n; ++k) as_[k]
else for (ulong k=0; k<n; ++k) as_[k]

for (ulong k=0; k<n; ++k) d_[k] = drO_;

nn
o

}
bool next() { return next_rec(n_-1); }
const int *get() const { return as_; }
const char* str() { make_str(); return (const charx)str_; }
[--snip--]
The minimal-change order is obtained by changing the ‘direction’ in the recursion, an essentially identical

mechanism (for the generation of set partitions) is shown in chapter 15| on page The function is
given in [FXT: comb/catalan.cc|:

bool
catalan: :next_rec(ulong k)

{

if ( k<1 ) return false; // current is last

int d = d_[k];

int as = as_[k] + d;

bool ovg = ( (d>0) ? (as>as_[k-1]+1) : (as<0) );
if ( ovq ) // have to recurse

ulong nsl = next_rec(k-1);
if ( O==nsl ) return false;
xdr_ ? -d : drO_ );

= (
[kx] = 4;
as = ( (@>0) 7 0 : as_[k-11+1 );

as_[k] = as;
return true;

}
The program [FXT: |comb/catalan-demo.cc] demonstrates the usage:
ulong n = 4;
bool xdr = true;
int dr0 = -1;
catalan C(n, xdr, dr0);
do
{
// visit
while ( C.next() );

About 67 million strings per second are generated. Figure shows the minimal-change for n = 5
and dr0=-1, figure shows the order for dro=+1.

More minimal-change orders

The Gray code order shown in figure can be generated via a simple recursion:

ulong n; // Number of paren pairs
ulong *rv; // restricted growth strings

void next_rec(ulong d, bool z)

{
if ( d==n ) visit(Q);
else
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Figure 13.2-D: Strings of 5 pairs of parenthesis in a Gray code order as generated by a recursive

algorithm.

{

// left neighbor

const long rvl = rv[d-1];

if ( O==z )

// forward

0; x<=rvi+l; ++x)

for (long x

rv[d] = x;

(x&1));

next_rec(d+1,

// backward

=0; --x)

rvi+l; x>

for (long x

rv[d] = x;

1(x&1));

(d+1,

next_rec

About 81 million strings per second are generated [FXT:

0, 0;.

comb /paren-gray-rec-demo.cc.

The initial call is next_rec
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Figure 13.2-E: Strings of 5 pairs of parenthesis in Gray code order as generated by a loopless algorithm.
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An loopless algorithm (that does not use RGS) given in [225] is implemented in [FXT: class paren_gray
in comb /paren-gray.h|. The generated order for five paren pairs is shown in figure About 54 mil-
lion strings per second are generated [FXT: comb/paren-gray-demo.cc|. Still more algorithms for the
parentheses strings in minimal-change order are given in [69], [232], and [249)].

0: oo 1111 == (CCOY)

1: L1111 == ((OQ))  t= oLt
2: L1111 = (O CO)) "= L1t
3: L1111 == OWO))  t= L. 11.
4. L1111 == O 0) = L1t
5: 1111 == (0O00) "= ..... 11.
6: L1111 == ((O0)0O) = J11..
7: 0111 == (OO "= J11.....
8: 1..1.11 = (OO)YO) ~= J11..
9: 1001101 = OO =L, 11.
10: 1111 =00000 =011,
11: 11101 = OO0 W0) = 11.....
12: 110011 == (O)CO))  t= ... 11.
13: 1111 = (OO0 "= .11.....

Figure 13.2-F: A strong minimal-change order for the paren strings of 4 pairs.
For even values of n it is possible to generate paren strings in strong minimal-change order where changes
occur only in adjacent positions. Figure [13.2-F| shows an example for four pairs of parens. The listing

was generated with [FXT: graph/graph-parengray-demo.cc|] that uses directed graphs and the search
algorithms described in chapter |[19| on page [355)

13.3 The number of parenthesis strings: Catalan numbers

The number of valid combinations of n parenthesis pairs is

2n 2n+1 2n—2
Cn — (n) — ( n ) — (n—l) _ <2n> o < 2n ) (133_1)
n+1 2n+1 n n n—1
as nicely explained in [124], p.343-346]. These are the Catalan numbers, sequence A000108 of [214]:
n: Ch n: Ch n: C,
1: 1 11: 58786 21: 24466267020
2 2 12: 208012 22: 91482563640
3 5 13: 742900 23: 343059613650
4 14 14: 2674440 24: 1289904147324
5: 42 15: 9694845 25: 4861946401452
6 132 16: 35357670 26: 18367353072152
7 429 17: 129644790 27: 69533550916004
8 1430 18: 477638700 28: 263747951750360
9: 4862 19: 1767263190 29:  1002242216651368
10: 16796 20: 6564120420 30:  3814986502092304

The Catalan numbers are generated most easily with the relation

2(2n+1)
C, —(C, 13.3-2
1+1 n+2 i ( )
The generating function is
1-1T—4 . 5
Cla) = —5——= =Y Coa" = 1+a+22” +52" + 1a' +420°+... (1333
x
n=0

[fxtbook draft of 2008-January-19]



file:@FXTDIR@/src/comb/paren-gray.h
file:@FXTDIR@/demo/comb/paren-gray-demo.cc
file:@FXTDIR@/demo/graph/graph-parengray-demo.cc
http://www.research.att.com/~njas/sequences/A000108

13.4: Increment-i RGS and k-ary trees 307

One further has the convolution property [z C(z)] = z + [x C ()]

n—1

Co = > CiCpiy (13.3-4)
k=0

13.4 Increment-i RGS and k-ary trees

13.4.1 Generation in lexicographic order

1: [0000] 21: [0121] 41: [0223]
2: [0001] 22: [0122] 42: [0224]
3: [0002] 23: [0123] 43: [0230]
4: [0010] 24: [0124] 44: [0231]
5: [0011] 26: [0130] 45: [0232]
6: [0012] 26: [0131] 46: [ 023 3]
7: [0013] 27: [0132] 47: [ 023 4]
8: [0020] 28: [0133] 48: [0235 ]
9: [0021] 29: [0134] 49: [0240]
10: [0022] 30: [0135] 50: [0241]
11: [00 2 3] 31: [0200] 51: [024 2]
12: [0024] 32: [0201] 52: [0 24 3]
13: [0100] 33: [020 2] 53: [024 4]
14: [010 1] 34: [0210] 54: [0245 ]
15: [010 2] 36: [0211] 55: [0 24 6]
16: [0110] 36: [0212]

17: [0111] 37: [0213]

18: [0112] 38: [0220]

19: [011 3] 39: [0221]

20: [0120] 40: [0222]

Figure 13.4-A: The 55 increment-2 restricted growths strings of length 4.

We now allow an increment of ¢ in the restricted growth strings (i = 1 corresponds to the paren RGS of
section [13.2)). Figure [13.4-A] shows the increment-2 restricted growths strings of length 4. The strings
can be generated in lexicographic order via [FXT: class rgs_binomial in comb/rgs-binomial.hj.

class rgs_binomial
// Restricted growth strings (RGS) s[0,...,n-1] so that s[k] <= s[k-1]+i

{
public:
ulong *s_; // restricted growth string
ulong n_; // Length of strings
ulong i_; // slk] <= s[k-1]+i
[--snip--]

ulong next()
// Return index of first changed element in s[],
// Return zero if current string is the last

ulong k = n_;
start:
__k;
if ( k==0 ) return O;
ulong sk = s_[k] + 1;
ulong mp = s_[k-1] + i_;
if ( sk >mp ) // "carry"
{
s_[k] = 0;
goto start;
}
s_[k] = sk;
return k;
[--snip--]
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The rate of generation is about 129 M/s for ¢ = 1 (corresponding to paren strings), 143 M/s for i = 2,
and 156 M/s with ¢ = 3 [FXT: |comb/rgs-binomial-demo.cc].

13.4.2 The number of increment-i RGS

The number C), ; of length-n increment-: strings equals
(“50)
Cni = S (13.4-1)
A recursion generalizing relation [13.3-2] is

[Ty [(i+1)n+ K]

Cnpra = (i+1) 725 Chn,i (13.4-2)
The sequences of numbers of length-n strings for ¢ = 1,2, 3,4 start
n: 12 3 4 5 6 7 8 9 10 11
i=1: 12 5 14 42 132 429 1430 4862 16796
i=2: 1312 55 273 1428 7752 43263 246675 1430715 8414640
i=3: 14 22 140 969 7084 53820 420732 3362260 27343888 225568798
i=4: 1 5 35 285 2530 23751 231880 2330445 23950355 250543370 2658968130

These are respectively the entries A000108, A001764, A002293, A002294| of [214] where combinatorial
interpretations are given. We note that for the generating function C;(z) we have the following expression
as a hypergeometric function (see section on page [663)):

Cii(x) = iC’n,i_l z" (13.4-30)
n=0
_ 1/(i+1), 2/(i+1), 3/(i+1), ..., (i+1)/(i+1)| (i +1)0+D
- F< 2/i, 31y ..., ifi, (i+1)/i zJU) (13.4-3b)

Note that the last upper and second last lower parameter cancel. Now let fi(z) := x C;(x%), then
file) = filz)* = (13.4-4)

That is, f;(z) can be obtained as the series reversion of x'** — 2. We choose i = 2 for an example:

? tl=serreverse(x-x"3+0(x~(17)))
X + X3 + 3*%x”5 + 12*%x"7 + 55%x"9 + 273%x"11 + 1428*x~13 + 7752*x~15 + 0(x~17)
? t2=hypergeom([1/3,2/3,3/31,[2/2,3/2],3°3/2"2*x)+0(x"17)

1 + x + 3%x72 + 12*%x"3 + B55%x"4 + 273%x"5 + 1428*x"6 + 7752*x"7 + ... + 0(x~17)
? f=x*subst(t2,x,x"2);
? t1-f

0(x~17) \\ f is actually the series reversion of x-x"3
? £-£73

x +0(x"35) \\ ... so f-£"3==1id

We further have the following convolution property, generalizing relation [I3:3-4) on the previous page,

Chi = > Ci1,i Ci2,i Ci - Cjii Cipny i (13.4-5)

Jitjet..+JitiGsy=n—1

13.4.3 Gray code for k-ary trees

The length-n increment-i RGS correspond to k-ary trees with n internal nodes and k = i+ 1. An loopless
algorithm for the generation of a Gray code for k-ary tress with only homogeneous changes is given
in [28]. The RGS used in the algorithm gives the positions (one-based) of the ones in the delta sets, see
figure An implementation is [FXT: class tree_gray in comb/tree-gray.h|:
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Figure 13.4-B: Gray code for 3-ary trees with 4 internal nodes with all changes being homogeneous.

The left column shows the vectors of (one-based) positions, the symbol ‘A’ is used for the number 10.
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class tree_gray

éublic:
ulong *sq_; // sequence of bit positions (seq[]) elements \in {1,2,...,n}
ulong *dr_; // aux: direction (dir[1)
ulong *np_; // aux: next position (nextPos[])
ulong *mx_; // aux: max position (max[1)
ulong n_; // n (internal) nodes
ulong k_; // k-ary tree

tree_gray(ulong n, ulong k)
{

n_ = n;
k_ = k;
// all arrays are one-based
sq_ = new ulong[n_+1];
dr_ = new ulong[n_+1];
np_ = new ulong[n_+2]; // one pad element right
mx_ = new ulong[n_+1]; // unchanged in next()
first();
[--snip--]
void first(ulong k=0)
{
if (k) k_ = k;
for (ulong j=1, e=1; j<=n_; ++j, e+=k_) sq_[j] = mx_[j] = e;
for (ulong j=0; j<=n_; ++j) dr_[j]l = 1; // "right"
for (ulong j=0; j<=n_+1; ++j) np_[j]l = j - 1;
}

The computation of the successor is a variant of the method given in [41]:
ulong next()

ulong i = np_[n_+1];

if ( i==1 ) return O; // current string is last

if ( dr_[i]l==1 ) // direction == "right"
if ( sq_[i] == mx_[i] )  sq_[i] = sq_[i-1] + 1;
else sq_[i] += 1;
if ( sq_[i] == mx_[i] - 1)

np_[i+1] = np_[i]; // can access element n+1

np_[i] =i - 1;
dr_[i] = -1UL; // "left"
}
else
if ( sq_[i] == sq_[i-1] + 1)
{
sq_[i] = mx_[i];
dr_[i] = 1; // "right"
np_[i+1] = np_[i]; // can access element n+1
np_[i] =i - 1;
}
else sq_[i] -= 1;
}

if ( i<n_ ) np_[n_+1] = n_;
return i - 1;

}
};

The rate of generation is about 97 M/s for 2-ary trees (corresponding to Catalan strings), 120 M/s for
3-ary trees, and 139 M/s with 4-ary trees [FXT: comb/tree-gray-demo.cc].
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Integer partitions

1: 6 == 6x1+0 + 0 + 0 + 0 + 0 == 1+1+1+1+1+1
2: 6 == 4x 1 + 1%x 2 + 0 + 0 + 0 + 0 == 1+1+1+1+2
3: 6 == 2x 1 + 2% 2+ 0 + 0 + 0 + 0 == 1+1+2+2

4: 6 == 0 + 3% 2+ 0 + 0 + 0 + 0 == 2+ 2+ 2

5: 6 == 3x1+0 + 1% 3 + 0 + 0 + 0 == 1+1+1+3

6: 6 == 1x 1+ 1%x 2 + 1x 3 + 0 + 0 + 0 == 1+2+3

7: 6 == 0 +0 + 2% 3+ 0 + 0 + 0 = 3+3

8: 6 == 2x1+0 + 0 + 1x 4 + 0 + 0 == 1+1+4

9: 6 == 0 + 1% 2+ 0 + 1x 4 + 0 + 0 == 2 + 4

10: 6 == 1x1+0 + 0 + 0 + 15+ 0 == 1+5

11: 6 == 0 + 0 + 0 + 0 + 0 + 1% 6 == 6

Figure 14.0-A: All (eleven) integer partitions of 6.

An integer x is the sum of the positive integers less or equal to itself in various ways. The decompositions
into sums of integers are called the integer partitions of the number z. Figure shows all integer
partitions of z = 6.

14.1 Recursive solution of a generalized problem

We can solve a slightly more general problem and find all partitions of a number = with respect to a set
V = {vo,v1,...,Un_1} (where v; > 0), that is all decompositions of the form z = Ez;é ¢k - vk, (where
¢; > 0). The integer partitions are the special case V = {1,2,3,...,n}.

The algorithm to generate the partitions is to assign to the first bucket rg an integer multiple of the first
set element vg: 9 = ¢ - vg (this has to be done for all ¢ > 0 for which ro < ). Now set ¢ =c. If rg =z
we already found a partition (consisting of ¢g only), else (if ro < x) solve the remaining problem where
' i=x—co-vg and V' :={vy,v9,..., 051}

A C++ class for the generation of all partitions is [FXT: class partition_rec in comb/partition-rec.h]:

class partition_rec

// Integer partitions of x into supplied values pv[0],...,pv[n-1].
// pvl] defaults to [1,2,3,...,x]
{
public:
ulong ct_; // Number of partitions found so far
ulong n_; // Number of values
ulong i_; // level in iterative search
long *pv_; // values into which to partition

ulong *pc_; // multipliers for values
ulong pci_; // temporary for pc_[i_]
long *r_; // rest

long ri_; // temporary for r_[i_]
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long x_; // value to partition
public:
partition_rec(ulong x, ulong n=0, const ulong *pv=0)
{
if ( 0==n ) n = x;
n_ = n;
pv_ = new long[n_+1];
if ( pv ) for (ulong j=0; j<n_; ++j) pv_[j] = pv[jl;
else for (ulong j=0; j<n_; ++j) pv_[jl =3 + 1;
pc_ = new ulong[n_+1];
r_ = new long[n_+1];
init(x);
}
void init(ulong x)
{
X_ = X;
ct_ = 0;
for (ulong k=0; k<n_; ++k) pc_[k] = 0;
for (ulong k=0; k<n_; ++k) r_[k] = 0;
r_[n_-1] = x_;
r_[n_] = x_;
i_=n_ - 1;
pci_ = 0;
ri_ = x_;
}

“partition_rec()

delete [] pv_;
delete [] pc_;
delete [] r_;

ulong next(); // generate next partition

ulong next_func(ulong i); // aux

[--snip--]
}
The routine to obtains the next partition is given in [FXT: comb/partition-rec.cc|, it is actually an
iterative version of the algorithm:

ulong
partition_rec::next()

{

if ( i_>=n_ ) return n_;

r_[i_] = ri_;
pc_[i_] = pci_;

i_ = next_func(i_);
for (ulong j=0; j<i_; ++j) pc_[j]l = r_[j] = 0;

++i_;
ri_ =r_[i] - pv_[i_];
pci_ = pc_[i_] + 1;

return i_ - 1; // >=0
}
ulong
partition_rec::next_func(ulong i)
start:
if ( 0!=i)

¥hile ( r_[i]1>0 )

pc_[i-1] = 0;
r_[i-1] = r_[i];
--i; goto start; // iteration

}

else // iteration end
%f ( ol=r_[i] )
long d = r_[i] / pv_[il;
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r_[i] -= 4 * pv_[il;
pc_[i]l = 4;
}
if ( O==r_[i] ) // valid partition found
++ct_;
return i;
}
++1i;
if ( i>=n_ ) return n_; // search finished

r_[i] -= pv_[il;
++pc_[i];

goto start; // iteration

}

The routines can easily adapted to the generation of partitions satisfying certain restrictions, for example,
partitions into unequal parts (that is, ¢; < 1).

The listing shown in figure [14.0-Af can be generated with [FXT: comb/partition-rec-demo.cc]:

void
print_part (ulong n)
{

partition pp(n);

ulong ct = 0;

while ( pp.next() < n )
{

cout << " #" << setw(2) << ct << ": "
cout << setw(4) << pp.x_ << " == ";
pp.print2Q);

cout << " == ",
pp.print();
cout << endl;
++ct;
}
cout << " " <K< n <K< ": ct=" << ct << endl;

cout << endl;

}

The 190, 569, 292 partitions of 100 are generated in less than 11 seconds, corresponding to a rate of about
18 million partitions per second.

14.2 TIterative algorithm

An iterative implementation for the special case V' = {1,2,3,...,n} (the integer partitions) is given in
[FXT: class partition in comb/partition.h]:

class partition

éublic:
ulong *c_; // partition: c[1]* 1 + c[2]* 2 + ... + c[n]l* n ==n
ulong *s_; // cumulative sums: s[j+1] = c[1]* 1 + c[2]* 2 + ... + c[jl* j
ulong n_; // partitions of n

public:
partition(ulong n)

= n;
= new ulong[n+1];
= new ulong[n+1];
_[0] = 0; // unused
c_[0] = 0; // unused
first();

“partition()

delete [] c_;
delete [] s_;

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/demo/comb/partition-rec-demo.cc
file:@FXTDIR@/src/comb/partition.h

314 Chapter 14: Integer partitions

}
void first()
c_[1] = n_;
for (ulong i=2; i<=n_; i++) { c_[i] = 0; }
s_[1] = 0;
for (ulong i=2; i<=n_; i++) { s_[i] = n_; }
}
¥oid last()
for (ulong i=1; i<n_; i++) { c_[i] = 0; }
c_[n_]1 =1;
for (ulong i=1; i<n_; i++) { s_[i]l = 0; }
// s_[n_+1] = n_; // unused (and out of bounds)
To obtain the next partition, find the smallest index i > 2 so that [¢1,¢2,...,¢-1,¢;] can be replaced
by [#,0,0,...,0,¢; + 1] where z > 0. The index ¢ (and z) is determined using cumulative sums. The

partitions are generated in the same order as shown in figure [14.0-Al The algorithm was given (2006) by
Torsten Finke [priv.comm.].

bool next()
{

if ( ¢c_[n_1'=0 ) return false; // last == 1% n (c[nl==1)

// Find first coefficient c[i], i>=2 that can be increased:
ulong i = 2;
while ( s_[il<i ) ++i;

++c_[il;
s_[i] -= 1i;
ulong z = s_[i];
// Now set c[1], c[2], ..., c[i-1] to the first partition
// of z into i-1 parts, i.e. set to z, 0, 0, ..., O:
while ( ——i > 1)
{
s_[i]
c_[i]

}
c_[1]l =2z; // zx 1 ==2
// s_[1] unused

return true;

z;
0;

}

The preceding partition can be computed as follows:

bool prev()

{
if ( c_[1]l==n_ ) return false; // first == n*x 1 (c[1]==n)

// Find first nonzero coefficient c[i] where i>=2:

ulong i = 2;

while ( c_[i]==0 ) ++i;

--c_[i];

s_[i] += i;

ulong z = s_[i];

// Now set c[1], c[2], ..., c[i-1] to the last partition

// of z into i-1 parts:

zhile (--i>1 )
ulong q = (z>=i ? z/i : 0); // == z/i;
c_[i] = q;

// s_[1] unused
return true;

}
[--snip--]

)
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Note that divisions which result in ¢ = 0 are avoided, leading to a small speedup. The program [FXT:
comb/partition-demo.cc] demonstrates the usage of the class. More than 140 million partitions per second
are generated, about 66 million when going backward.

14.3 Partitions into m parts
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Figure 14.3-A: The 22 partitions of 19 into 11 parts in lexicographic order.

An algorithm for the generation of all partitions of n into m parts is given in [98, p.106] (method ascribed
to Hindenburg):

The initial partition contains m — 1 units and the element n—m+1. To obtain a new partition
from a given one, pass over the elements of the latter from right to left, stopping at the first
element f which is less, by at least two units, than the final element [...]. Without altering
any element at the left of f, write f 4+ 1 in place of f and every element to the right of f with
the exception of the final element, in whose place is written the number which when added
to all the other new elements gives the sum n. The process to obtain partitions stops when
we reach one in which no part is less than the final part by at least two units.

Figure [14.3-A| shows the partitions of 19 into 11 parts. The data was generated with the program [FXT:
comb/mpartition-demo.cc|.

An efficient implementation is given as [FXT: class mpartition in|comb/mpartition.h]:

class mpartition
// Integer partitions of n into m parts

{
public:
ulong *x_; // partition: x[1]+x[2]+...+x[m] = n
ulong *s_; // aux: cumulative sums of x[] (s[0]=0)
ulong n_; // integer partitions of n (must have n>0)
ulong m_; // ... into m parts (must have 0<m<=n)
public:

mpartition(ulong n, ulong m)
: n_(n), m_(m)

x_ = new ulong [m_+1];
s_ = new ulong [m_+1];
init();

“mpartition()
delete [] x_;
delete [] s_;

const ulong *data() const { return x_+1; }

void init()

x_[0] = 0;

for (ulong k=1; k<m_; ++k) =x_[k] = 1;
x_[m] =n_-m +1;

ulong s = 0;

[fxtbook draft of 2008-January-19]



file:@FXTDIR@/demo/comb/partition-demo.cc
file:@FXTDIR@/demo/comb/mpartition-demo.cc
file:@FXTDIR@/src/comb/mpartition.h

316 Chapter 14: Integer partitions

for (ulong k=0; k<=m_; ++k) { s+=x_[k]; s_[k]l=s; }
}

bool next()
{

ulong u = x_[m_]; // last element
ulong k = m_;
while ( -=-k ) { if ( x_[k]+2<=u ) break; }
if ( k==0 ) return false;
ulong £ = x_[k] + 1;
ulong s = s_[k-1];
while ( k < m_ )
x_[k] = £;
s += £;
s_[k] = s;
++k;

x_[m_] =n_ - s_[m_-1];

// s_[m_] =n_; // unchanged
return true;

}
};

The auxiliary array of cumulative sums allows the recalculation of the final element without rescanning
more than the elements just changed. About 105 million partitions per second can be generated.

A (complicated) construction for a Gray code for integer partitions is given in [198].

14.4 The number of integer partitions

n: P, n: P, n: P, n: P, n: P,
1: 1 11: 56 21: 792 31: 6842 41: 44583
2: 2 12: 77 22: 1002 32: 8349 42: 53174
3: 3 13: 101 23: 1255 33: 10143 43: 63261
4: 5 14: 135 24: 1575 34: 12310 44: 75175
5: 7 15: 176 25: 1958 35: 14883 45: 89134
6: 11 16: 231 26: 2436 36: 17977 46: 105558
7. 15 17: 297 27: 3010 37: 21637 47 124754
8: 22 18: 385 28: 3718 38: 26015 48: 147273
9: 30 19: 490 29: 4565 39: 31185 49: 173525

10: 42 20: 627 30: 5604 40: 37338 50: 204226

Figure 14.4-A: The number of integer partitions of n for n < 50.

The total number of integer partitions of n is sequence A000041| of [214], the values for 1 < z < 50 are
shown in figure [14.4-Al If we denote the number of partitions of n into exactly m parts by P(n,m) then

P(n,m) = P(n—1,m—1)4+ P(n—m,m) (14.4-1)

were we set P(0,0) = 1. We obviously have P, = > | P(n,m). Figure [14.4-B| shows P(n,m) for
n < 16, it was created with the program [FXT: |comb/num-partitions-demo.cc|]. We note that the number
of partitions into m parts equals the number of partitions with maximal part equal to m. This can easily

be seen by drawing a diagram and its transposed as follows (for the partition 5 + 2+ 2 + 1 of 10):

43111 5221
5 XXXXX 4 XXXX
2 XX 3 XXX
2 XX 1X
1 X 1X
1X

Thereby any partition with maximal part m (here 5) corresponds to a partition into exactly m parts.
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n: P(n) P(n,m) for m =

. . % 2 4 5 6 7 8 9 10 11 12 13 14 15 16
2: 2 1 1

3: 3 1 1 1

4: 5 1 2 1 1

5: 7 1 2 2 1 1

6: 11 1 3 3 2 1 1

7: 15 1 3 4 3 2 1 1

8: 22 1 4 5 5 3 2 1 1

9: 30 1 4 7 6 5 3 2 1 1

10: 42 1 5 8 9 7 5 3 2 1 1

11: 56 1 5 10 11 10 7 5 3 2 1 1

12: 77 1 6 12 15 13 11 7 5 3 2 1 1

13: 101 1 6 14 18 18 14 11 7 5 3 2 1 1

14: 135 1 7 16 23 23 20 15 11 7 5 3 2 1 1

15: 176 1 7 19 27 30 26 21 15 11 7 5 3 2 1 1

16: 231 1 8 21 34 37 35 28 22 15 11 7 5 3 2 1 1

Figure 14.4-B: Numbers P(n,m) of partitions of n into m parts.

The generating function for the partitions into exactly m parts is

o0 :I:m
Pn,m)a" = —m———~ (14.4-2)
; [Tz (1 —2%)
For example, the row for m = 3 in figure [14.4-B| corresponds to the power series
? m=3; (x"m/prod(k=1,m,1-x"k)+0(x"17))

X"3 + x74 + 2*%x”5 + 3%x76 + 4%x”7 + 5%¥x"8 + T*x"9 + 8*x~10 + \
10*x711 + 12%x712 + 14%x713 + 16%x"14 + 19%x~15 + 21%x~16 + 0(x~17)

The generating function for the number P, of integer partitions of n can be given as [I09] p.357]

= 1 1
P, z" = = =: (14.4-3a)
7;) " Hn:l (1 - xn) 77(510)
Then we have
@) = 1+3 (=" (m"(3"_1)/2 n :c"<3"+1>/2) (14.4-3)
n=1
and
1 = "
—— = 14 —_—— (14.4-3c)
n(@) DBY ey
o0 n2
x
= 1+) — > (14.4-3d)
et [Ty (1= 2%)]
? N=10;x=t+0(t"N);
? 1/prod(k=1,N,1-x"k)
1+t + 2%t72 + 3*%t"3 + 5¥t"4 + 7#t"5 + 11xt"6 + 15%t"7 + 22%t~8 + 30*t~9 + 0(t~10)
\\ == 1+sum(n=1,N,x"n/prod(j=1,n,1-x"j))
\\ == 1+sum(n=1,N,x"(n"2)/(prod(k=1,n, (1-x"k))"2))
\\ == 1/(1+sum(n=1,N, (-1) "n*(x" (n* (3*n-1) /2) +x" (n* (3%n+1) /2))))
Relation [14.4-3¢| is the special case a,, = 2™ (and N — o0) of [I80], p.83]
1 N a
= 1+ —n (14.4-4)
Hﬁle (1—an) nz::l [Tz (1 —ax)
For the number D,, of partitions of n into distinct parts we have the generating function
ne(z) = J[a+a2") =) Dya" (14.4-5)
n=1 n=0
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We have (the number of partitions into distinct parts equals the number of partitions into odd parts)

ni(z) = 7177(&)> - = (11_33%_1) (14.4-6)

Thereby relation [14.4-3b| allows fast computation of 74 (z). The sequence of coefficients D,, is entry
A000009| of [214]:

[+, 1, 1, 2, 2, 3, 4, 5, 6, 8, 10, 12, 15, 18, 22, 27, 32, 38, 46, 54,
64, 76, 89, 104, 122, 142, 165, 192, 222, 256, ]

The number of partitions where at most r elements of each partition are equal has the generating function

St r—+1
[[a+e+a®+...+a7) = ) (14.4-7a)
oot n()
= 1 (14.4-7b)
Hk;ﬁO mod r+1 (1 _xk) ’

The second relation tells us that the number of such partitions equals the number of partitions into parts
not divisible by r + 1.
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pi={1, 2}
-—>
-—>

pi={1}, {2}

-=>
-—>
-—>

p={1, 2}
p={1}, {2}

p={1, 3}, {2}
p={1}, {2, 3}
p=11}, {2}, {3}

pi={1, 2, 3}

-—>
-=>
pi={1, 2},

p={1, 2, 3, 4}
p={1, 2, 3}, {4}
{3}

p={1, 2, 4}, {3}
p={1, 2}, {3, 4}
p={1, 2}, {3}, {
{2}

p={1, 3, 4}, {2}
p={1, 3}, {2, 4}
p={1, 3}, {2}, {

pi={1}, {2, 3}

-—>
-—>

p={1, 4}, {2, 3}
p={1}, {2, 3, 4}

1: {1, 2: 3’ 4}

2: {1, 2, 3}, {4}
3: {1, 2, 4}, {3}
4: {1, 2}, {3, 4}
5: {1, 23, {3}, {4}
6: {1, 3, 4}, {2}
7: {1, 3}, {2, 4}
8: {1, 3}, {2}, {4}
9: {1, 4}, {2, 3%}
10: {1}, {2, 3, 4}
11: {1}, {2, 3}, {4}
12: {1, 4}, {2}, {3}
13: {13}, {2, 4}, {3}
14: {1}, {2}, {3, 4}
15: {1}, {2}, {3}, {4}

4}

4}

-=> p={1}) {2: 3}’ {4}
p1={1}, {2}, {3}

-—>
-—>
-—>
-—>

p={1, 4}, {2}, {
p={1}, {2, 4}, {
p={1}, {2}, {3,

p={1}, {23}, {3},

3}

3}

4}
{43}

Figure 15.0-A: Recursive construction of the set partitions of the 4-element set Sy = {1, 2, 3, 4} (left).
The resulting list of all set partitions of is shown on the right.

For a set of n elements, say S, := {1, 2, ..., n}, a set partition is aset P = {s1, sa, ...

subsets s; of S, whose intersection is empty and whose union equals S.
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For example, there are 5 set partitions of the set S35 = {1, 2, 3}:

{{1, 2, 3+ 1}

{ {1, 2}, {3} }
{ {1, 3}, {2} }
{ {1}, {2, 31}
{ {1}, {2}, {38+ }

The following sets are not set partitions of Ss:

O WN =

{ {1, 2, 3}, {1} } // intersection not empty
{ {1}, {3+ } // union does not contain 2

As the order of elements in a set does not matter we sort them in ascending order. For a set of sets we
order the sets in ascending order of the first elements.

Recursive generation

We write Z,, for the list of all set partitions of the n-element set S,,. In order to generate Z,, we observe
that with a complete list Z,,_1 of partitions of the set S,,_; we can generate the elements of Z,, in the
following way: For each element (set partition) P € Z,_1, create set partitions of S,, by appending the
element n to the first, second, ..., last subset and one more by appending the set n as the last subset.

For example, the partition {{1, 2}, {3, 4}} € Z; leads to 3 partitions of Ss:
P =941, 2}, {3, 4} }
-—> { {1, 2, 5}, {3, 4} }

--> { {1, 2}, {3, 4, 53 }
-—> { {1, 2}, {3, 4}, {53}

Now we start with the only partition of the one-element set, {{1}}, and apply the described step n — 1
times. The construction is shown in the left column of figure the right column shows all set
partitions for n = 5.

15.1 The number of set partitions: Stirling set numbers and
Bell numbers

n = B(n) k: 1 2 3 4 5 6 7 8 9 10

1: b= 1 1

2: b= 2 1 1

3: = 5 1 3 1

4: = 15 1 7 1

5: = 52 1 15 25 10 1

6: = 203 1 31 90 65 15 1

7: = 877 1 63 301 350 140 21 1

8: = 4140 1 127 966 1701 1050 266 28 1

9: = 21147 1 255 3025 7770 6951 2646 462 36 1

10: = 115975 1 511 9330 34105 42525 22827 5880 750 45 1
Figure 15.1-A: Stirling numbers of the second kind and Bell numbers.

The sequence of numbers of set partitions of S,, for n > 11is 1, 2, 5, 15, 52, 203, 877, .... These are the

Bell numbers, sequence |A000110| of [2I4]. The Bell numbers can be computed using the observation that
in every step of the computation a partition of S,_; into k subsets leads to k + 1 partitions of S,. Of
these partitions k contain k subsets and one contains k£ + 1 subsets.

If we write the number of partitions of S, into k subsets as a triangular array, then the entry can be
computed as the sum of its upper left neighbor plus k£ times its upper neighbor. We start with a single
one in the row for n = 1. The scheme is shown in figure The numbers are the Stirling numbers
of the second kind (or Stirling set numbers), see sequence A008277| of [214].
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The sum over all elements of row n gives the n-th Bell number. Another way of computing the Bell
numbers is given in section [3.8:2] on page The array shown can be generated with the program
[FXT: comb/stirling2-demo.cc|.

We further have the recursion
Bpi1 = zn: ") B, (15.1-1)
k
k=0
As pari/gp code:

? N=11; v=vector(N); v[1]=1;
? for (j=2, N, v[jl=sum(k=1, j-1, binomial(j-2,k-1)*v[k])); v
[1, 1, 2, 5, 15, 52, 203, 877, 4140, 21147, 115975]

The ordinary generating function for the Bell numbers can be given as

o0 o0 k
> Bpa" = ka—_:1+x+2x2+5x3+15x4+52w5+... (15.1-2)
n=0 im0 1L (1 —J)

The exponential generating function is

o n
x
exp(exp(z) —1) = > B, — (15.1-3)
n=0
? sum(k=0,11,x"k/prod(j=1,k,1-j*x))+0(x~8) \\ OGF
1+ x + 2%x"2 + 5*x"3 + 15%x"4 + 52%x~5 + 203%x"6 + 877*x"7 + 0(x"8)

? serlaplace(exp(exp(x)-1)) \\ EGF
1+ x + 2%x72 + 5*%x”3 + 15%x74 + 52%x”5 + 203*x"6 + 877*xx"7 + 4140%x~8 + ...

Dobinski’s formula for the Bell numbers is
k

> n
B, = kzg (15.1-4)
=1

[

15.2 Generation in minimal-change order

A modified version of the recursive construction generates the set partitions in a minimal-change order.
We can generate the ‘incremented’ partitions in two orders, forward (left to right)

Pp={{t, 2}, {3, 4} }
-—> { {1, 2, 5}, {3, 4} }
-—> { {1, 2}, {3, 4, 5} }
-—> { {1, 2}, {3, 4}, {53}

or backward (right to left)

P={{1, 2}, {3, 4} }

--> { {1, 2}, {3, 4}, {5} }

-—> { {1, 2}, {3, 4, 5} }

-—> { {1, 2, 5}, {3, 4} }
The resulting process of interleaving elements is shown in figure The method is similar to Trotter’s
construction for permutations, see figure[10.7-Blon page If we change the direction with every subset
that is to be incremented, we obtain the minimal-change order shown in figure for n = 4. The
left column is obtained by starting with the forward direction in each step of the recursion, the right by
starting with the backward direction. The lists can be computed with [FXT:|comb/setpartition-demo.cc].

The C++ class [FXT: class set_partition in comb/setpartition.h| stores the list in an array of signed
characters. The stored value is negated if the element is the last in the subset. The work involved with
the creation of Z,, is proportional to 22:1 k By, where By is the k-th Bell number.

The parameter xdr of the constructor determines the order in which the partitions are being created:
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———————————————————————————————————— setpart (4)==
P={1} p={1, 2, 3} {1, 2, 3, 4}
S, o S22 U)2, 8, 4y {1, 2. 33, (4
--> {1}, {2} --> {1, 2, 3}, {4} {1, 2}, {3}, {4}
{1, 2}, {3, 4}
p={1, 2}, {3} {1, 2, 4}, {3}
--> {1, 2}, {3}, {4} {1, 4}, {2}, {3}
-—> {1, 2}, {3, 4} {1}, {2, 43}, {3}
--> {1, 2, 4}, {3} {1}, {2}, {3, 4}
{1}, {2}, {3}, {4}
__________________ P={1}, {2}, {3} {1}, {2, 3}, {4}
pP={1, 2} --> {1, 4}, {2}, {3} {1}, {2, 3, 4}
-=> {1s 2’ 3} -—=> {1}5 {23 4}’ {3} {1, 4}: {2s 3}
-—> {1’ 2}) {3} -—> {1}’ {2}’ {3; 4} {1: 3’ 4}) {2}
-—> {1}, {2}, {3}, {4} {1, 3}, {2, 4}
pP={1}, {2} {1, 3}, {2}, {4}
-—>{1}, {2}, {3} pP={1}, {2, 3}
__>{1}’ {2) 3} -—=> {1}’ {2) 3}, {4}
__>{1, 3}, {2} -=> {1}: {2’ 3, 4}
-—> {1, 4}, {2, 3%}
p={1, 3}, {2}

-—> {1, 3, 4}, {2}
--> {1, 3}, {2, 4}
-—=> {1) 3}, {2}, {4}

Figure 15.2-A: Construction of a Gray code for set partitions as an interleaving process.

1. {1, 2, 3, 4} 1. {1}, {2}, {3}, {47
2: {1, 2, 3}, {4} 2: {1}, {2}, {3, 4}
3: {1, 2}, {3}, {4} 3: {1}, {2, 4}, {3}
4: {1, 2}, {3, 4} 4: {1, 4}, {2}, {3}
5: {1, 2, 4}, {3} 5: {1, 4}, {2, 3}
6: {1, 4}, {2}, {3} 6: {1}, {2, 3, 4}
7. {1}, {2, 4}, {3} 7. {1}, {2, 3}, {4}
8: {1}, {2}, {3, 4} 8: {1, 3}, {2}, {4}
9: {1}, {2}, {38}, {4} 9: {1, 3}, {2, 4}
10: {1}, {2, 3}, {4} 10: {1, 3, 4}, {2}
11: {1}, {2, 3, 4} 11: {1, 2, 3, 4}

12: {1, 4}, {2, 3} 12: {1, 2, 3}, {4}
13: {1, 3, 4}, {2} 13: {1, 2}, {3}, {4}
14: {1, 3}, {2, 4} 14: {1, 2}, {3, 4}
15: {1, 3}, {2}, {4} 15: {1, 2, 4}, {3}

Figure 15.2-B: Set partitions of Sy = {1, 2, 3, 4} in two different minimal-change orders.
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class set_partition
// Set partitions of the set {1,2,3,...,n}
// By default in minimal-change order

{

public:
ulong n_; // Number of elements of set (set = {1,2,3,...,n})
int *p_; // pl] contains set partitions of length 1,2,3,...,n
int **pp_; // pplk] points to start of set partition k
int *ns_; // ns[k] Number of Sets in set partition k
int *as_; // element k attached At Set (O<=as[k]<=k) of set(k-1)
int *d_; // direction with recursion (+1 or -1)
int *x_; // current set partition (==ppl[nl])
bool xdr_; // whether to change direction in recursion (==> minimal-change order)
int drO_; // dr0: starting direction in each recursive step:

// drO=+1 ==> start with partition {{1,2,3,...,n}}
// dr0=-1 ==> start with partition {{1},{2},{3},...,{n}}}
public:
set_partition(ulong n, bool xdr=true, int drO=+1)
: n_(n)

ulong np = (n_*(n_+1))/2; // == \sum_{k=1}"{n}{k}
p- = new int[np];

pp— = new int *[n_+1];

pp_[0] = 0; // unused

pp_[1] = p_;

for (ulong k=2; k<=n_; ++k) pp_[k] = pp_[k-1] + (k-1);
ns_ = new int[n_+1];

as_ = new int[n_+1];

d_ = new int[n_+1];

x_ = pp_[n_];

init(xdr, dr0);

}

[--snip--] // destructor

bool next() { return next_rec(n_); }
const int* data() const { return x_; }

ulong print() const

// Print current set partition

// Return number of chars printed
{ return print_p(n_); }

ulong print_p(ulong k) const;
void print_internal() const; // print internal state

protected:
[--snip--] // internal methods

3

The actual work is done by the methods next_rec() and cp_append() [FXT: comb/setpartition.cc|:

int
set_partition::cp_append(const int *src, int *dst, ulong k, ulong a)
// Copy partition in src[O,...,k-2] to dst[O0,...,k-1]

// append element k at subset a (a>=0)
// Return number of sets in created partition.

{
ulong ct = 0;
for (ulong j=0; j<k-1; ++j)
{
int e = srcljl;
if (e >0 ) dstl[j]l = e;
else
if ( a==ct ) { dstl[jl=-e; ++dst; dst[jl=-k; }
else dst[j] = e;
++ct;
}
}
if ( a>=ct ) { dst[k-1] = -k; ++ct; }
return ct;
}
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int

set_partition: :next_rec(ulong k)

// Update partition in level k from partition in level k-1 (k<=n)
// Return number of sets in created partition

{
if ( k<=1 ) return 0; // current is last
int d = d_[k];
int as = as_[k] + d;
bool ovg = ( (d>0) ? (as>ns_[k-1]) : (as<0) );
if ( ovq ) // have to recurse
ulong nsl = next_rec(k-1);
if ( O==nsl1 ) return O;
d=(xdr_ ? -d : dr0_ );
d_[k] = 4;
as = ( (@>0) ? 0 : ns_[k-1] );
as_[k] = as;
ulong ns = cp_append(pp_[k-1], pp_[k], k, as);
ns_[k] = ns;
return ns;
}
1: as[ 0000] x[ +1 +2 +3 -4 ] {1, 2, 3, 4}
2: as[ 000 1] x[ +1 +2 -3 -4 ] {1, 2, 3}, {4}
3: as[ 00101 x[ +1 +2 -4 -3 ] {1, 2, 4}, {3}
4: as[ 001 1] x[ +1 -2 +3 -4 ] {1, 2}, {3, 4%}
5: as[ 001 2] x[ +1 -2 -3 -4 ] {1, 2}, {3}, {4}
6: as[ 0100 1] x[ +1 +3 -4 -2 ] {1, 3, 4}, {2}
7: as[ 01011 x[ +1 -3 +2 -4 ] {1, 3}, {2, 4}
8: as[0102] x[ +1 -3 -2 -4 ] {1, 3}, {2}, {4}
9: as[ 01101 x[ +1 -4 +2 -3 ] {1, 4}, {2, 3}
10: as[ 011 1] x[ -1 +2 +3 -4 ] {1}, {2, 3, 4%}
11: as[ 011 2] x[ -1 +2 -3 -4 ] {1}, {2, 3}, {4}
12: as[ 0120 ] x[ +1 -4 -2 -3 ] {1, 43}, {2}, {3}
13: as[ 0121] x[ -1 +2 -4 -3 ] {1}, {2, 4}, {3}
14: as[ 012 2] x[ -1 -2 +3 -4 ] {1}, {2}, {3, 4}
15: as[ 012 3] x[ -1 -2 -3-41] {1}, {2}, {3}, {4}

Figure 15.2-C: The partitions of the set Sy = {1, 2, 3, 4} together with the internal representations:
the ‘signed value’ array x[] and the ‘attachment’ array as[].

The partitions are stored as an array of signed integers that are greater than zero and smaller or equal
to m. A negative value indicates that it is the last of the subset. For example, the set partitions of Sy
together with their ‘signed value’ representations are shown in figure The array as[] contains
a restricted growth string (RGS) with the condition a; < 1 + max;<;(a;). A different sort of RGS is
described in section [13.2] on page [301

The copying is the performance bottleneck of the algorithm. Therefore ‘only’ about 11 million partitions
are generated per second. An O(1) algorithm for the Gray code starting with all elements in one set is
given in [I48].

For some applications the restricted growth strings (RGS) may suffice. We give an implementation for

their generation and algorithms to generate two classes of generalized RGS that contain the RGS for set
partitions as a special case.

15.2.1 RGS for set partitions in minimal-change order

The C++ implementation [FXT: class set_partition_rgs in comb/setpartition-rgs.h] generates the
RGS for set partitions in lexicographic or minimal-change order. The RGS are updated by the recursive
routine [FXT: comb /setpartition-rgs.cc|:

int
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set_partition_rgs: :next_rec(ulong k)

{

if ( k<=1 ) return 0; // current is last
int d = d_[k];
int as = as_[k] + d;
bool ovg = ( (d>0) ? (as>ns_[k-1]) : (as<0) );
if ( ovq ) // have to recurse
if ( O==next_rec(k-1) ) return O;
d=(xdr_ ? -d : dr0O_ );
d_[k] = 4d;
as = ( (@>0) ?2 0 : ns_[k-1] );
as_[k] = as;

ulong ns = ns_[k] = max2(ns_[k-1], as_[k]+1);
return ns;

}

An iterative version of the update routine is

bool next()
{

ulong k = n_;
while ( (ulong) (as_[k] + d_[k]) > (ulong)ns_[k-1] ) // <0 or >max
{

if ( --k <=1 ) return 0;
as_[k] += d_[k];
ns_[k] = max2(ns_[k-1], as_[k]+1);
while ( ++k<=n_ )

ulong d = d_[k];
d=(xdr_ ? -d : dr0o_ );

d_[k] = d;
ulong as = ( ((int)d>0) ? 0 : ns_[k-1] );
as_[k] = as;
) ns_[k] = max2(ns_[k-1], as_[k]+1);
return 1;

}
It is activated (by default) via the define
#ifdef SETPART_RGS_ITERATIVE
A program that shows the usage of the class is [FXT: comb/setpartition-rgs-demo.cc|. Note that while
the RGS correspond to a Gray code for set partitions the RGS can change in more than one position,

see the left column of figure About 78 million RGS per second are generated with the recursive
update routine, with the iterative update the rate is about 140 million per second.

15.2.2 Max-increment RGS *

The generation of RGSs s = [sg, $1, ..., S,—1] Where s, < i+ max;x(s;) is a generalization of the RGSs
for set partitions (where ¢ = 1). Figure show RGSs in lexicographic order for ¢ = 2 (left) and
i = 1 (right). The strings can be generated in lexicographic order using [FXT: class rgs_maxincr in
comb /rgs-maxincr.h|:

class rgs_maxincr

{
public:
ulong *s_; // restricted growth string
ulong *m_; // m_[k-1] == max possible value for s_[k]
ulong n_; // Length of strings
ulong i_; // slk] <= max_{j<k}(s[jl+i)
// i==1 ==> RGS for set partitions
public:

rgs_maxincr(ulong n, ulong i=1)
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Figure 15.2-D: Length-4 max-increment RGS with maximal increment 2 and the corresponding array

of maxima (left), and length-5 RGSs with maximal increment 1 (right). Dots denote zeros.
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n;

new ulong[n_];
new ulongln_];
i;

irst(Q);

n
m
s
i
£
}

“rgs_maxincr()

delete [] m_;
delete [] s_;

¥oid first()

ulong n = n_;
for (ulong k=0; k<n; ++k) s_[k]
for (ulong k=0; k<n; ++k) m_[k]

}
[--snip--]

327

The computation if the successor returns the index of first (leftmost) changed element in the string. Zero

is returned if the current string is the last:
ulong next()

ulong k = n_;
start:

if Z k==0 ) return O;

ulong sk = s_[k] + 1;
ulong ml = m_[k-1];
if ( sk > mi+i_ ) // "carry"

s_[k] = 0;
goto start;

s_[k] = sk;
if ( sk>m1 ) ml1 = sk;
for (ulong j=k; j<n_; ++j ) m_[j] = mi;

return k;

}
[--snip--]

About 115 million RGSs per second are generated with the routine. Figure [I5.2-D] was created with
the program [FXT: |comb/rgs-maxincr-demo.cc|. The sequence of numbers of Max-increment RGSs with

increment 7 =1, 2, 3, and 4, start

n: 0 1 2 3 4 5 6 7 8 9
i=1: 1 2 5 15 52 203 877 4140 21147 115975
i=2: 1 3 12 59 339 2210 16033 127643 1103372 10269643
i=3: 1 4 22 150 1200 10922 110844 1236326 14990380 195895202
i=4: 1 5 35 305 3125 36479 475295 6811205 106170245 1784531879

The sequence for i = 2 is entry /A080337| of [214], it has the exponential generating function (EGF)

oo

" 2 3
S Bl = e (x +exp(z) + SR )
o n! 2 2

The sequence of numbers of increment-3 RGSs has the EGF

exp(2x) N exp(3z) 11)

o "
T;)Bn73 = e (x +exp(z) + 5 3 6

Omitting the empty string, we restate the EGF for the Bell numbers as

12 5 , 15 4 52 ,

oo xn
ZB”JE = exp(z+exp(z)—1) = —+—zx+-z"+—z +—z" +...
n=0 ’

or 1! 2! 13 4]
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The EGF for the increment-i RGS is

= ™ “Lexp(jz) —1
> Bui— = explat)y ——— (15.2-4)
n! , J
n=0 j=1
15.2.3 F-increment RGS *
 RGS(4,2) F(2) RGS(3,5) CF(5)

1: 1:
2: [ ... 1] 2: [ .. 1]
3: L 2] L oo 2] 3: L . 2] L .
4. L 1] L 4. L . 3] L N
5: [ .11 ] [ 5: [ . 4] [ o
6: L .12 ] L .2 6: L . 5] L . 5]
7 [ 2. ] [ .2 2] 7 [ 1. ] [ N
8: L .21 ] L .22 ] 8: L 11] L .
9: L .22 ] [ .22 ] 9: [ 1 2] L o
10: L .2 3] L .22 ] 10: L 13 ] L .
11: L .24 ] L .24 ] 11: L 14 ] L o
12: [ 1. . ] [ e 12: [ 15 ] [ . 5]
13: [ .1 . 1] L e 13: [ . 2. ] L N
14: [ 1. 2] [ 2] 14: [ 21] [ N
15: [ 11 . ] L 15: [ 2 2] L N
16: [ 111 ] [ e 16: [ 2 3] [ R
17: L 112 ] L oo 2] 17: L 2 4 ] L .
18: L 12 . ] [ .22 ] 18: L 25 ] L . 5]
19: L 121 ] L .22 ] 19: L 3 . ] L .
20: [ .12 2] L .22 ] 20: L 3 1] L N
21: [ . 12 3] [ .22 ] 21: [ 3 2] [ o
22: :.124: L .24: 22: L 33: L N
23: [ . 2 . . ] [ 22 2] 23: [ 3 4 ] [ o
24 : [ 2 . 1] L 22 2] 24 L 35 ] L . 5
25: L 2 . 2] [ 22 2] 25: [ 4 . ] L N
26: L 2 . 3] L 22 2] 26: L 41 ] L .
27: L 2 .4 ] L 224 ] 27: L 4 2 ] L N
28: [ 21 . ] [ 22 2] 28: [ 4 3 ] [ o
29: L 211 ] L 22 2] 29: L 44: L o
30: [ 21 2] [ 22 2] 30: [ 4 5 ] [ . 5]
31: L 213 ] L 222 ] 31: L 5. ] L 55 ]
32: [ 214 ] [ 224 ] 32: [ 51 ] [ 55 ]
33: L 22 . ] L 22 2] 33: L 52 ] L 5 5 ]
34: L 221 ] [ 22 2] 34: [ 53 ] L 55 ]
35: L 22 2] L 22 2] 35: L 54 ] L 5 5 |
36: L 22 3] L 22 2] 36: L 55 ] L 55 ]
37: [ 224 ] [ 224 ] 37: [ 56 ] [ 55 ]
38: L 23 . ] L 222] 38: L 57 ] L 55 ]
39: [ 23 1] [ 22 2] 39: [ 58 ] [ 55 ]
40: [ .232] [ . 222] 40: [ .59 ] [ . 55 ]
41: [ .233] [ . 222 ] 41: [.510] [ .510]
42: [ .234] [ . 224 ]
43: [ .24 . ] [ . 244 ]
4a: [ .241] [ . 244 ]
451 [ .24 2] [ . 244 ]
46: [ .243] [ .24 4]
a7t [ .24 4] [ . 244 ]
48: [ . 245 ] [ . 244 ]
49: [ . 246 ] L 2 46 ]

Figure 15.2-E: Length-4 F-increment restricted growth strings with maximal increment 2 and the
corresponding array of values of F' (left), and length-3 RGSs with maximal increment 5 (right). Dots
denote zeros.

To obtain a different generalization of the RGS for set partitions we rewrite the condition s < i +
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max;<y(s;) for the RGS considered in the previous section:

sp < M(k)+i where M(0) = 0 and (15.2-5a)
M(k+1) = {f\?(}ﬁ) R (15.2-5b)

The function M (k) is max;j<x(s;) in notational disguise. We define F-increment RGSs with respect to a
function F as follows:

sp < F(k)4+¢ where F(0) = 0 and (15.2-6a)
Flk+1) = {?5«3 e T (15.2-6b)

The function F(k) is a ‘maximum’ that is increased only if the last increase (sp — sp—1) was maximal.
For i = 1 we obtain the RGSs for set partitions. Figure shows all length-4 F-increment RGSs for
1 = 2 (left), and all length-3 RGSs for ¢ = 5 (right), together with the arrays of F-values. The listings
were created with the program [FXT: comb/rgs-finer-demo.cc|. It uses the implementation [FXT: class
rgs_fincr in comb/rgs-fincr.h:

class rgs_fincr

{
public:
ulong *s_; // restricted growth string
ulong *f_; // values F(k)
ulong n_; // Length of strings
ulong i_; // slk] <= f[kl+i
[--snip--]

ulong next()
// Return index of first changed element in s[],
// Return zero if current string is the last

{

ulong k = n_;
start:
__k;
if ( k==0 ) return O;
ulong sk = s_[k] + 1;
ulong ml = f_[k-1];
ulong mp = ml + i_;
if ( sk >mp ) // "carry"
{
s_[k] = 0;
goto start;
}
s_[k] = sk;
if ( sk==mp ) ml += i_;
for (ulong j=k; j<n_; ++j ) f_[j] = mi;
return k;
}
[--snip--]

The sequences of numbers of F-increment RGSs with increments ¢ =1, 2, 3, and 4, start

n: 0 1 2 3 4 5 6 7 8 9
i=1: 1 2 5 15 52 203 877 4140 21147 115975
i=2: 1 3 11 49 257 1539 10299 75905 609441 5284451
i=3: 1 4 19 109 742 5815 51193 498118 5296321 60987817
i=4: 1 5 29 201 1657 15821 170389 2032785 26546673 376085653

These are respectively entries |[A000110 (Bell numbers), |A004211, A004212, and |A004213 of [2T4]. In
general, the number F,, ; of F-increment RGSs (length n, with increment ¢) is

Foi = Y i"%S8nk) (15.2-7)
k=0
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where S(n, k) are the Stirling numbers of the second kind. The exponential generating functions are

Y Fuite = exp <6Xp(m)> (15.2-8)
n:
n=0

2

The ordinary generating functions are

o0 o xn
Fuiz" = B T (15.2-9)
2 21 ik
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Chapter 16

A string substitution engine

Number of symbols = 3
Start: x
Rules:

X —-=>

A -—-> Bx

B --> Bx

i (#=8)
BxABxBxA

: (#=13)

.BXABX§XABXABX

:BxABxﬁxﬁBxABxBxABxBxA
:BXABXEXﬁBXABXBXABXBXABXABXBXABXABX
.BXABXgXEBXABXBXABXBXABXABXBXABXABXBXABXBXABXABXBXABXBXA

© 00 N O O d W NN = O

Figure 16.0-A: Rules, axiom, and first steps of the evolution for a specific substitution engine.

String substitution: A finite set of symbols (‘alphabet’), a set of substitution rules that map symbols
to words (strings of symbols) and a start value (‘axiom’). The rules have to be applied in parallel. An
example, let {z, A, B} be the symbols and {z — A, A — Bz, B — Bz} the substitution rules. Start
with a single . The observed evolution is shown in figure It is trivial to implement such a specific
system, for the above:

void fx(ulong n);
void fA(ulong n);
void fB(ulong n);

void fx(ulong n)

if ( 0==n ) { cout << "x"; return; }
fA(n-1);

void fA(ulong n)
{

if ( O==n ) { cout << "A"; return; }
fB(n-1); fx(n-1);

void fB(ulong n)
{
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if ( 0==n ) { cout << "B"; return; }
fB(n-1); fx(n-1);

int main()
ulong n = 10; // max depth
for (ulong k=0; k<=n; ++k)

fx(k);
cout << endl;

return O;

A utility class to create string substitution engines at run time is given in [FXT: class string subst
in lcomb /stringsubst.h|:

class string_subst

{
public:
// example values generate rabbit sequence:
ulong nsym_; // # of symbols
/] ==
char *symbol_; // alphabet
//=={0, 1 };
char **symrule_; // symrule_[i] string to replace i-th symbol with
// = { "O", lllll, I|1II’ ll10l| }; for O |_> 1’ 1 |_> 10

ulong xlate_[256]; // tramslate char --> rule
// ’a’ --> symrule[xlate_[’a’]]

ulong cmax_; // max string length

char *cc_; // string to hold result
ulong ctc_; // count chars of result actually produced
public:

string_subst(int cmax, int nsym, char*const* symrule);

Rules and symbols have to be supplied on construction. The member function subst takes an axiom and
the number of generations as arguments and returns the numbers of produced characters. It calls the
recursive function do_subst:

void do_subst(ulong n, const char *rule)
if ( 0==n ) // add symbols to string:
for (ulong i=0; ctc_<cmax_; ++i)
char ¢ = rulelil;
if ( O==c ) break;
cc_[ctc_] = c;
++cte_;
}

else // recurse:

for (ulong i=0; O'!=rulel[i]; ++i)

{

ulong r = (ulong)ruleli];

ulong x = xlate_[r];

do_subst(n-1, symrule_[x]); // recursion
}

}
}

ulong subst(ulong maxn, const char *start)
// maxn:=number of generations, start:=axiom

{
ctc_ = 0;
do_subst (maxn, start);
cc_[ctc_] = 0; // terminate string
return ctc_;
}

The resulting string is stored in an array of characters that can be accessed via the member function
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string(). The characters that do not fit into the array are silently discarded. Using an array of
one million characters, the rules and axiom as follows

Number of symbols = 5
Start: a
Rules:
a --> -bE+aFa+Fb-
b --> +aF-bFb-Fa+

+ -=> +
___>_
F-->F

Then one obtains (displaying only the string lengths from the fourth generation on):
(#=1)

: (#=11)
-bF+aFa+Fb-
: (#=51)
—+a€;bg?15a+F+—bF+aFa+Fb—F—bF+aFa+Fb—+F+aF—be—Fa+—
-+-bF+aFa+Fb-F-+aF-bFb-Fa+F+aF-bFb-Fa+-F-bF+aFa+Fb-+F+-+aF-bFb- \
Fa+F+-bF+aFa+Fb-F-bF+aFa+Fb-+F+aF-bFb-Fa+-F-+aF-bFb-Fa+F+-bF+a \
Fa+Fb-F-bF+aFa+Fb-+F+aF-bFb-Fa+-+F+-bF+aFa+Fb-F-+aF-bFb-Fa+F+a \
F-bFb-Fa+-F-bF+aFa+Fb-+-

(#=851)

(#=3411)

(#=13651)

(#=54611)

(#=218451)

(#=873811)
10: (#=1000000) // <-- truncation
11: (#=1000000)

The computation takes a split second only. The strings generated by the shown rule correspond to the
Hilbert curves in successively finer resolutions if one initializes

w N = O

OO~ U

position: (x, y) = (0,0)
direction: (dx, dy) := (1,0)
and identifies:
’=> == "turn left": { t= dx; dx=-dy; dy=t; }
’+? == "turn right": { t=-dx; dx= dy; dy=t; }
’F? == "advance": { line(x, y, x+dx, y+dy); x+=dx; y+=dy; }
either ’a’ or ’b’ == (ignore)

The program [FXT: |ds/stringsubst-demo.cc] prints evolutions for several rules. A 3-dimensional Hilbert
(space-filling) curve is generated by the rule a — ~<aF~<aFa-F~>>aFavF+>>aFa-F>a->, all other symbols
are mapped to themselves. The curve is obtained by interpreting the symbols (unequal to F) of the string
as rotations [FXT: |ds/stringsubst-hilbert3d-demo.cc]|.

The number of symbols that occur in each generation can be computed by a simple matrix power. With 4
different symbols let n;(k) be the number of occurrences of the j-th symbol at generation k. Then n;(0)
is determined by the axiom and

N(k) = [ny(k),na(k),... ,ni(k)]" (16.0-1)
can be computed as
N(k) = MFN(0) (16.0-2)

where M is a matrix with columns according to the occurrences of the symbols in the transfer rules. For
example, with the rules and axiom

Number of symbols = 3

Start: x
Rules: x A B
x --> A 1 --> [0, 1, 0]
A -->Bx 2 -->1[1, 0, 1] =: transpose(M)
B-->Bx 3-->1[1, 0, 1]
we obtain
0 1 1 Fp,1 Fg Fy,
M = |1 00 MF = |Fs» Frni Fr E>2 (16.0-3)
0 1 1 Fi_1 Fj Fy
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where Fj, is the k-th Fibonacci number. For the tenth generation, k = 10:

34 55 55
MY [1,0,07 = |21 34 34| [1,0,1)7 = [34,21,34]" (16.0-4)
34 55 55
So we have 34 ‘x’, 21 ‘A’ and 34 ‘B’ or a total of 89 symbols.

For the engine corresponding to a 3D Hilbert curve

Number of symbols = 5

Start: a

Rules:
a --> -bF+aFa+Fb- 1 -->[2, 2, 2, 2, 3]
b --> +aF-bFb-Fa+ 2 --> [2, 2, 2, 2, 3]
+ -=> + 3 --> [0, 0, 1, O, 0] =: transpose(m)
- > - 4 --> [0, 0, 0, 1, O]
F-->F 5 --> [0, 0, 0, 0, 1]

we find

k total [ n(a), n(b), n(+), (), n(F) 1
0 1 [ 1, 0, 0, 0, 0]
1 11 [ 2, 2, 2, 2, 31]
2 51 [ 8, 8, 10, 10, 15 ]
3 211 [ 32, 32, 42, 42, 63 ]
4 851 [ 128, 128, 170, 170, 255 1]
5 3411 [ 512, 512, 682, 682, 1023 ]
6 13651 L 2048, 2048, 2730, 2730, 4095 1]
7 54611 [ 8192, 8192, 10922, 10922, 16383 ]
8 218451 [ 32768, 32768, 43690, 43690, 65535 ]
9 873811 [ 131072, 131072, 174762, 174762, 262143 ]

10 3495251 [ 524288, 524288, 699050, 699050, 1048575 ]

In chapter on page the string substitution idea is used to construct fast iterations for various
functions whose power series are determined by the limiting string.

An efficient algorithm for finding the n-th letter of the string produced by k iterations of a substitution
rule is described in [213]. The problem of the identification of a finite automaton (substitution engine)
that generates a given infinite string is discussed in [I64]. The mathematical properties of sequences
generated by finite automata are studied in [10].
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Chapter 17

Necklaces and Lyndon words

A sequence that is minimal among all its cyclic rotations is called a necklace (see section on page m
for the definition in terms of equivalence classes). When there are k possible values for each element one
talks about an n-bead, k-color (or k-ary length-n) necklaces. We restrict our attention to the case were
only two sorts of beads are allowed and represent them by 0 and 1.

0: 1 0: ...... 1 0: ... ..., 1
1: 1: ..., 1 6 1: ..., 1 8
n=1: #=2 2: ....11 6 2: ... 11 8
3: ...1.1 6 3: ... 1.1 8
: .. 1 4. ...111 6 4: ..., 111 8
1: .1 2 5. ..1..1 3 5: R I | 8
2: 11 1 6: ..1.11 6 6: FRP I 8
n=2: #=3 7 ..11.1 6 T: o.a1101 8
8: ..1111 6 8: R I 8
0: ... 1 9: .1.1.1 2 9: .a1l001 4
1: ..1 3 10: .1.111 6 10: L..10011 8
2: .11 3 11: .11.11 3 11: ...1.1.1 8
3: 111 1 12:  .11111 6 12: ..o1.111 8
n=3: #=4 13: 111111 1 13: FR A | 8
n=6: #=14 14: oW1t 8
0: .... 1 15: La11101 8
1: ...1 4 0: ....... 1 16: SR I e s 8
2: ..11 4 1: ..., 1 7 17: .1..1.1 8
3: .1.1 2 2: ..., 11 7 18: .1..0111 8
4. 111 4 3: ....1.1 7 19: .1.1.11 8
5: 1111 1 4. ....111 7 20: ..1.11.1 8
n=4: #=6 5: ...1..1 7 21: .1.1111 8
6: ...1.11 7 22: G111 4
7. ...11.1 7 23: L1111 8
0: ..... 1 8: ...1111 7 24 .11.111 8
1: ....1 5 9: ..1..11 7 25: .111.11 8
2: ...11 5 10: ..1.1.1 7 26: .1111.1 8
3: ..1.1 5 11:  ..1.111 7 27: .111111 8
4. ..111 5 12: ..11.11 7 28: 1.1.1.1 2
5: .1.11 5 13:  ..111.1 7 29: .1.1.111 8
6: .1111 5 14: ..11111 7 30: 1.11.11 8
7: 11111 1 15: .1.1.11 7 31: L1.11111 8
n=5: #=8 16: .1.1111 7 32: 11,1111 8
17:  .11.111 7 33: 111,111 4
18: .111111 7 34: 1111111 8
19: 1111111 1 35: 11111111 1

n=7: #=20 n=8: #=36

Figure 17.0-A: All binary necklaces of lengths up to 8 and their periods. Dots represent zeros.

Scanning all binary words of length n as to whether they are necklaces can easily be achieved by testing
whether the word x is equal to the return value of the function bit_cyclic_min(x,n) shown in sec-
tion [I.12] on page For n up to 8 one obtains the sequences of binary necklaces shown in figure
As 2™ words have to be tested this approach gets ineffective for large n. Luckily there is both a much
better algorithm for generating all necklaces and a formula for their number.

Not all necklaces are created equal. Each necklace can be assigned a period that is a divisor of the length.
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That period is the smallest (nonzero) cyclic shift that transforms the word into itself. The periods are
given directly right to each necklace in figure For n prime the only periodic necklaces are those
two that contain all ones or zeros. Aperiodic (or equivalently, period equals length) necklaces are called
Lyndon words.

For a length-n binary word « the function bit_cyclic_period(x,n) from section on page[27)returns
the period of the word.

17.1 Generating all necklaces

We give several methods to generate all necklaces of a given size. An efficient algorithm for the generation

of bracelets (see section [3.8.1.4 on page [129) is given in [207].

17.1.1 The FKM algorithm

1: [. .1 §=1 N 1: [. .1 =t N

2: [. 11 j=4 N L 2: [. .11 3=6 N L
3: [...2] j=4 N L 3: L. 1.1 j=b

4: [..1.1 3j=3 4: [. 111 j=6 N L
5: [..11] j=4 N L 5: L. 1. .1 j=4

6: [..12] 3=4 N L 6: [. 1.1]1 j=6 N L
7: [..2.1 j=3 7: (. 11.1 j=b

8: [. 21] j=4 N L 8: [...111] j=6 N L
9: [..22] j=4 N L 9: [. .1 . 1] j=3 N
10: [ .1 1] j=2 N 10: [. .1 1.1 j=b5

11: [ .1.2] j=4 N L 11: [..1.11] j=6 N L
12: [ .11 .] j=3 12: L. .11..] j=4

13: [ .111] j=4 N L 13: L. 11.1] j=6 N L
14: [ .112] j=4 N L 14: L. 111 .] j=b

15: [ .12 .] j=3 15: [..1111] j=6 N L
16: [.121] j=4 N L 16: [ .1 1 .11 j=2 N
17: [.122] j=4 N L 17: [ .1 11 .1 j=b

18: [.2.2] j=2 N 18: [ .1 .111] j=6 N L
19: [ .21 .] j=3 19: [ .11 .11] j=3 N
20: [.211] j=4 N L 20: [.111.1] j=4
21: [.212] j=4 N L 21: [.1111.] j=b5
22:  [.22.1 3j=3 22: [.11111]1 3j=6 N L
23: [ .221] j=4 N L 23: [111111] j=1 N
24: [.222] 3j=4 N L 23 (6, 2) pre-necklaces.
25: [1111] j=1 N 14 necklaces and 9 Lyndon words.
26: [1112] j=4 N L
27: [1121] j=3
28: [1122] 3j=4 N L
29: [1212] 3j=2 N
30: [1221] 3j=3
31: [1222] j=4 N L
32: [2222] j=1 N

32 (4, 3) pre-necklaces.
24 necklaces and 18 Lyndon words.

Figure 17.1-A: Ternary length-4 (left) and binary length-6 (right) pre-necklaces as generated by the
FKM algorithm. Dots are used for zeros, necklaces are marked with ‘N’, Lyndon words with ‘L’.

The following algorithm for generation of all necklaces actually produces pre-necklaces a subset of which
are the necklaces. A pre-necklace is a string that is the prefix of some necklace. The FKM algorithm (for

Fredericksen, Kessler, Maiorana) to generate all k-ary length-n pre-necklaces proceeds as follows:
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1. Initialize the word F = [f1, fa, ..., fn] to all zeros. Set j = 1.
2. (Visit pre-necklace F'. If j divides n then F' is a necklace. If j equals n then F'is a Lyndon word.)

3. Find the largest index j so that f; < k—1. If there is no such index (then F' = [k—1, k—1, ..., k—1],
the last necklace), then terminate.

4. Increment f;. Fill the suffix starting at f;1; with copies of [f1, ..., f;]. Goto step 2.

The crucial steps are [FXT: comb/necklace-fkm-demo.cc|:

for (ulong i=1; i<=n; ++i) £[i] = 0; // Initialize to zero

bool nq = 1; // whether pre-necklace is a necklace
bool 1q = 0; // whether pre-necklace is a Lyndon word
ulong j = 1;

¥hile 1)

// Print necklace:

cout << setw(4) << pct << ":";
print_vec(" ", f+1, n, true);
cout << " j=" << j;

if ( nqg ) cout << " N";

if (1q ) cout << " L";

cout << endl;

// Find largest index where we can increment:

J =mn;

while ( f£[jl==k-1) { --j; };

if ( j==0 ) Dbreak;

++£[j1;

// Copy periodically:

for (ulong i=1,t=j+1; t<=n; ++i,++t) £[t] = £[i];
ng = ( (n%j)==0 ); // necklace if j divides n

1g = ( j==n); // Lyndon word if j equals n

}

Two example runs are shown in figure [17.1-A]l An efficient implementation of the algorithm is [FXT:
class necklace in comb/necklace.h]:
class necklace

public:
ulong *a_; // the string
ulong *dv_; // delta sequence of divisors of n

ulong n_; // length of strings
ulong ml_; // m-ary strings, ml=m-1
ulong j_; // period of the word (if necklaces)
public:
necklace(ulong m, ulong n)
{
n_=(n?n:1); // at least one
mi_ = (m>1 ?m-1 : 1); // at least two
a_ = new ulong[n_+1];
dv_ = new ulong[n_+1];
for (ulong j=1; j<=n; ++j) dv_[j]l = ( O==(n_%j ) ); // divisors
first();
}
[--snip--]
void first()
for (ulong j=0; j<=n_; ++j) a_[j]l = 0;
-= 4
[--snip--]

The method to compute the next pre-necklace is

ulong next_pre() // next pre-necklace
// return j (zero when finished)

// Find rightmost digit that can be incremented:
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ulong j = n_;
while ( a_[j] ==mi_) { -—-j; }

// Increment:
// if ( 0==j_ ) return 0; // last
++a_[j];

// Copy periodically:
for (ulong k=j+1; k<=n_; ++k) a_[k] = a_[k-j];

- =13
return j;

Note the commented out return with the last word, this gives a speedup (and no harm is done with the
following copying). The array dv allows determination whether the current pre-necklace is also a necklace
(or Lyndon word) via simple lookups:

bool is_necklace() const

return ( 0!=dv_[j_] ); // whether j divides n
}

bool is_lyn() const

return ( j_==n_ ); // whether j equals n

}

ulong next() // next necklace
do
{

next_pre();

if ( 0==j_ ) return O;
}
while ( O==dv_[j_] ); // until j divides n
return j_;
}
ulong next_lyn() // next Lyndon word
{
do
{
next_pre();
if ( 0==j_ ) return O;
}
while ( j_==n_ ); // until j equals n
return j_; // ==
}

The rate of generation for pre-necklaces is about 98 M/s for base 2, 140 M/s for base 3, and 180 M/s for
base 4 [FXT: lcomb/necklace-demo.cc|. An specialization of the algorithm for binary necklaces is [FXT:
class binary necklace in [comb/binary-necklace.h]. It can generate pre-necklaces at about 124 M/s
(when arrays are used instead of pointers), see [FXT: comb/binary-necklace-demo.cc].

The binary necklaces that fit into a machine word can be generated via [FXT: class bit_necklace in
bits/bit-necklace.h] which produces about 32 million necklaces per second. The program [FXT: bits/bit-
necklace-demo.cc| shows the usage of the class.

The binary necklaces of length n can be used as cycle leaders in the length-2" zip permutation (and its
inverse) that is discussed in section on page An algorithm for the generation of all irreducible
binary polynomials via Lyndon words is described in section [38.6] on page
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0 : a= ...... 1= 1 = ...... 1
1 : a= ..... 11 = 3 = ... 11
2 a= ...1..1 = 9 == o011
3 : a= ..11.11 = 27 == .11.11
4 : a= 1.1...1 = 81 == ...1101
5 : a= 111.1.. = 116 == ..111.1
6 : =1.1111. = 94 == .1.1111
7 : a= ..111.. = 28 == o111
8 : a=1.1.1.. = &4 == ..1.1.1
9 : a= 11111.1 = 125 == .111111
10 : a= 1111..1 = 121 == .. 11111
11 a= 11.11.1 = 109 == .11.111
12 : a=1..1..1 = 73 == R R
13 : a= 1.111.. = 92 ..1.111
14 : =..1.11. = 22 ..1.11
15 : =1....1. = 66 == ..o.101
16 : =1...111 = 71 == ..1111
17 a=1.1.11. = 86 == 1.1.11
18 : a= ....1.. = 4 = ..., 1 <--= sequence restarts
19 : =...11.. = 12 = ..., 11
20 : =.1..1.. = 36 == ..1..1
21 a= 11.11.. = 108 .11.11
22 : a=1...11. = 70 ...11.1
23 : a= 1.1..11 = 83 == ..111.1
24 = 1111.1. = 122 == 1.1111
25 a=_111.... = 112 == L. 111
[--snip--]

Figure 17.1-B: Generation of all (18) 7-bit Lyndon words as binary representations of the powers
modulo 127 of the primitive root 3. The right column gives the cyclic minima. Dots are used for zeros.

17.1.2 Binary Lyndon words with length a Mersenne exponent

The length-n binary Lyndon words for n an exponent of a Mersenne prime M,, = 2™ — 1 can be generated
efficiently as binary expansions of the powers of a primitive root r of m until the second word with just
one bit is reached. With n = 7, m = 127 and the primitive root r = 3 we get the sequence shown in
figure [17.1-B] The sequence of minimal primitive roots r,, of the first Mersenne primes M, = 2™ — 1 is
entry A096393| of [214]:

2: 2 17: 3 107: 3

3: 3 19: 3 127: 43

5: 3 31: 7 521:

7: 3 61: 37 607: 5 <--=5 is a primitive root of 2%*607-1
13: 17 89: 3 1279: 5

17.1.3 A constant amortized time (CAT) algorithm

A constant amortized time (CAT) algorithm to generate all k-ary length-n (pre-)necklaces is given in [73].
The crucial part of a recursive algorithm [FXT: comb/necklace-cat-demo.cc] is the function

ulong K, N; // K-ary pre-necklaces of length N

ulong f[N];
void crsms_gen(ulong n, ulong j)
{
if (n > N ) visit(j); // pre-necklace in f[1,...,N]
else
f[n] = £f[n-jl;

crsms_gen(n+l, j);
for (ulong i=f[n-jl+1; i<K; ++i)

fln] = i;
crsms_gen(n+l, n);

}

After initializing the array with zeros the function must be called with both arguments equal to one. The
routine generates about 71 million binary pre-necklaces per second. Ternary and 5-ary pre-necklaces are
generated at a rate of about 100 and 113 million per second, respectively.
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17.1.4 An order with fewer transitions
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Figure 17.1-C: The 30 binary 8-bit Lyndon words in an order with few changes between successive
words. Transitions where more than one bit changes are marked with a ‘<<’.

n: X, n: X, n: X, n: X, n: X,
1: 0 7 2 13: 95 19: 2598 25: 85449
2: 0 8: 5 14: 163 20: 4546 26: 155431
3: 0 9. 11 15: 290 21: 8135 27: 284886
4: 0 10: 15 16: 479 22: 14427 28: 522292
5: 1 11: 34 17: 859 23: 26122 29: 963237
6: 1 12: 54 18: 1450 24: 46957 30: 1778145

Figure 17.1-D: Excess (with respect to Gray code) of the number of bits changed.
The following routine generates the binary pre-necklaces words in the order that would be obtained by
selecting valid words from the binary Gray code:
void xgen(ulong n, ulong j, int x=+1)

if (n>N) visit(j);

else
%f ( -1==x )
if ( 0==f[n-j1 ) { f[n] = 1; =xgen(n+l, n, -x); }
f[n] = fln-jl; =xgen(n+l, j, +x);
%lse
f[n] = £f[n-jl; =xgen(nt+l, j, +x);
if ( 0==f[n-jl ) { fln] = 1; =xgen(n+l, n, -x); }
}
}

}

The program [FXT: comb/necklace-gray-demo.cc] computes the binary Lyndon words with the given
routine. The ordering obtained has fewer transitions between successive elements but is in general not a
Gray code (for up to 6-bit words a Gray code is generated). Figure shows the output with 8-bit
Lyndon words. The first 27/2) — 1 Lyndon words of length n are in Gray code order. The number X,
of additional transitions of the length-n Lyndon words is, for n < 30, shown in figure

17.1.5 An order with at most three changes per transition

An algorithm to generate necklaces in an order such that at most 3 elements change with each update
is given in [242]. The recursion can be given as (corrected and shortened) [FXT: |comb/necklace-gray3-
demo.cc|:

long *f; // data in f[1..m], £[0] =0

long N; // word length
int k; // k-ary necklaces, k==sigma in the paper

void gen3(int z, int t, int j)
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1. .1111111 13 10001 25: 1.1111
2: .111.111 14 ..1.1.1 26: 1.11.1
3: 11,1111 <<+1 15: 10111 27: 1.1.11 <<+1
4: 1.1.111 <<+2 16: ..... 111 28: 1..1.1 <<+2
5: .1.1.1.1 17 ... 1.1 29: 1..111
6: .1.11.11 <<+2 18: ..., 1 30: 11.111
7: .1.11111 19: ..., 31: 11.1.1
8: ...11111 20:  ...... 11 <<+1 32: 11..11 <<+1
9: 1101 21 1011 33: 111.11
10: 11001 22 .11 34: 1111.1 <<+1
11: o111 23 1101 35: 111111
12: 10011 24 1111 36: 11111111 <<+1

Figure 17.1-E: The 30 binary 8-bit necklaces in an order with at most 3 changes per transition. Tran-
sitions where more than one bit changes are marked with a ‘<<’.

n: Xp n: X, n: Xn n: X n: X
1: 0 7 6 13: 200 19: 6462 25: 239008
2: 1 8 12 14: 360 20: 11722 26: 441370
3: 2 9: 20 15: 628 21: 21234 27 816604
4: 2 10: 38 16: 1128 22: 38754 28: 1515716
5: 2 11: 64 17: 1998 23: 70770 29: 2818928
6: 4 12: 116 18: 3606 24: 129970 30: 5256628

Figure 17.1-F: Excess (with respect to Gray code) of number of bits changed.

if (t>N) { visit(j); }
else

%f ( (z%1)==0 ) // z (number of elements ==(k-1)) is even?

for (int i=f[t-j]; i<=k-1; ++i)

£[t] = i;
gen3( z+(i'=k-1), t+1, (i'=f[t-jl17t:j) );
}
}
else
for (int i=k-1; i>=f[t-j]; --i)
{
f[t] = i;
gen3( z+(i'=k-1), t+1, (i'=f[t-jl1?7t:j) );
}

}

The variable z counts the number of maximal elements. The output with length-8 binary necklaces is
shown in figure Selecting the necklaces from the reversed list of complemented Gray codes of the
n-bit binary words produces the same list.

17.1.6 Binary necklaces of length 2" via Gray-cycle leaders *

The algorithm for the generation of cycle leaders for the Gray code permutation given section [2.8.1] on

page [97) and relation [I.I8-10c on page [49] written as
S Yr = Ygha (17.1-1)

(Y is the yellow code, or bit-wise Reed-Muller transform) allow us to generate the necklaces of length 2™:
The cyclic shifts of Y 2 are equal to Y g* x for k = 0,...,1 — 1 where [ is the cycle length. Figure[17.1-G|
shows the correspondence between cycles of the Gray code permutation and cyclic shifts, it was generated
with the program [FXT: comb/necklaces-via-gray-leaders-demo.cc|.
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k = 7: 16 cycles of length= 8

L= 1....... [ 1....... ] = 1..1.11. [ ...1.11. ]
= 1...... 1 [ 1111111 ] -=> 11.111.1 [ ....1.11 ]
= 1..... 1. [ ..1.1.1. ] -—>1.11..11 [1....1.1 ]
= 1..... 11 [ 11.1.1.1 ] --> 111.1.1. [ 11....1. ]
= 1....1.. [ .1..11.. ] -=> 1..11111 [ .11....1 ]
= 1....1.1 [1.11..11 ] -> 11.1.... [1.11.... ]
= 1....11. [ 111..11. ] -=> 1.111... [ .1.11... ]
= 1....111 [ ...11..1 ] -—> 111..1.. [ ..1.11.. ]
= 1..1.... [ .111.... ] ) ]
= 1..1...1 [1...1111 ] = 1..1.111 [ 111.1..1 ]
= 1..1..1. [ 11.11.1. ] --> 11.111.. [ 1111.1.. ]
= 1..1..11 [ ..1..1.1] -->1.11..1. [ .1111.1. ]
= 1..1.1.. [ 1.1111.. ] -=> 111.1.11 [ ..1111.1 ]
= 1..1.1.1 [ .1....11 ] -->1..1111. [ 1..1111. ]
= 1..1.11. [ ...1.11. ] -——>11.1...1 [ .1..1111 ]

L= 1..1.111 [ 111.1..1 ] -=> 1.111..1 [ 1.1..111 ]

-=> 111..1.1 [ 11.1..11 ]

Figure 17.1-G: Left: the cycle leaders (minima) L of the Gray code permutation where is highest bit has
index 7 and their bit-wise Reed-Muller transforms Y (L). Right: the last two cycles and the transforms
of their elements.

If no better algorithm for the cyclic leaders of the Gray code permutation was known we could generate
them as Y ~1(N) = Y(N) where N are the necklaces of length 2". The same idea, and relation [1.18-11b
on page give the relation

S¢Bx = Be*uz (17.1-2)

where B is the blue code and e the reversed Gray code.

17.1.7 Binary necklaces via cyclic shifts and complements *
n=3 n==6 n=7 n=328 [n=8 cont.]
1: ..1 1: ..... 1 1: ... 1 10 ..., 1 19: .11
2: .11 2: ....11 2: ..., 11 2: ..., 11 20: ..., 1.1
3: 111 3: ...111 3: L0111 3 ... 111 21: ...1.11
4 L1111 4:  ...1111 4:  o.o1111 22: ...1.111
n =4 5: .11111 5: 11111 5: ...11111 23: .1.1111
1: ...1 6: 111111 6: 111111 6: ..111111 24: 1.11111
2: ..11 7: ..11.1 7: 1111111 7. 1111111 25: ..1.11.1
3: L1111 8: .11.11 8: ..111.1 8: 11111111 26: 1.11.11
4. 1111 9: ...1.1 9: ...11.1 9: ..1111.1 27 : ..1.1.1
5: .1.1 10: ..1.11 10: ..11.11 10: ...111.1 28: .1.1.11
11 .1.111 11:  .11.111 11:  ..111.11 29: .1.1.111
n=>5 12: .1.1.1 12: ....1.1 12 .111.111 30: 1.1.1.1
1: ....1 13: ..1..1 13: ...1.11 13: ....11.1 31: S P §
2: ...11 14: ..1.111 14: ..11.11 32: R I §
3: ..111 15: .1.1111 15: ..11.111 33: L.1.0111
4. 1111 16: ..1.1.1 16: .11.1111 34: ..1..1.1
5: 11111 17: .1.1.11 17: ..11.1.1 35: P R |
6: ..1.1 18: ...1..1 18: B I
70 .1.11 19: ..1..11

Figure 17.1-H: Nonzero binary necklaces of lengths n = 3,4,...,8 as generated by the shift and
complement algorithm.

A recursive algorithm to generate all nonzero binary necklaces via cyclic shifts and complements of the
lowest bit is described in [20I]. An implementation of the method is given in [FXT: comb/necklace-
sigma-tau-demo.cc]:

inline ulong sigma(ulong x) { return bit_rotate_left(x, 1, n); }
inline ulong tau(ulong x) { return x ~ 1; }

void search(ulong y)

visit(y);
ulong t = y;
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while ( 1)
{

t = sigma(t);
ulong x = tau(t);
if ( (x&1) && (x == bit_cyclic_min(x, n)) ) search(x);
else break;
}
}

The initial call is search(1). The generated ordering for lengths n = 3,4, ..., 8 is shown in figure(17.1-H

17.2 The number of binary necklaces

n: N, n: N, n: N, n: N,
1: 2 11: 188 21: 99880 31: 69273668
2: 3 12: 352 22: 190746 32: 134219796
3: 4 13: 632 23: 364724 33: 260301176
4: 6 14: 1182 24: 699252 34: 505294128
5: 8 15: 2192 25: 1342184 35: 981706832
6: 14 16: 4116 26: 2581428 36: 1908881900
720 17: 7712 27: 4971068 37: 3714566312
8 36 18: 14602 28: 9587580 38: 7233642930
9: 60 19: 27596 29: 18512792 39: 14096303344

10: 108 20: 52488 30: 35792568 40: 27487816992

Figure 17.2-A: The number of binary necklaces for n < 40.

n: L, n: L, n: L, n: L,
1: 2 11: 186 21: 99858 31: 69273666
2: 1 12: 335 22: 190557 32: 134215680
3: 2 13: 630 23: 364722 33: 260300986
4: 3 14: 1161 24: 698870 34: 505286415
5: 6 15: 2182 25: 1342176 35: 981706806
6: 9 16: 4080 26: 2580795 36: 1908866960
7. 18 17: 7710 27: 4971008 37: 3714566310
8 30 18: 14532 28: 9586395 38: 7233615333
9: 56 19: 27594 29: 18512790 39: 14096302710

10: 99 20: 52377 30: 35790267 40: 27487764474

Figure 17.2-B: The number of binary Lyndon words for n < 40.

The number of binary necklaces of length n equals
1 1 & ,
N, = = dy2m/d = = geedlGn) 17.2-1
DILLEEEE DS (72)

Replace 2 by k to get the number for k different sorts of beads (possible values at each digit). The values
for n < 40 are shown in figure [17.2-A] The sequence is entry |A000031| of [214].

The number of Lyndon words (aperiodic necklaces) equals

Loo= =S @2t = S pn/a)! (17.2-2)
d\n d\n
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The Mobius function ¢ is defined in relation [35.1-6] on page The values for n < 40 are given in
figure [17.2-B| The sequence is entry A001037| of [2I4]. For prime n = p we have L, = N, — 2 and

o _9 124
L, = =~ (Z) (17.2-3)

The latter form transpires that there are exactly (})/p Lyndon words with & ones for 1 < k < p — 1.
The difference of two is due to the necklaces that consist of all zeros or ones. The number of irreducible
binary polynomials (see section on page of degree n also equals L,,. For the equivalence between
necklaces and irreducible polynomials see section [38.6| on page [824

Let d be a divisor of n. There are 2™ binary words of length n, each having some period d that divides
n. There are d different shifts of the corresponding word, thereby

2" = > dLg (17.2-4)
d\n

Mobius inversion gives relation The necklaces of length n and period d are obtained by concate-
nation of n/d Lyndon words of length d, so

N, = Y La (17.2-5)
d\n

We note the relations (see section [35.1.4f on page [659)

(I-2y) = ﬁ (1—y*)hn (17.2-6a)
k=1
o0 o0 o k
;kak = kz::l ’2( ) log (1 —2y*) (17.2-6D)
Defining
ne(z) = [ (1-By) (17.2-7a)
k=1
we have
m(z) = J[a-¢H™ (17.2-7b)
k=1
m) = [[m@H™ (17.2-7c)
k=1

17.3 The number of binary necklaces with fixed content

Let Ny »y be the number of binary length-n necklaces with exactly ng zeros (and ny = n — ng ones). We

call thgsoe necklaces with fixed density. One has

Nivy = i%m) (ij) (17.3-1)

no

where g = gcd(n, ng). One has the symmetry relation N( "y = N( ny = N< "y A table of small values
is given in figure ’ ’ '
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m M NG ING) VG [ V) Y [N VG Y ) V)
1: 2 1 1

2: 3 1 1 1

3 4 1 1 1 1

4 6 1 1 2 1 1

5 8 1 1 2 2 1 1

6: 14 1 1 3 4 3 1 1

T 20 1 1 3 5 5 3 1 1

8: 36 1 1 4 7| 10 7 4 1 1

9: 60 1 1 4| 10| 14| 14| 10 4 1 1

10: 108 1 1 S5 12} 22} 26| 22| 12 ) 1 1
11: 188 1 1 5 15| 30| 42| 42| 30| 15 5 1
12: 352 1 1 6| 19| 43| 66| 80| 66| 43| 19 6
13: 632 1 1 6] 22| 55| 99| 132| 132 99| 55| 22
14: 1182 1 1 7| 26| 73| 143| 217| 246| 217| 143| 73
15: | 2192 1 1 7| 31| 91| 201| 335| 429| 429| 335| 201
16: | 4116 1 1 8| 35| 116| 273| 504| 715| 810| 715| 504
17: | 7712 1 1 8| 40| 140| 364| 728|1144|1430(1430| 1144
18: | 14602 1 1 9] 46| 172| 476|1038|1768 2438|2704 | 2438
19: | 27596 1 1 9] 51| 204| 612|1428|2652|3978 |4862| 4862
20: | 52488 1 1| 10| 57| 245| 776]1944|3876|6310|8398 | 9252

Figure 17.3-A: The number of binary necklaces with a prescribed number of ones.

vl B B Fe e [P Pl e 6 e P60 16 )
1 2 1 1

2: 1 0 1 0

3 2 0 1 1 0

4: 3 0 1 1 1 0

5t 6 0 1 2 2 1 0

6: 9 0 1 2 3 2 1 0

T 18 0 1 3 5 5 3 1 0

8: 30 0 1 3 7 3 7 3 1 0

9: 56 0 1 4 9] 14| 14 9 4 1 0

10: 99 0 1 4| 12| 20| 25| 20| 12 4 1 0
11: 186 0 1 5/ 15| 30| 42| 42| 30| 15 5 1
12: 335 0 1 5 18| 40| 66| 75| 66| 40| 18 5
13: 630 0 1 6 22| 55| 99| 132| 132 99| 55| 22
14: | 1161 0 1 6| 26| 70| 143| 212| 245| 212| 143 70
15: | 2182 0 1 7| 30| 91| 200| 333| 429| 429| 333| 200
16: | 4080 0 1 7| 35| 112 273| 497| 715| 800| 715| 497
17: | 7710 0 1 8| 40| 140| 364 | 728|1144|1430(1430| 1144
18: | 14532 0 1 8| 45| 168| 4761026 |1768 2424|2700 | 2424
19: | 27594 0 1 9] 51| 204| 61214282652 |3978 |4862 | 4862
20: | 52377 0 1 9] 57| 240| 7751932 |3876 |6288 |8398 | 9225

Figure 17.3-B: The number of binary Lyndon words with a prescribed number of ones.
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Let L( ) be the number of binary length-n Lyndon words with exactly ng ones (Lyndon words with fixed
o

density), then

L, (0]

- 17.3-2

n ZM(J) (d/ J > ( )
J\g

where g = ged(n,ng). The symmetry relation is the same as for NV, () A table of small values is given

in figure [17.3-B} ’

Let N(ng,n1,...,ng—1) be the number of k-symbol length-n necklaces with n; occurrences of symbol j.

For the number of such necklaces with fized content we have (n =3, _ n; and):

(n/d)!

N . = = 17.3-3
(n07n17 y Ml — 1 Z no/d ('I’Lk;fl/d)! ( )
where g = ged(ng,n1,...,nk—1). The equivalent formula for the Lyndon words with fized content is
(n/d)!
L . = = 17.3-4
(n07n17 y Mle— 1 Z no/d (nk,1/d)' ( )
where g = ged(ng,n1,...,nk—1). The relations were taken from [202] and [208] which also give efficient

algorithms for the generation of necklaces and Lyndon words with fixed density and content, respectively.
The number of strings with fixed content is a multinomial coefficient, see relation [11.2-1al on page
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Chapter 18

Hadamard and conference matrices

The 2% x 2F-matrices corresponding to the Walsh transforms (see chapter on page ) are special
cases of so-called Hadamard matrices. Such matrices also exist for certain sizes n x n for n not a power
of two. We give construction schemes for Hadamard matrices that come from the theory of finite fields.

If we denote the transform matrix for an N-point Walsh transform by H, then
HH" = Nid (18.0-1)
where id is the unit matrix. The matrix H is orthogonal (up to normalization) and its determinant equals
det(H) = det (HHT)"? = NV/2 (18.0-2)

Further, all entries are either +1 or —1. An orthogonal matrix with these properties is called a Hadamard
matriz. We know that for NV = 2™ we always can find such a matrix. For N = 2 we have

H,

[ ol ] (18.0-3)

+1 -1
and we can use the Kronecker product (see section on page [433) to construct Hoy from Hy via

+Hy/,e +Hyyo

H, =
[+HN/2 —Hpy/2

} = Hy®@Hpy)2 (18.0-4)

The problem of determining Hadamard matrices (especially for N not a power of two) comes from
combinatorics. Hadamard matrices of size N x N can only exist if N equals 1, 2, or 4 k.

18.1 Hadamard matrices via LFSR

We start with a construction for certain Hadamard matrices for N a power of two that uses m-sequences

that are created by shift registers (see section on page[333]and section on page[838)). Figure

[Al shows three Hadamard matrices that were constructed as follows:
1. Choose N = 2™ and create a maximum length binary shift register sequence S of length N — 1.
2. Make S signed, that is, replace all ones by —1 and all zeros by +1.

3. The N x N matrix H is obtained by filling the first row and the first column with ones and filling
the remaining entries with cyclical copies of s: forr=1,2,... N—landc=1,2,... N — 1 set

Hr,c = Scfr+1 mod N—1-
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Signed SRS: Signed SRS: Signed SRS:
-+ + + -+ + - -+ -+ - = = -+ + - + - - -+ -

Hadamard matrix H: Hadamard matrix H: Hadamard matrix H:
+ 4+ + ++ A+ F A+ o+ + 4+ + + + + + + + + +

+ -+ ++ -+ + - -+ -+ - - - + -+ + - + - - + - + -
+ - -+ 4+ 4+ -+ + - -+ -+ - - + - -+ + - + - + - - +
+ - - -+ 4+ + -+ 4+ - -+ -+ - + - - -+ 4+ -+ + 4+ - -
+ - - - -4+ + + -+ + - -+ -+ + 4+ - - -+ + -

+ 4+ - - - -+ ++ -+ + - -+ - + -+ - - - + +

+ -+ - = = =+ 4+ 4+ -+ + - -+ + 4+ -+ - - - +

+ 4+ -+ - = = -+ + + -+ 4+ - - + 4+ + -+ - - -

+ -+ -+ - = = — 4+ + + -+ + -

+ - -+ -+ - - - -+ ++ -+ +

+ 4+ - -+ -+ - - - -+ + 4+ -+

+ 4+ + - -+ -+ - = - -+ + + -

+ -+ + - -+ -+ - - - — 4+ + +

+ 4+ -+ 4+ - -+ -+ - = = =+ +

+ 4+ + -+ + - -+ -+ - = = -+

+ 4+ ++ -+ - - F - - = - =

Figure 18.1-A: Hadamard matrices created with binary shift register sequences (SRS) of maximum
length. Only the sign of the entries is given, all entries are +1.

For given n we can obtain as many different Hadamard matrices as there are m-sequences.
The matrices in figure [18.1-A| where produced with the program [FXT: |comb/hadamard-srs-demo.cc].

#include "bpol/lfsr.h" // class 1lfsr
#include "auxl/copy.h" // copy_cyclic()

#include "matrix/matrix.h" // class matrix
typedef matrix<int> Smat; // matrix with integer entries

[--snip--]
ulong n
ulong N

[--snip--]

5;
1UL << n;

// --- create signed SRS:
int vec[N-1];

1fsr S(n);

for (ulong k=0; k<N-1; ++k)
{

ulong x = 1UL & S.get_a();
veclk] = ( x ? -1 : +1 );

S.next();
}
// --- create Hadamard matrix:
Smat H(N,N);

for (c=0; c<N; ++c) H.set(0, c, +1); // first row = [1,1,1,...,1]
for (ulong r=1; r<N; ++r)

H.set(r, 0, +1); // first column = [1,1,1,...,1]°T
copy_cyclic(vec, H.rowp_[r]+1, N-1, N-r);

[--snip--]
The function copy_cyclic() is defined in [FXT: auxl/copy.h]:

template <typename Type>

inline void copy_cyclic(const Type *src, Type *dst, ulong n, ulong s)
// Copy array src[] to dst[]

// starting from position s in src[]

// wrap around end of src[] (srcl[n-1])

// src[] is assumed to be of length n
// dst[] must be length n at least

//
// Equivalent to: { copy(src, dst, n); rotate_right(dst, n, s)}
{
ulong k = 0;
while ( s<n ) dst[k++] = srcls++];
s = 0;
while ( k<n ) dst[k++] = src[s++];
}
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If we define the matrix X to be the (IV — 1) x (N — 1) block of H obtained by deleting the first row and
column then

N-1 -1 -1 - -1
-1 N-1 -1 - -1

xx*" = | -1 -1 N-1 .- -l (18.1-1)
-1 -1 -1 - N-1

Equivalently, for the (cyclic) auto correlation of S (see section on page [839)):

-1
+L if =0

ZSk Sktrmod L = { 1 ;lse i (18.1-2)

=0

where L = N — 1 is the length of the sequence.

A alternative way to obtain Hadamard matrices of dimension 2" is to use the signs in the multiplication
table for hypercomplex numbers described in section [37.16] on page [787

18.2 Hadamard matrices via conference matrices

Quadgatic characters modulo 13: Quadratic characters modulo 11:
- + - - - - -+ + - ++ - - -+ -
14x14 conference matrix C: 12x12 conference matrix C:
O++++++++++ + + + O ++ ++ + + + + + +
+0+-++----++ -+ -0+ -+ ++---+ -
++0+-++-=-- =4+ + - - -0+ -+++---+
+ - +0+-++----++ -+ -0+ -+ ++ - - -
++-+0+-++----+ - -+ -0+ -+ ++ - -
+++-+0+-++---- - - -+ -0+ -+ + + -
+ -+ +-+0+-++--- - - - -4+ -0+-+ + +
+ - -+ +-+0+ -+ 4+ - - -+ - =-=-+ -0+ -+ +
+ - - -+ +-+0+ -+ + - -+ 4+ -=--+-0+ -+
+ - - -=-++-+0+ -+ + -+ 4+ +--=-+-0+ -
++-=-=--4++-+0+ -+ - -4+ +4+-=--+-0+
+ ++-=-=-=++-+0+ - -+ -+ 4+ +--=-4+-0
+ -4+ +-=-=--4++-4+0+

++-++----++-+0

Figure 18.2-A: Two Conference matrices, the entries not on the diagonal are £1 and only the sign is
given. The left is a symmetric 14 x 14 matrix (13 = 1 mod 4), the right is a antisymmetric 12 x 12 matrix
(11 = 3 mod 4). Replacing all diagonal elements of the right matrix with +1 gives a 12 x 12 Hadamard
matrix.

A conference matriz Cg is a () x (Q matrix with zero diagonal and all other entries 1 so that
cch = (Q-1)id (18.2-1)

An algorithm for the construction of C, for @ = ¢+ 1 where ¢ is an odd prime:

1. Create a length-g array S with entries Sy € {—1, 0, +1} as follows: set Sy =0 and, for 1 < k < ¢
set Sy = +1 if k is a square modulo ¢, S, = —1 else.

2. Set y=11if ¢ =1 mod 4, else y = —1 (then ¢ = 3 mod 4).

3. Create a @ x @ matrix C as follows: set Cpo = 0 and Co = +1 for 1 < k < Q (first row). Set
Cio =y for 1 <k < @ (first column). Fill the remaining entries with cyclical copies of S: for
1<r<qgand1<c<gset Crc=S5c_rt1modq-

The quantity y tells us whether C is symmetric (y = 4+1) or antisymmetric (y = —1).
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12x12 Hadamard matrix H: Quadratic characters modulo 5:
++++++ -+ + + + + + - - +

+++ - -+ 4+ -+ - -+ 6x6 conference matrix C:
++++- -+ + -+ - - 0+ + + + +

+ -+ + 4+ -+ -+ -+ - + 0+ - -+

+ - -+ 4+ ++ - -+ -+ ++ 0+ - -

+ + - -+ 4+ 4+ + - -+ - + -+ 0 + -
-+ 4+ +++ - - === - + - -+ 0 +

+ -+ - -+ - - -+ + - ++--4+4+0

++ -+ --=--- - + +

+ -+ -+ - -+ ---+

+ - -+ -+ -+ + - - -

++ - -4+ - - -+ + - -

Figure 18.2-B: A 12 x 12 Hadamard matrix (left) created from the symmetric 6 x 6 conference matrix
on the right.

If Cq is antisymmetric then Hg = Cg +id is a Hadamard matrix. For example, replacing all zeros in
the 12 x 12 matrix in figure by +1 gives a 12 x 12 Hadamard matrix..

If Cg is symmetric then a 2Q) x 2¢) Hadamard matrix is given by

_ [+id+C —id+C
Ho = | _ia4c —id-C (18:2-2)

Figure shows a 12 x 12 Hadamard matrix that was created using this formula.

The program [FXT: comb/conference-quadres-demo.cc| outputs for a given g the @ x ) conference matrix
and the corresponding Hadamard matrix:

#include "mod/numtheory.h" // kronecker()
#include "matrix/matrix.h" // class matrix
#include "auxl/copy.h" // copy_cyclic()
[--snip--]
int y = ( 1==qk4 7 +1 : -1 );
ulong Q = g+1;
[--snip--]
// --- create table of quadratic characters modulo q:
int vec[ql; £fill<int>(vec, q, -1); vec[0] = O;
for (ulong k=1; k<(q+1)/2; ++k) vec[(kxk)%q]l = +1;

[--snip--]
// ——— create Q x Q conference matrix:
Smat C(Q,Q);
C.set (0,0, 0);
for (ulong c=1; c<Q; ++c) C.set(0, c, +1); // first row = [1,1,1,...,1]

for (ulong r=1; r<Q; ++r)

C.set(r, 0, y); // first column = +-[1,1,1,...,1]1°T
copy_cyclic(vec, C.rowp_[r]l+1l, q, Q-r);

[--snip--]
// -—— create a N x N Hadamard matrix:
ulong N = ( y<0 7 Q : 2*Q );
Smat H(N,N);
if ( N==Q )
copy(C, H);

H.diag_add_val(1l);
else

Smat K2(2,2); K2.fill(+1); K2.set(1,1, -1); // K2 = [+1,+1; +1,-1]
H.kronecker (K2, C); // Kronecker product of matrices
for (ulong k=0; k<Q; ++k) // adjust diagonal of submatrices

{
ulong r, c;
r=k; c=k; H.set(r,c, H.get(r,c)+1);
r=k; c=k+Q; H.set(r,c, H.get(r,c)-1);
r=k+Q; c=k; H.set(r,c, H.get(r,c)-1);
r=k+Q; c=k+Q; H.set(r,c, H.get(r,c)-1);
}
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}
[--snip--]

If both H, and H; are Hadamard matrices (of dimensions a and b, respectively) then their Kronecker
product H,, = H, ® Hy, is again a Hadamard matrix:

H,H!, = H,¢oH) (H,oH)" =* (H,®H,) (HloH]) = (18.2-3a)
(the starred equality uses relation [22.3-11a] on page |434))
= (H,H])® (H,oH}) =" (aid)®(bid) = abid (18.2-3b)

(the starred equality uses relation [22.3-10a] on page |434)).

18.3 Conference matrices via finite fields

The algorithm for odd primes g can be modified to work also for powers of odd primes. Then one has to
work with the finite fields GF(¢™). The entries C; 41,41 forr=0,1,...,¢"—landc=0,1,...,¢" -1
have to be the quadratic character of z, — z. where zg, 21, ..., 2Zgn—1 are the elements in GF(¢") in some
(fixed) order.

We implement the algorithm in pari/gp. Firstly, we give two simple routines that map the elements
z; € GF(¢™) (represented as polynomials modulo ¢) to the numbers 0, 1, ..., ¢" — 1. The polynomial

p(r)=co+crx+... +cp12" Lismappedto N =co+c1q+... +c1q" L.

pol2num(p,q)=
\\ Return number for polynomial p.
{

local(t, n); n=0;

for (k=0, poldegree(p),

t = polcoeff(p, k);
t *= Mod(1,q);

t = component(t, 2);
t *= q°k;

n += t;

); ’

return( n );

The inverse routine is

num2pol(n,q)=
\\ Return polynomial for number n.
{

local(p, mq, k);

p = Pol(0,’x);

k = 0;
while ( O!=n,
mg =n % q;
p +=mg * (°x)7k;
n -= mqg;
n \= q;
k++;

)
return( p );

}

The quadratic character of an element z can be determined by computing z(¢"~1/2 modulo the field
polynomial. The result will be zero for z = 0, else +1. The following routine determines the character of
the difference of two elements as required for the computation of conference matrices:

getquadchar_n(nl, n2, q, fp, n)=
\\ Return the quadratic character of (n2-nl) in GF(q~n)
\\ Powering method

local(pl, p2, d, nd, sc);
if ( n1==n2, return(0) );
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num2pol(nl, q);

num2pol(n2, q);

d = Mod(1,q)* (p2-p1);

d = Mod(d,fp)~((q"n-1)/2);

d = component(d, 2);

if ( Mod(1,q)==d, sc=+1, sc=-1);
return( sc );

pl
p2

}

The input are two numbers that are mapped to the corresponding field elements.

In order to reduce the computational work we create a table of the quadratic characters for later lookup:

quadcharvec(fp, q)=
\\ Return a table of quadratic characters in GF(q~n)
\\ fp is the field polynomial.
{
local(n, qn, sv, pl);
n=poldegree(£fp) ;
gqn=q"n-1;
sv=vector(qn+1l, j, -1);
sv[1] = 0;
for (k=1, qgn,
pl = num2pol(k,q);
pl = Mod(Mod(1,q)*pl, fp);
sq = pl * pl;
sq = component(sq, 2);
i = pol2num( sq, q );
sv[i+1] = +1;

);
return( sv );

}

Using this table we can compute the quadratic characters of the difference of two elements in a more
efficient manner:

getquadchar_v(nl, n2, q, fp, sv)=
\\ Return the quadratic character of (n2-nl) in GF(q~n)
\\ Table lookup method

{
local(pl, p2, d, nd, sc);
if ( n1==n2, return(0) );
pl = num2pol(ni, q);
p2 = num2pol(n2, q);
d = (p2-pl) % £p;
nd = pol2num(d, q);
sc = sv[nd+1];
) return( sc );

Now we can compute conference matrices:

matconference(q, fp, sv)=

\\ Return a QxQ conference matrix.

\\ g an odd prime.

\\ fp an irreducible polynomial modulo q.

\\ sv table of quadratic characters in GF(q"n)
\\ where n is the degree of fp.

{
local(y, Q, C, n);
n = poldegree(fp);
Q=q"n+1;
C = matrix(Q,Q);
for (k=2, Q, C[1,k]=+1); \\ first row
for (k=2, Q, C[k,1]=y); \\ first column
for (r=2, Q,
for (c=2, Q,
sc = getquadchar_n(r-2, c-2, q, fp, n);
\\ sc = getquadchar_v(r-2, c-2, q, fp, sv); \\ same result
Clr,c] = sc;
);
) return( C );
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GF(372)

x"2 + 1
Table of quadratic characters:

3 fp =

O+ ++ - -+ - -
10x10 conference matrix C:

18.3: Conference matrices via finite fields
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A 28 x 28 conference matrix for ¢ = 3 and the field polynomial f = 2% — z + 1.
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To compute a @ x @ conference matrix where () = ¢" we need to find an polynomial of degree n that is
irreducible modulo q. With ¢ = 3 and the field polynomial f = 22 + 1 we obtain the 10 x 10 conference
matrix shown in figure A conference matrix for ¢ = 3 and f = 2% — 41 is given in figure
Hadamard matrices can be created in the same manner as before, the symmetry criterion being whether
q" = £1mod 4.

The construction of Hadamard matrices via conference matrices is due to R. E. A. C. Paley. The
conference matrices obtained are of size ¢ = ¢" + 1 where ¢ is an odd prime. The values ¢ < 100 are:

4, 6, 8, 10, 12, 14, 18, 20, 24, 26, 28, 30, 32, 38, 42, 44, 48,
50, 54, 60, 62, 68, 72, 74, 80, 82, 84, 90, 98

We do not obtain conference matrices for any odd ¢ and these even values ¢ < 100:
2, 16, 22, 34, 36, 40, 46, 52, 56, 58, 64, 66, 70, 76, 78, 86, 88, 92, 94, 96, 100

For example, ¢ =16 =154+ 1= 3.5+ 1 has not the required form.

If a conference matrix of size ¢ exists then we can create Hadamard matrices of sizes N = ¢ whenever
q" = 3 mod 4, and N = 2¢ whenever ¢" = 1 mod 4. Further, if Hadamard matrices of sizes N and M
exist then a (N - M) x (N - M) Hadamard matrix can be obtained via the Kronecker product.

The values of N =4k < 2000 such that this construction does not give a N x N Hadamard matrix are:

92, 116, 156, 172, 184, 188, 232, 236, 260, 268, 292, 324, 356, 372,
376, 404, 412, 428, 436, 452, 472, 476, 508, 520, 532, 536, 584,
596, 604, 612, 652, 668, 712, 716, 732, 756, 764, 772, 808, 836,
852, 856, 872, 876, 892, 904, 932, 940, 944, 952, 956, 964, 980,
988, 996, 1004, 1012, 1016, 1028, 1036, 1068, 1072, 1076, 1100,
1108, 1132, 1148, 1168, 1180, 1192, 1196, 1208, 1212, 1220, 1244,
1268, 1276, 1300, 1316, 1336, 1340, 1364, 1372, 1380, 1388, 1396,
1412, 1432, 1436, 1444, 1464, 1476, 1492, 1508, 1528, 1556, 1564,
1588, 1604, 1612, 1616, 1636, 1652, 1672, 1676, 1692, 1704, 1712,
1732, 1740, 1744, 1752, 1772, 1780, 1796, 1804, 1808, 1820, 1828,
1836, 1844, 1852, 1864, 1888, 1892, 1900, 1912, 1916, 1928, 1940,
1948, 1960, 1964, 1972, 1976, 1992

This is sequence A046116 of [214]. It can be obtained by starting with a list of all numbers of the
form 4k and deleting all values k = 2% (¢ + 1) where ¢ is a power of an odd prime. Constructions for
Hadamard matrices for numbers of certain forms are known, see [I70]. Whether Hadamard matrices exist

for all values N = 4k is an open problem. A readable source about constructions for Hadamard matrices
is [217].
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Chapter 19

Searching paths in directed graphs

We describe how certain combinatorial structures can be represented as paths or cycles in a directed
graph. As an example consider Gray codes of n-bit binary words: we are looking for sequences of all 2™
binary words such that only one bit changes between two successive words. A convenient representation
of the search space is that of a graph. The nodes are the binary words and an edge is drawn between
two nodes if the node’s values differ by exactly one bit. Every path that visits all nodes of that graph
corresponds to a Gray code. If the path is a cycle then a Gray cycle was found.

In general we can, depending on the size of the problem,
1. try to find at least one object
2. generate all objects
3. show that no such object exists

The method used is usually called backtracking. We will see how to reduce the search space if additional
constraints are imposed on the paths. Finally, we show how careful optimization can lead to surprising
algorithms for objects of a size where one would hardly expect to obtain a result at all. In fact, Gray
cycles through the n-bit binary Lyndon words for all odd n < 37 are determined.

Terminology and conventions

We will use the terms node (instead of vertez) and edge (sometimes called arc). We restrict our attention
to directed graphs (or digraphs) as undirected graphs are just the special case of these: an edge in an
undirected graph corresponds to two antiparallel edges (think: ‘arrows’) in a directed graph.

A length-k path is a sequence of nodes where an edge leads from each node to its successor. A path is
called simple if the nodes are pairwise distinct. We restrict our attention to simple paths of length N
where N is the number of nodes of in the graph. We use the term full path for a simple path of length V.

If in a simple path there is an edge from the last node of the path to the starting node the path is a cycle
(or circuit). A full path that is a cycle is called a Hamiltonian cycle, a graph containing such a cycle is
called Hamultonian.

We allow for loops (edges that start and point to the same node). Graphs that contain loops are called
pseudo graphs. The algorithms used will effectively ignore loops. We disallow multigraphs (where multiple
edges can start and end at the same two nodes), as these would lead to repeated output of identical objects.

The neighbors of a node are those nodes where outgoing edges point to. Neighbors can be reached with
one step. The neighbors of a node a called adjacent to the node. The adjacency matriz of a graph with
N nodes is a N x N matrix A where A;; = 1 if there is an edge from node 7 to node j, else A; ; = 0.
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While trivial to implement (and later modify) we will not use this kind of representation as the memory
requirement would be prohibitive for large graphs.

19.1 Representation of digraphs

For our purposes a static implementation of the graph as arrays of nodes and (outgoing) edges will suffice.
The container class digraph merely allocates memory for the nodes and edges. The correct initialization
is left to the user [FXT: class digraph in graph/digraph.h]:

class digraph

{
public:
ulong ng_; // number of Nodes of Graph
ulong *ep_; // eleplk]l], ..., eleplk+1]-1]: outgoing connections of node k
ulong *e_; // outgoing connections (Edges)
ulong *vn_; // optional: sorted values for nodes

// if vn is used, then node k must correspond to vnl[k]
public:
digraph(ulong ng, ulong ne, ulong *&ep, ulong *&e, bool vng=false)
: ng_(0), ep_(0), e_(0), vn_(0)

ng_ = ng;
ep_ = new ulong[ng_+1];
e_ = new ulongl[ne];
= ep.;
e—’

if ( vnq ) vn_ = new ulong[ng_];

~digraph()
{

delete [] ep_;

delete [] e_;

if ( vn_ ) delete [] vn_;
}

[--snip--]
void get_edge_idx(ulong p, ulong &fe, ulong &en) const
// Setup fe and en so that the nodes reachable from p are

// e[fe]l, e[fe+1], ..., elen-1].
// Must have: 0<=p<ng
{
fe = ep_[p]l; // (index of) First Edge

en = ep_[p+1]; // (index of) first Edge of Next node

}
[--snip--]

void print(const char *bla=0) const;

The nodes reachable from node p could be listed using
// ulong p; // == position
cout << "The nodes reachable from node " << p << " are:" << endl;
ulong fe, en;
g_.get_edge_idx(p, fe, en);
for (ulong ep=fe; ep<en; ++ep) cout << e_[ep] << endl;

Using our representation there is no cheap method to find the incoming edges. We will not need this
information for our purposes. If the graph is known to be undirected, the same routine obviously lists
the incoming edges.

Initialization routines for certain digraphs are declared in [FXT: graph/mk-special-digraphs.h]. A simple
example is [FXT: make_complete_digraph() in|graph/mk-complete-digraph.cc]:

digraph

make_complete_digraph(ulong n)

// Initialization for the complete graph.
{

ulong ng = n, ne = n*x(n-1);
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ulong *ep, *e;
digraph dg(ng, ne, ep, e);

ulong j = 0;

for (ulong k=0; k<ng; ++k) // for all nodes
eplk] = j;
for (ulong i=0; i<n; ++i) // connect to all nodes
{

if ( k==i ) continue; // skip loops
e[j++] = 1;

eplngl = j;
return dg;

}

We initialize the complete graph (the undirected graph that has edges between any two of its nodes) for
n =5 and print it [FXT: graph/graph-perm-demo.cc]:

digraph dg = make_complete_digraph(5);
dg.print ("Graph =");

The output is

Graph =

Node: EdgeO Edgel ...
0: i 2 3 4
1: 2 3 4
2: o] 1 3 4
3: o] 1 2 4
4: 1 2 3
#nodes=5 #edges=20

For many purposes it suffices to implicitly represent the nodes as values p with 0 < p < N where N is
the number of nodes. If not, the values of the nodes have to be stored in the array vn_[]. One such
example is a graph where the value of node p is the p-th (cyclically minimal) Lyndon word that we will
meet at the end of this chapter. To make the search for a node by value reasonably fast the array vn_[]
should be sorted so that binary search can be used.

19.2 Searching full paths

In order to search full paths starting from some position pg we need two additional arrays for the book-
keeping: A record rv_[] of the path so far, its k-th entry shall be py, the node visited at step k. Further
a tag array qq_[] that shall contain a zero for nodes not visited so far, else one. The crucial parts of the
implementation are [FXT: class digraph paths in jgraph/digraph-paths.h]:

class digraph_paths
// Find all full paths in a directed graph.

{
public:
digraph &g_; // the graph
ulong *rv_; // Record of Visits: rv[k] == node visited at step k
ulong *qq_; // qqlk] == whether node k has been visited yet
[--snip--]

// function to call with each path found with all_paths():
ulong (*pfunc_) (digraph_paths &) ;
[--snip--]

// function to impose condition with all_cond_paths():
bool (*cfunc_)(digraph_paths &, ulong ns);

public:
// graph/digraph.cc:
digraph_paths(digraph &g);
“digraph_paths();

[--snip--]

bool path_is_cycle() const;
[--snip--]

void print_path() const;
[--snip--]
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// graph/digraphpaths-search.cc:
ulong all_paths(ulong (*pfunc)(digraph_paths &),
ulong ns=0, ulong p=0, ulong maxnp=0);

private:
void next_path(ulong ns, ulong p); // called by all_paths()
[--snip--]

3

We could have used a bit-array for the tag values qq_[]. It turns out that some additional information
can be saved there as we will see in a moment.

To keep matters simple a recursive algorithm is used to search for (full) paths. The search is started via
call to all_paths() [FXT: |graph/digraph-paths.cc|:

ulong
digraph_paths::all_paths(ulong (*pfunc) (const digraph_paths &),
ulong ns/*=0%/, ulong p/*=0%/, ulong maxnp/*=0%/)
// pfunc: function to visit (process) paths
// ns: start at node index ns (for fixing start of path)
// p: start at node value p (for fixing start of path)
// maxnp: stop if maxnp paths were found

{
pct_ = 0;
cct_ = 0;
pfct_ = 0;
pfunc_ = pfunc;
fdone_ = 0;
axnp_~ = maxnp;
next_path(ns, p);
return pfct_; // Number of paths where pfunc() returned true
}

The search is done by the function next_path():

void

digraph_paths: :next_path(ulong ns, ulong p)
// ns+1 == how many nodes seen

// p == position (node we are on)

if ( pfdone_ ) return;

rv_[ns] = p; // record position
++ns;

if ( ns==ng_ ) // all nodes seen 7
pfunc_(*this);

else

{

qq_[p] = 1; // mark position as seen (else loops lead to errors)
ulong fe, en;
g_.get_edge_idx(p, fe, en);
ulong fct = 0; // count free reachable nodes // FCT
for (ulong ep=fe; ep<en; ++ep)
{
ulong t = g_.e_[ep]; // next node
if ( 0==qq_[t] ) // node free?
{

++fct;
qq_[p] = fct; // mark position as seen: record turns // FCT
next_path(ns, t);

¥

}
// if ( 0==fct ) { "dead end: this is a U-turn"; } // FCT
qq_[pl = 0; // unmark position

}

The lines that are commented with // FCT record which among the free nodes is visited. The algorithm
still works if these lines are commented out.
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19.2.1 Paths in the complete graph: permutations

The program [FXT: graph/graph-perm-demo.cc| shows the paths in the complete graph from sectionm,
page [357] The version here is slightly simplified:

ulong pfunc_perm(digraph_paths &dp)
// Function to be called with each path:
// print all but the first node.

{
const ulong *rv = dp.rv_;
ulong ng = dp.ng_;
cout << setw(4) << dp.pfct_ << ": "
for (ulong k=1; k<ng; ++k) cout << " " << rv[k];
cout << endl;
return 1;

}

int

main(int argc, char **argv)

{
ulong n = 5;
digraph dg = make_complete_digraph(n);
digraph_paths dp(dg);
dg.print ("Graph =");
cout << endl;
dp.all_paths(pfunc_perm, 0, 0, maxnp);
return O;

}

The output is [FXT: graph/graph-perm-out.txt]:

Graph =
Node: EdgeO Edgel ..
1

BOWNRO
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© NNWWW
n
Il
N
[@lV e
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©
Q.
[0)2]

N GO CONINIF SIS NGO IS IS GOWNISNBW - H NN
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COCININIF SIS NN IS QOO IS COGONNY
I CONI WO NSNS QO S QOSSN CONHS QO

NONININI S S b S s

These are the permutations of the numbers 1,2, 3, 4 in lexicographic order (see section on page [219).

19.2.2 Paths in the De Bruijn graph: De Bruijn sequences

The graph with 2n nodes and two outgoing edges from node k& to 2k mod 2n and 2k 4+ 1 mod 2n is
called a De Bruijn graph. For n = 8 the graph is (printed horizontally):

Node: Q 1 2 4 5 6 7 8 910 11 12 13 14 15
Edge 0: 0 2 4 6 8101214 0 2 4 6 8 10 12 14
Edge 1: 1 3 5 7 9111315 1 3 5 7 9 11 13 15

The graph has two loops at the first and the last node. All paths in the De Bruijn graph are cycles, the
graph is Hamiltonian.
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With n a power of two the paths correspond to the De Bruijn sequences (DBS) of length 2n. The graph
has as many full paths as there are DBSs and the zeros/ones in the DBS correspond to even/odd values
of the nodes, respectively. This is demonstrated in [FXT: jgraph/graph-debruijn-demo.cc| (shortened):

ulong pq = 1; // whether and what to print with each cycle

ulong pfunc_db(digraph_paths &dp)
// Function to be called with each cycle.

{

}
int

{

The

The

switch ( pq )
{

case 0: break; // just count
case 1: // print lowest bits (De Bruijn sequence)

ulong *rv = dp.rv_, ng = dp.ng_;

for (ulong k=0; k<ng; ++k) cout << (rv[k]&IUL 7 ’1’ : ’.’);
cout << endl;
break;
}
[--snip--]
return 1;

main(int argc, char **argv)

ulong n = 8;

NXARG(pq, "what to do in pfunc()");

ulong maxnp = O;

NXARG(maxnp, "stop after maxnp paths (0: never stop)");
ulong p0 = 0;

NXARG(pO, "start position <2*n");

digraph dg = make_debruijn_digraph(n);
digraph_paths dp(dg);

dg.print_horiz("Graph =");

// call pfunc() with each cycle:
dp.all_paths(pfunc_db, 0, pO, maxnp);

cout << "n = " << n;

cout << " (ng=" << dg.ng_ << ")";
cout << " #cycles = " << dp.cct_;
cout << endl;

return O;

macro NXARG() read one argument, it is defined in [FXT: nextarg.h]. The output is

arg 1: 8 == n [size of graph == 2xn] default=8
arg 2: 1 == pq [what to do in pfunc()] default=1
arg 3: 0 == maxnp [stop after maxnp paths (0: never stop)] default=0
arg 4: 0 == p0 [start position <2*n] default=0
Graph =
Node: QO 1 2 3 5 6 7 8 910 11 12 13 14 15
Edge 0: 0 2 4 6 8101214 0 2 4 6 8 10 12 14
Edge 1: 1 3 5 7 9111315 1 3 5 7 9 11 13 15
R A A v AP
111101011
100111111
.1, .01111.11.
1100111101
.11.1..1111.
.1.1111..11.1.
.1.1111.1..11.
L11..1.1111.1.
.11.1..1.1111.
1.1, 1111, .1
.11.11171..1.
1111001011,
1110100101
111,111, 1.
11101100101
n = 8 (ng=16) #cycles = 16

algorithm is a very effective way of generating all DBSs of a given length, the 67,108,864 DBSs of

length 64 are generated in 140 seconds when printing is disabled (set argument pq to zero), corresponding

to a

rate of more than 450,000 DBSs per second.
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Setting the argument pq to 4 prints the binary values of the successive nodes in the path horizontally:

./bin 32 4 1
L POt PP P PP PP PR P 451 P

# #
------ PR PS4 PR PR UL 3 PP Y Pt P

The graph is constructed in a way that each word is the predecessor shifted by one with either zero or
one inserted at position zero (top row).

The number of cycles in the De Bruijn graph equals the number of degree-n normal binary polynomials.
An efficient procedure to compute it is given in section [£0.6.3] on page A closed form for the special

case n = 2 is given in section on page m

19.2.3 A modified De Bruijn graph: complement-shift sequences

A modification of the De Bruijn graph forces the nodes to be the complement of its predecessor shifted
by one (again with either zero or one inserted at position zero). The routine to set up the graph is [FXT:
make_complement_shift digraph() in graph/mk-debruijn-digraph.cc:

digraph
make_complement_shift_digraph(ulong n)

ulong ng = 2*n, ne = 2*ng;
ulong *ep, *e;
digraph dg(ng, ne, ep, e);
ulong j = 0;
for (ulong k=0; k<ng; ++k) // for all nodes
{
eplk] = j;
ulong r = (2xk) % ng;
e[j++] = r; // connect node k to node (2*k) mod ng
r = (2xk+1) % ng;
e[j++] = r; // connect node k to node (2*k+1) mod ng

}

eplngl = j;

// Here we have a De Bruijn graph.

for (ulong k=0,j=ng-1; k<j; ++k,--j) swap2(eleplkl], elep[jl1); // end with ones
for (ulong k=0, j=ng-1; k<j; ++k,--j) swap2(elepl[k]+1], elep[jI+1]);

return dg;

}
The program [FXT: |graph/graph-complementshift-demo.cc| gives:

arg 1: 32 == n [size of graph == 2*n] default=32
arg 2: 4 == pq [whether and what to print with each path] default=2
arg 3: 1 == maxnp [stop after maxnp paths (0: never stop)] default=1

B e e 2 e 1 | 1 2 1 2 L 12

B T N LA et 1 1 e 2 L #-—#-#
B e e e 1 e e 2 2 11t 12 2 a2

—H-HHHHRR AR RRR R R #——#
—H—H - H - HE - R R - R -

—H-#-HAHHH RS- H R R R R #-

For n a power of two the sequence of binary words has the interesting property that the changes between
successive words depend on their sequency: words with higher sequency change in less positions. Further,
if two neighbor bits are set in some word then the next word never contains both bits again. Out of a
run of k > 0 consecutive set bits in a word only one is contained in the next word.

See section on page for the connection with De Bruijn sequences.
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19.3 Conditional search

Sometimes one wants to find paths that are subject to certain restrictions. Testing for each path found
whether it has the desired property and discarding it if not is the most simple way. However, this will
in many cases be extremely ineffective. An upper bound for the number of recursive calls of the search
function next_path() with an graph with /N nodes and an maximal number of v outgoing edges at each
node is u = N".

n

For example, the graph corresponding to Gray codes of n-bit binary words has N = 2™ nodes and

(exactly) ¢ = n outgoing edges at each node. The graph is the n-dimensional hypercube.

n: N u=N¢=N"=2""
1: 2 2
2: 4 16
3: 8 512
4: 16 65,536
5: 32 33,554,432
6: 64 68,719,476,736
7 128 562,949,953,421,312
8: 256 18,446,744,073,709,551,616
9: 512 2,417,851,639,229,258,349,412,352

10: | 1024 | 1,267,650,600,228,229,401,496,703,205,376

We are obviously interested in the reduction of the size of the search space. This can in many cases
be achieved by a function that rejects branches that would lead to a path not satisfying the imposed
restrictions.

A conditional search can be started via all_cond_paths() that has an additional function pointer
cfunc() as argument that shall implement the condition. It is declared as

bool (*cfunc_) (digraph_paths &, ulong ns);

Besides the data from the digraph-class it needs the number of nodes seen so far (ns) as an argument. A
slight modification of the search routine next_path() does what we want:

void
digraph_paths: :next_cond_path(ulong ns, ulong p)

[--snip--] // same as next_path()
if ( ns==ng_ ) // all nodes seen 7
[--snip--] // same as next_path()
else
{
qq_[p] = 1; // mark position as seen (else loops lead to errors)
ulong fe, en;
g_.get_edge_idx(p, fe, en);
ulong fct = 0; // count free reachable nodes
for (ulong ep=fe; ep<en; ++ep)

ulong t = g_.e_[ep]l; // next node
if ( 0==qq_[t] ) // node free?
{

rv_[ns] = t; // for cfunc()
if ( cfunc_(*this, ns) )

{
++fct;
qq_[p] = fct; // mark position as seen: record turns
next_cond_path(ns, t);

}

}
qq_[p]l = 0; // unmark position

}

The free node under consideration is written to the end of the record of visited nodes so cfunc() does
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not need it as an explicit argument.

19.3.1 Modular adjacent changes (MAC) Gray codes

0: .... 0 0 ...1 0 0: .... 0 0 ...1 0
1: ...11 1 o101 1: ...11 1 |
2: ..11 2 3 1.0 2 2: ..11 2 3 a0 2
3: .111 3 7 1... 3 3: .111 3 7 1001
4: 1111 4 15 ...1 0 4: 1.1 2 5 ...1 0
5: 111. 3 14 10001 5: .1.. 1 4 10001
6: 11.. 2 12 ...1 0 6: .11. 2 6 1.0 2
7: 11.1 3 13 1... 3 7: ..1.1 2 1... 3
8: .1.12 5 ...1 0 8: 1.1. 2 10 .02
9: .1.. 1 4 R T | 9: 111. 3 14 1001
10:  .11. 2 6 1.0 2 10: 11.. 2 12 ...1 0
11 ..1. 1 2 1... 3 11: 11.1 3 13 |
12: 1.1. 2 10 ...1. 0 12: 1111 4 15 A0 2
13: 1.11 3 11 1001 13: 1.11 3 11 1001
14: 1..1 2 9 ...1 0 14: 1..1 2 9 ...1 0
16: 1... 1 8 [1... 3] 15: 1... 1 8 [1... 3]

Figure 19.3-A: Two four-bit modular adjacent changes (MAC) Gray codes. Both are cycles.

We search for Gray codes that have the modular adjacent changes (MAC) property: the values of succes-
sive elements of the delta sequence shall change by +1 modulo n. Two examples are show in figure [19.3-A]
The sequence on the right side even has the stated property if the term ‘modular’ is omitted: It has the
adjacent changes (AC) property.

As bit-wise cyclic shifts and reflections of MAC Gray codes are again MAC Gray codes we consider paths
starting 0 — 1 — 2 as canonical paths.

In the demo [FXT: graph/graph-macgray-demo.cc| the search is done as follows (shortened):

int main(int argc, char **argv)
{
ulong n = 5;
NXARG(n, "size in bits");
cf_nb = n;
digraph dg = make_gray_digraph(n, 0);
digraph_paths dp(dg);
ulong ns = 0, p = 0;
// MAC: canonical paths start as 0-->1-->3

dp.mark(0, ns);

dp.mark(1l, ns);

P =3
}
dp.all_cond_paths(pfunc, cfunc_mac, ns, p, maxnp);
return O;

}
The function used to impose the MAC condition is:

ulong cf_nb; // number of bits, set in main()
bool cfunc_mac(digraph_paths &dp, ulong ns)
// Condition: difference of successive delta values (modulo n) == +-1

// path initialized, we have ns>=2

ulong p = dp.rv_[ns], pl = dp.rv_[ns-1], p2 = dp.rv_[ns-2];
ulong ¢ = p ~ pl, cl =pl ~ p2;

if ( ¢ & bit_rotate_left(cl,1,cf_nb) ) return true;

if ( cl1 & bit_rotate_left(c,1,cf_nb) ) return true;

return false;

}

One finds paths for n < 7 (n = 7 takes about 15 minutes). Whether MAC Gray codes exist for n > 8 is
unknown (none is found with a 40 hour search).

[fxtbook draft of 2008-January-19]



file:@FXTDIR@/demo/graph/graph-macgray-demo.cc

364 Chapter 19: Searching paths in directed graphs

19.3.2 Adjacent changes (AC) Gray codes

For AC paths one can only discard track-reflected solutions, the canonical paths are those where the delta
sequence starts with a values that is < [n/2]. A function to impose the AC condition is

ulong cf_mt; // mid track < cf_mt, set in main()
bool cfunc_ac(digraph_paths &dp, ulong ns)
// Condition: difference of successive delta values == +-1

if ( ns<2 ) return (dp.rv_[1] < cf_mt); // avoid track-reflected solutions
ulong p = dp.rv_[ns], pl = dp.rv_[ns-1], p2 = dp.rv_[ns-2];

ulong ¢ = p ~ pl, cl = pl ~ p2;

if ( ¢ & (c1<<1) ) return true;

if ( cl1 & (c<<1) ) return true;

return false;

}
0: ..... 0 0 1002 0: ..... 0 0 ....1 0
1: ..1.. 1 4 1.0 3 1: ....11 1 o101
2: .11.. 2 12 1.... 4 2: ...11 2 3 R
3: 111.. 3 28 d..003 3: ..111 3 7 d..003
4: 1.1.. 2 20 10002 4: 1111 4 15 10002
5: 1.... 1 16 R R | 5: .1.11 3 11 R I |
6: 1..1. 2 18 10002 6: .1..12 9 10002
7: 1.11. 3 22 d..00 3 7: .11.1 3 13 10003
8: 1111. 4 30 1002 8: ..1.12 5 1.... 4
9: 11.1. 3 26 R | 9: 1.1.13 21 ... 3
10: 11... 2 24 ....1 0 10: 111.1 4 29 1002
11: 11..1 3 25 o101 11: 11..1 3 25 R A |
12: 11.11 4 27 1002 12: 11.11 4 27 10002
13: 11111 5 31 d...0 03 13: 11111 5 31 ... 3
14: 1.111 4 23 10002 14: 1.111 4 23 10002
16: 1..11 3 19 R | 16: 1..11 3 19 o011
16: 1...1 2 17 L1002 16: 1...1 2 17 ....1 0
17: 1.1.13 21 1.0 3 17: 1.... 1 16 o101
18: 111.1 4 29 1.... 4 18: 1..1. 2 18 1002
19: .11.1 3 13 ... 3 19: 1.11. 3 22 ... 3
20: ..1.1 2 5 10002 20: 1111. 4 30 10002
21:  ....1 1 1 R R | 21: 11.1. 3 26 R |
22: ...11 2 3 1002 22: 11... 2 24 R
23: ..111 3 7 ... 3 23: 111.. 3 28 1.0 3
24: (1111 4 15 1002 24: 1.1.. 2 20 1.... 4
26: .1.11 3 11 R | 26: ..1.. 1 4 ... 3
26: .1..12 9 ....1 0 26: .11.. 2 12 R
27: .1... 1 8 R | 27: .1... 1 8 R I |
28: .1.1. 2 10 1002 28: .1.1. 2 10 10002
29: .111. 3 14 d..0 3 29: .111. 3 14 d..00 3
30: ..11. 2 6 10002 30: ..11. 2 6 10002
31: 101 2 [...1. 1] 31: 101 2 [...1. 1]

Figure 19.3-B: Two five-bit adjacent changes (AC) Gray codes that are cycles.

The program [FXT: graph/graph-acgray-demo.cc| allows searches for AC Gray codes. Two cycles for
n =5 are shown in figure [19.3-B| Tt turns out that such paths exist for n < 6 (the only path for n = 6 is
shown in figure [19.3-C)) but there is no AC Gray code for n = 7:

time ./bin 7
arg 1: 7 == n [size in bits] default=5
arg 2: 0 == maxnp [ stop after maxnp paths (0: never stop)] default=0
n =7 #pfct =0
#paths = 0 #cycles = 0
./bin 7 20.77s user 0.11s system 98% cpu 21.232 total

Nothing is known about the case n > 8.

Inspection of the AC Gray codes for different values of n result in a hand-woven algorithm. The function
[FXT: ac_gray_delta() incomb/acgray.cc] computes the delta sequence for an AC Gray codes for n < 6:

void
ac_gray_delta(uchar *d, ulong ldn)
// Generate a delta sequence for an adjacent-changes (AC) Gray code
// of length n=2%*ldn where ldn<=6.
if ( ldn<=2 ) // standard Gray code

d[0] = 0;
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0: ...... 0 0 10002 32: 1.1... 2 40 1 4
1: 1001 4 o101 33: 111... 3 56 1 3
2: L1102 6 100002 34: 11.... 2 48 1 2
3: ....1.1 2 ..1... 3 35: 11.1.. 3 52 1 1
4: ..1.1. 2 10 10002 36: 11.11. 4 54 1 2
5: ..111. 3 14 10001 37: 11..1. 3 50 1 3
6: ..11.. 2 12 ..., 1 0 38: 111.1. 4 58 1 2
7: ..11.1 3 13 o010 1 39: 11111. 5 62 1
8: ..1111 4 15 .10 2 40: 1111.. 4 60  ..... 1 0
9: ..1.11 3 11 1,003 41: 1111.1 5 61 1 1
10: o011 2 3 o102 42: 111111 6 63 1 2
11: 111 3 7 R | 43: 111.11 5 &9 1 3
12: 1.1 2 5 o102 44. 11..11 4 51 1 2
13: ... 11 1 R 45: 11.111 5 55 1 1
14: ..1..1 2 9 d..00 4 46: 11.1.1 4 53 1 2
15: .11..1 3 25 R R 47: 11...1 3 49 1 3
16: .1...1 2 17 a0 2 48: 111..1 4 57 1 4
17: .1.1.13 21 o101 49: 1.1..1 3 41 1 3
18: .1.111 4 23 1.0 2 50: 1....12 33 1 2
19: .1..11 3 19 1,003 51: 1..1.1 3 37 1 1
20: .11.11 4 27 o010 2 52: 1..111 4 39 2
21: .11111 5 31 o1 1 53: 1...11 3 35 1 3
22: .111.1 4 29  ..... 1 0 54: 1.1.11 4 43 1 2
23: .111.. 3 28 R I | 55: 1.1111 5 47 1
24: .1111. 4 30 .10 2 66: 1.11.1 4 45  ..... 1 0
26: .11.1. 3 26 .1 3 57: 1.11.. 3 44 1 1
26: .1..1. 2 18 o1 2 58: 1.111. 4 46 1 2
27 .1.11. 3 22 o1 1 59: 1.1.1. 3 42 1 3
28: .1.1.. 2 20 .01 2 60: 1...1. 2 34 1 2
29: .1.... 1 16 .1 3 61: 1..11. 3 38 1 1
30: .11... 2 24 .1 4 62: 1..1.. 2 36 1 2
31: ..1... 1 8 1..... 5 63: 1..... 1 32 [1..... 5]

Figure 19.3-C: The (essentially unique) AC Gray code for n = 6. While the path is a cycle in the graph
the AC condition does not hold for the transition from the last to the first word. No AC Gray code for
n = 7 exists.

if ( ldn==2 ) { d4[1] = 1; d[2] = 0; }
return;

ac_gray_delta(d, ldn-1); // recursion
ulong n = 1UL<<1ldn;

ulong nh = n/2;

%f ( 0==(1dn&1) )

if ( ldn>=6 )
{

reverse(d, nh-1);
for (ulong k=0; k<nh; ++k) d[k] = (1dn-2) - d[k];
}

for (ulong k=0, j=n-2; k<j; ++k,--j) d[j] = d[k];
d[nh-1] = 1dn - 1;

}
?1se
for (ulong k=nh-2,j=nh-1; O0!=j; --k,--j) d[j] = d[k] + 1;
for (ulong k=2, j=n-2; k<j; ++k,--j) d[j] = d[k];
d[o] = 0;
d[nh] = 0;
}

}
The Gray code is computed via
void

ac_gray(ulong *g, ulong ldn)
// Create an AC Gray code.

¢ ulong n = 1UL<<1ldn;
ALLOCA (uchar, d, n);
ac_gray_delta(d, 1ldn);
delta2gray(d, 1ldn, g);
}

where the routine delta2gray() is given in [FXT: comb/delta2gray.cc]:
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void

delta2gray(const unsigned char *d, ulong ldn, ulong *g, ulong gO0/*=0%/)
// Fill into g[0..N-1] (N=2*x1dn) the Gray path

// corresponding to the delta sequence d[0..N-2].

{

gl0] = go0;

ulong n = 1UL << 1dn;

for (ulong k=0; k<n-1; ++k) glk+1] = glk] ~ (1UL << d[k]);
}

The program [FXT: |comb/acgray-demo.cc] can be used to create AC Gray codes for n < 6. Forn > 7
the algorithm produces near-AC Gray codes, where the number of non-AC transitions equals 27"7% — 1
for odd values of n and 2"~° — 2 for n even:
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It seems likely that near-AC Gray codes with fewer non-AC transitions exist.

19.4 Edge sorting and lucky paths

The order of the nodes in the representation of the graph does not matter with finding paths as the
algorithm does at no point refer to it. The order of the outgoing edges, however, does matter.

Edge sorting

Consider a large graph that has only a few paths. The calling tree of the recursive function next_path()
obviously depends on the edge order. Thereby the first path can appear earlier or later in the search.
‘Later’ may well mean that the path is not found within any reasonable amount of time.

With a bit of luck one might find an ordering of the edges of the graph that will shorten the time span until
the first path is found. The program [FXT: graph/graph-monotonicgray-demo.cc| searches for monotonic
Gray codes and optionally sorts the edges of the graph. The method [FXT: digraph: :sort_edges() in
graph/digraph.cc] sorts the outgoing edges of each node according to a supplied comparison function.

The comparison function actually used imposes the lexicographic order shown in section [1.27|on page
int my_cmp(const ulong &a, const ulong &b)

if ( a==b ) return O;
#define CODE(x) lexrev2negidx(x);

ulong ca = CODE(a);

ulong cb = CODE(Db) ;

return (ca<cb 7 +1 : -1);

The choice was inspired by the observation that the bit-wise difference of successive elements in bit-lex
order is either one or three. We search until the first path for 8-bit words is found: for the unsorted graph
this task takes 1.14 seconds, for the sorted it takes 0.03 seconds.

Lucky paths
The first Gray code found in the hypercube graph with randomized edge order is shown in figure
(left). The corresponding path (as reported by [FXT: digraph_paths: :print_turns() in/graph/digraph-

paths.cc|) is described in the right column. Here nn is the number of neighbors of node, xe is the index
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0: ....0 0 1 3 step: node -> next [xf xe / nn]
1: 1...1 8 ..1. 1 0: 0-> 8 [0 0/ 4]
2: 1.1. 2 10 .02 1: 8-> 10 [0 0/ 4]
3: 111. 3 14 ...1 0 2: 10 -> 14 [0 O/ 4]
4: 1111 4 15 1... 3 3: 14 -> 156 [0 0/ 4]
5: L1113 7 ... 2 4: 15> 7 [0 0/ 4]
6: ..112 3 ...1 0 5: 7-> 3 [0 1/ 4]
7 ..1.1 2 1. 2 6: 3-> 2 [1 2/ 4]
8: .11. 2 6 10001 7: 2 -> 6 [0 3/ 4]
9: .1..1 4 1... 3 8: 6-> 4 [0 0/ 4]
10: 11.. 2 12 ...1 0 9: 4 -> 12 [1 3/ 4]
11: 11.1 3 13 1... 3 10: 12 -> 13 [0 0/ 4]
12: .1.12 5 d.. 2 11: 13 -> 5 [0 1/ 4]
13: ...11 1 1... 3 12: 5-> 1 [0 3/ 4]
14: 1..1 2 9 P P | 13: 1 -> 9 [0 2/ 4]
15: 1.11 3 11 [1.11 -] 14: 9> 11 [0 0/ 4]
Path: #non-first-free turns = 2

Figure 19.4-A: A Gray code in the hypercube graph with randomized edge order (left) and the path
description (right, see text).

of the neighbor (next) in the list of edges of node. Finally xf is the index among the free nodes in the
list. The latter corresponds to the value fct-1 in the function next_path() given on page 358]

If xf equals zero at some step then the first free neighbor was visited next. If xf is nonzero then a dead
end was reached in the course of the search and there was at least one U-turn. If the path is not the first
found then the U-turn might well correspond to a previous path.

If there was no U-turn then the number of non-first-free turns is zero (the number is given as the last
line of the report). If it is zero we call the path found a lucky path. For each given ordering of the edges
and each starting position of the search there is at most one lucky path and if there is, it is the first path
found.

When the first path is a lucky path then the search effectively ‘falls through’: the number of operations
is a constant times the number of edges. That is, if a lucky path exists it is found almost immediately
even for huge graphs.

19.5 Gray codes for Lyndon words

We search Gray codes for n-bit binary Lyndon words where n is a prime. Here is a Gray code for the
5-bit Lyndon words that is a cycle:

s
1

N

i
1
i1
.11
.1

An important application of such Gray codes is the construction of so-called single track Gray codes
which can be obtained by appending rotated versions of the block. The following is a single track Gray
code based on the block given. At each stage, the block is rotated by two positions (horizontal format):

###HRS - HEHH- - —-——###
—#HH#H#H- = - AR -
———### R - #HE- o ————
——##--  -##H#H- - ———### #HHHARH
—————— ———##H HHEHERE #E- -

The transition count (the number of zero-one transitions) is by construction the same for each track. The
all-zero and the all-one words are missing in the Gray code, its length equals 2™ — 2.
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0: ..., 1 L 1 L 1 L 1 oL 1 1
1: ... 11 B P | .11 o.o1001 B R 11
2: R o110 L1101 SR A | ..o1.11 o111
3: o111 L1111 11101 ....1.1 .1.1.11 ... 101
4: 11111 ..1.1.1 11111 ..1.1.1 1.1111 ..1.1.1
5: 11011 .1.111 11111 11101 111111 11101
6: o101 11,111 11,111 11111 11,111 o111
7: .1.111 111111 .1.111 11011 o111 o101
8: 11,111 L1.1111 ..1.1.1 o101 ..1.1.1 o011
9: 111111 1.1.11 B A | ..1.111 11101 oo 1111
10: 101111 o101 o111 11,111 G111 o11111
11: 1.1.11 L1111 ..1111 111111 1.1 o111
12: ..1.011 11111 1.1111 1.1111 111 10011
13: 101 11011 1.1.11 B 11 .1.111
14: o111 10011 ..1.11 B 1,011 11,111
15: B R 11 B A s L1111 11011 111111
16: ..1.1.1 111 10011 o111 11111 .1.1111
17: PR | B I 11 o111 .1.1.11

Figure 19.5-A: Various Gray codes through the length-7 binary Lyndon words. The first four are cycles.

19.5.1 Graph search with edge sorting

Gray codes for the 7-bit binary Lyndon words like those shown in figure can easily be found by
a graph search. In fact, all of them can be generated in short time: for n = 7 there are 395 Gray codes
(starting with the word 0000..001) of which 112 are cycles.

k : [ node]l 1lyn_dec lyn_bin #rot rot(lyn) diff delta
0: [ 0] 1 .. 1 0 ...... 1 1 0
1 : 1] 3 ... 11 0 ..... B 1 1
2 3] 7 ....111 0 .111 1 2
3 : 7] 15 ...1111 0 L.oo1111 1 3
4 13] 31 ..11111 O ..11111 1 4
5 : 17] 63 .111111 O .111111 1..... 5
6 : 15] 47 .1.1111 O .1.1111 R .
7 10] 23 ..1.111 1 111 1 0
8 : [ 16] 56 .11.111 1 11.111. 1...... 6
9 : [ 11] 27 ..11.11 2 e 1. 1
10 = [ 5] 11 ...1.11 2 L1011, 1...... 6
11+ [ 14] 43 .1.1.11 2 B s I 1 0
12 ¢ [ 6] 13 ...11.1 O ..o.1101 R AN 5
13 ¢ [ 12] 29 ..111.1 O ..11101 S
14 . [ 8] 19 ..1..11 3 I P | R
15 ¢ [ 4] 9 ...1..1 0 ...1.001 B
16 ¢ [ 9] 21 ..1.1.1 3 .1.1..1 N N 5
17+ [ 2] 5 ...1.1 3 O e P 1 0

Figure 19.5-B: A Gray code through the length-7 binary Lyndon words found by searching through all
7-bit binary words.

The search for such a path for the next prime, n = 11, does not seem to give a result in reasonable time.
If we do not insist on a Gray code through the cyclic minima but arbitrary rotations of the Lyndon words
then more Gray codes exist. For that purpose nodes are declared adjacent if there is any cyclic rotation
of the second node’s value that differs in exactly one bit to the first node’s value. The cyclic rotations can
be recovered easily after a path is found. This is done in [FXT: graph/graph-lyndon-gray-demo.cc| whose
output is shown in figure Still, already for n = 11 we do not get a result. As the corresponding
graph has 186 nodes and 1954 edges, this is not a surprise.

Now we try edge sorting, we sort the edges according to the comparison function [FXT: graph/lyndon-
cmp.cc)

int lyndon_cmpO(const ulong &a, const ulong &b)

int bc = bit_count_cmp(a, b);
if ( bc ) return -bc; // more bits first
else

if ( a==b ) return O;
return (a>b ? +1 : -1); // bigger numbers last
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}
where bit_count_cmp() is defined in [FXT: bits/bitcount.h|:

static inline int bit_count_cmp(const ulong &a, const ulong &b)

{
ulong ca = bit_count(a);
ulong cb = bit_count(b);
return ( ca==cb 7 0 : (ca>cb 7 +1 : -1) );
}
k : [ node] 1lyn_dec lyn_bin #rot rot (lyn) diff delta
0 : 0] 1 1 0 ..., 1 1 0
1: 1] 3 . 11 0 ... ... 11 .o 1. 1
2 3 T i 111 0 ... 111 ... 1 2
3 : 7 15 ... ..., 1111 0 ..., 1111 oL 1 3
4 : 15 31 ..., 11111 0 ........ 0 1 4
5 : 31 63 ....... 111111 0 ....... 111111 ..., 1..... 5
6 : 63 127 ...... 1111111 0 ...... 1111111 ... ... 1...... 6
T : 125] 256 ..... 11111111 0 ..... 11111111 ..., 1....... 7
8 : 239] 511 ....111111111 O Lol111111111 B 8
9 : [ 417] 1023 ...1111111111 O Loo1111111111 F R R 9
10 : [ 589] 2047 ..11111111111 O CJ11111111111 B 10
11 [ 629] 4095 .111111111111 O 111111111111 F 11
12 618; 3071 .1.1111111111 O J1.1111111111 B 10
13 ¢ [ 514] 1635 ..1.111111111 1 D e A e e e 1 0
14 : [ 624] 3583 .11.111111111 1 11.111111111. 1., 12
15 : [ 550] 1791 ..11.11111111 2 e e s s s 1. 1
16 : [ 626] 3839 .111.11111111 2 111111111110 oL 1 0
17 [ 567] 1919 ..111.1111111 3 111111111010 oL, 1.. 2
18 : [ 627] 3967 .1111.1111111 3 11111114111 oo 1. 1
19 ¢ [ 576] 1983 ..1111.111111 4 11.1114111. .11 oL 1... 3
20 : [ 628] 4031 .11111.111111 4 11. 111111111 Lo, 1.. 2
21 : [ 581] 2015 ..11111.11111 5 1111111, .11 L., 1.... 4
22 [ 404] 991 ...1111.11111 5 111111111 oL, 1.. 2
23 @ [ 614] 3039 .1.1111.11111 5 11.11111.10.11 oL 1... 3
24 [ 508] 1519 ..1.1111.1111 6 11.1111..1.11 ... ... 1..... 5
25 : [ 584] 2031 ..111111.1111 6 11,1111, 1111 ..., 1.. 2
[--snip--]
615 : [ 4] 9 ... 1.1 5 ..o, Toiioii.n. 10
616 : [ 36] 73 ... 1..1..1 2 B O e 1 2
617 32] 65 ...... 1..... 1 2 R 1.. ..., 1..... 5
618 : 33] 67 ...... 1....11 2 FO O e 5t 1 3
619 : [ 153] 323 ....1.1....11 2 1010011 B 10
620 : [ 65] 133 ..... 1....1.1 8 PR R A 1.. oL, 1 3
621 : [ 154] 325 ....1.1...1.1 2 FS e A A s 1.... 4
622 : 79] 161 ..... 1.1....1 10 P AR 1.1.. P 8
623 : 16; 3 ....... 1....1 10 J 1., ..., 1.... 4
624 : [ 126] 265 ....i....1..1 2 ... oo 1..... 5
625 : [ 145] 305 ....1..11...1 10 e e 1 1
626 [ 130] 273 ....1...1...1 10 e e 1.. 2
627 : [ 188] 401 ....11..1...1 10 1....11..1. ..., 1... 4
628 71] 145 ..... 1..1...1 10 1..... 1..1. ..., 1..... 5
629 : [ 8] 17 ..., 1...1 10 1........ 1. ..., 1.. 4

Figure 19.5-C: Begin and end of a Gray cycle through the 13-bit binary Lyndon words.

We find a Gray code (which also is a cycle) for n = 11 immediately. Same for n = 13, again a cycle. The
graph for n = 13 has 630 nodes and 8,056 edges, so finding a path is quite unexpected. The cycle found
starts and ends as shown in figure

For next candidate (n = 17) we do no find a Gray code within many hours of search. No surprise for a
graph with 7,710 nodes and 130,828 edges.

We try another edge sorting scheme, an ordering based on the binary Gray code [FXT: graph/lyndon-
cmp.ccl:
int lyndon_cmp2(const ulong &a, const ulong &b)

if ( a==b ) return 0;

#define CODE(x) gray_code(x)
ulong ta = CODE(a), tb = CODE(b);
return ( ta<tb ? +1 : -1);
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There we go, we find a cycle for n = 17 and all smaller primes. All are cycles and all paths are lucky
paths. The following edge sorting scheme also leads to Gray codes for all prime n where 3 <n < 17:

int lyndon_cmp3(const ulong &a, const ulong &b)

if ( a==b ) return 0;

#define CODE(x) inverse_gray_code(x)
ulong ta = CODE(a), tb = CODE(Db);
return ( ta<tb ? +1 : -1);

Same for n = 19, the graph has 27,594 nodes and 523,978 edges. Indeed the sorting scheme leads to
cycles for all odd n < 27!. All these paths are lucky paths, a fact that we can exploit for an optimized
search.

19.5.2 An optimized algorithm

n | number of nodes | tag-size time n | number of nodes | tag-size time
23 364,722 | 0.25 MB | 1 sec 35 981,706,830 1 GB 1h
25 1,342,182 1 MB | 3sec 37 3,714,566,310 4 GB 7h
27 4,971,066 4 MB | 12 sec 39 14,096,303,342 | 16 GB 2d
29 18,512,790 16 MB 1 min 41 53,634,713,550 | 64 GB 10d
31 69,273,666 64 MB | 4 min 43 | 204,560,302,842 | 256 GB | >40d
33 260,301,174 | 256 MB | 16 min 45 | 781,874,934,568 1TB | >160d

Figure 19.5-D: Memory and (approximate) time needed for computing Gray codes with n-bit Lyndon
words. The number of nodes equals the number of length-n necklaces minus two. The size of the tag
array equals 2™ /4 bits or 2" /32 bytes.

With edge sorting functions that lead to a lucky path we can discard most of the data used with graph
searching. We only need to keep track of whether a node has been visited so far. A tag-array ([FXT:

ds/bitarray.h], see section on page [152)) suffices.

With n-bit Lyndon words the amount of tag-bits needed is 2. Find an implementation of the algorithm
as [FXT: class lyndon_gray in jgraph/lyndon-gray.h|.

If only the cyclical minima of the values are tagged then only 2" /2 bits are needed if the access to the
single necklace consisting of all ones is treated separately. This variant of the algorithm is activated by
uncommenting the line #define ALT_ALGORITM. Noting that the lowest bit in a necklace is always one
we need only 2" /4 bits: simply shift the words right by one before testing or writing to the tag array.
This can be achieved by additionally uncommenting the line #define ALTALT in the file.

When a node is visited the algorithm creates a table of neighbors and selects the minimum among the
free nodes with respect to the edge sorting function used. The table of neighbors is discarded then in
order to minimize memory usage.

When no neighbor is found the number of nodes visited so far is returned. If this number equals the
number of n-bit Lyndon words a lucky path was found. With composite n a Gray code for n-bit necklaces
with the exception of the all-ones and the all-zeros word will be searched.

Four flavors of the algorithm have been found so far, corresponding to edge sorting with the 3rd, 5th,
21th, and 29th power of the Gray code. We refer to these functions as comparison functions 0, 1, 2, and
3, respectively. All of these lead to cycles for all primes n < 31. The resources needed with larger values

of n are shown in figure

Using a 64-bit machine equipped with more than 4 Gigabyte of RAM it can be verified that three of
the edge sorting functions lead to a Gray cycles also for n = 37, the 3rd power version fails. One of the
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19.5: Gray codes for Lyndon words 371

sorting functions may lead to a Gray code for n = 41.

% ./bin 7 2 0 # 7 bits, full output, comparison function O
n=7 #lyn = 18

1: ..., 1 0O ...... 1 ... 1 0
2: B P 0o ...1..1 | 3
3: L1011 3 ..11..1 R 4
4: ..1.111 3 .111..1 I 5
5: L1.1111 2 J1111.1 R | 2
6: .1.1.11 2 .1.11.1 N 4
T: 11,111 5 11.11.1 1...... 6
8: 111111 2 11111.1 1.0, 4
9: 11111 2 11111, ... 1 0
10: 11101 2 111.1.. ... 3
11: ..1.1.1 2 1.1.1.. JO 5
12: ...101 2 ..1.1.. 1...... 6
13: L1011 1 ..1.11. ..., 1 1
14: L1111 1 .11.11. . 5
15: L1101 2 J11.1.. ... 1 1
16: L1111 2 1111, T 3
17: L1111 2 ..111.. I AP 5
18: ... 11 2 ...11.. 1.0, 4
last = ..... 11 crc=0b14a5846c41d57f
n=797 #lyn = 18 #= 18

Figure 19.5-E: A Gray code for 7-bit Lyndon words.

A program to compute the Gray codes is [FXT: |graph/lyndon-gray-demo.cc|, four arguments can be
given:

arg 1: 13 == n [ a prime < BITS_PER_LONG ] default=17

arg 2: 1 == wh [printing: O==>none, 1==>delta seq., 2==>full output] default=1

arg 3: 3 == ncmp [use comparison function (0,1,2,3)] default=2

arg 4: 0 == testall [special: test all odd values <= value] default=0

An example with full output is given in figure [19.5-El A 64-bit CRC (see section on page is
computed from the delta sequence (rightmost column) and printed with the last word.

% ./bin 13 1 2 # 13 bits, delta seq. output, comparison function 2

n =13 #lyn = 630
06B57458354645962546436734A74684A106C0145120825747A745247AC8564567018A7654647484A756A546457CA1ACBC1C
856BA9A64B97456548645659645219425215315BC82BC75BA02926256354267A462475A3ACB9761560C37412583758CA5624
B8C6A6C6A87TA9C20CBA4534042014540523129075697651563160204230A7BA31C1485C6105201510490BCA891BA9B1BIACO
A9A89B89I8AE65B8785745865747845A9546702305A41275315458767465747A8457845470379A8586B0A7698578767976759
A976567686A567656A576B86581305A20ABOACBOAB53523438235465325247563A432532A372354657643572373624634642
4532397423435235653236423263235234327532342325396926853234232582642436823632346362358423242383242327
523242325323432642324235323423

last = ........... 11 crc=568dab04b55aa2fb

n =13 #lyn = 630 #= 630

% ./bin 13 1 3 # 13 bits, delta seq. output, comparison function 3

n = 13 #lyn = 630
06B57458354645962546436735371CA8B1587BA7610635285A0C2484B9713476B689A897AC98768968B9A106326016261050
1424B8979A78987B97898C98921941315313698314281687BCB9469C489C6210205B050A1A7A4568A9BC5CB79AB647B74812
0AB30BC1A131ACB120B0164CA1CABA121ABACA2BOBACAB1845786784989584867646A8456191654694745787545865490137
40201031012104270171216507457B854606C16BC523801365164130164BC7987A09872CBA9A87A20B787AC9B7CBA834C0C1
3C341C1042010C14C01C414587854645A854C95035A6A9570A9756586B9B5969580A0872C3123B0CB316BC6COB21B2C0OC2C0
5301C0530CB1C1530C01CBOBC20CBCOCB1C87565756865A75A65A40898A898B91CA898A8B898A81BCSA9ACA989AB817A9BC1
BA9ABA9CA9AB918A1CACBAC9BCBOBC
last = ........... 11 crc=745def277b1fbed0
n =13 #lyn = 630 #= 630

Figure 19.5-F: Delta sequences for two different Gray codes for 13-bit Lyndon words.

For larger n one might want to print only the delta sequence, this is shown in figure The CRC
allows us to conveniently determine whether two delta sequences are different. Different sequences some-
times start identically.

For still larger values of n even the delta sequence tends to get huge (for example, with n = 37 the
sequence would be approximately 3.7 GB). One can suppress all output except for a progress indication,
as shown in figure Here the CRC checksum is updated only with every (cyclically unadjusted)
216_th Lyndon word.

Sometimes a Gray code through the necklaces (except for the all-zeros and all-ones words) is also found
for composite n. Comparison functions 0, 1, and 2 lead to Gray codes (which are cycles) for all odd
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% ./bin 29 0 0 # 29 bits, output=progress, comparison function 0
n =29 #lyn = 18512790

................ 1048576 ( 5.66406 % ) crc=ceabc5f2056be699
................ 2097152 ( 11.3281 % ) crc=76dd94f1a554b50d
................ 3145728 ( 16.9922 % ) crc=6b39957f1e141f4d
................ 4194304 ( 22.6563 % ) crc=53419af1f1185dc0
................ 5242880 ( 28.3203 % ) crc=45d45b193f8eeb66
................ 6291456 ( 33.9844 %, ) crc=95a24c824f56e196
................ 7340032 ( 39.6484 % ) crc=003ee5af5b248e34
................ 8388608 ( 45.3125 % ) crc=23cb74d3ea0c4587
................ 9437184 ( 50.9766 % ) crc=896£d04c87dd0d43
................ 10485760 ( 56.6406 % ) crc=b00d8c899f0fc791
................ 11534336 ( 62.3047 % ) crc=d148f1b95b23eeab
................ 12582912 ( 67.9688 % ) crc=82971e2ed4863050
................ 13631488 ( 73.6328 % ) crc=f249ad5b4fed252d
................ 14680064 ( 79.2969 % ) crc=909821d0c7246a98
................ 15728640 ( 84.9609 % ) crc=1c5d68e38e55b3ca
................ 16777216 ( 90.625 % ) crc=0e64£f82c67c79cf1
................ 17825792 ( 96.2891 % ) crc=62c17b9£f3c644396

last = . e crc=5736£c9365da927e

Figure 19.5-G: Computation of a Gray code through the 29-bit Lyndon words. Most output is sup-
pressed, only the CRC is printed at certain checkpoints.

n < 33. Gray cycles are also found with comparison function 3, except for n = 21, 27, and 33. All
functions give Gray cycles also for n = 4 and n = 6. The values of n for which no Gray code could be
found are the even values > 8.

19.5.3 No Gray codes for even n > 8

As the parity of the words in a Gray code sequence alternates between one and zero the difference between
the numbers words of odd and even weight must be zero or one. If it is ones, no Gray cycle can exist
because the parity of the first and last word is identical. We use the relations from section [I7.3] on

page 344}
For Lyndon words of odd length there are the same number of words for odd and even weight by symmetry,
see figure [17.3-B| on page So a Gray code (and also a Gray cycle) can exist.

For even lengths the sequence of numbers of Lyndon words of odd and even weights start as:

n: 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26,
odd: 1, 2, 5, 16, 51, 170, 585, 2048, 7280, 26214, 95325, 349520, 1290555,
even: o, 1, 4, 14, 48, 165, 576, 2032, 72562, 26163, 95232, 349350, 1290240,
diff: 1,1, 1, 2, 3, 5, 9, 16, 28, 51, 93, 170, 315,

The last row gives the differences, entry A000048 of [214]. All entries for n > 8 are greater than one, so
no Gray code does exist.

For the number of necklaces we obtain, for n = 2,4,6,...
n: 2, 4, 6 8, 10, 12, 14, 16, 18, 20, 22, 24, 26,

odd: 1, 2, 6z 16, 52, 172, 586, 2048, 7286, 26216, 95326, 349536, 1290556,
even: 2, 4, 8, 20, 56, 180, 596, 2068, 7316, 26272, 95420, 349716, 1290872,
diff: 1, 2, 2, 4, 4, 8, 10, 20, 30, 56, 94, 180, 316,

The (absolute) difference of both sequences is entry |[A000013 of [214]. We see that for n > 4 the numbers
are greater than one, so no Gray code exists.

If we exclude the all-ones and all-zeros words, then the differences are

n: 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26,
diff: i, 0, 0, 2, 2, 6, 8, 18, 28, 54, 92, 178, 314,

And again, no Gray code exists for n > 8. That is, we have found Gray codes, and even cycles, for all
computational feasible sizes were they can exist.
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Chapter 20

The Fourier transform

We introduce the discrete Fourier transform and give algorithms for its fast computation. Implementa-
tions and optimization considerations for complex and real valued transforms are given. The fast Fourier
transforms (FFTs) are the basis of the algorithms for fast convolution (given in chapter which are
in turn the core of the fast high precision multiplication routines described in chapter The number
theoretic Fourier transforms (NTTs) are treated in chapter Algorithms for Fourier transforms based
on fast convolution are given in chapter the transform for arbitrary length (Bluestein’s algorithm) in
section and prime-length transforms (Rader’s algorithm) in section m

20.1 The discrete Fourier transform

The discrete Fourier transform (DFT or simply FT) of a complex sequence a = [ag,a1,...,a,—1] of
length n is the complex sequence ¢ = [cg, ¢1, . .., cp—1] defined by
¢c = Fla] (20.1-1a)
1 n—1
cp = 7n Zaw T8 where z=e27M (20.1-1Db)
z=0

2z is a primitive n-th root of unity: 2” = 1 and 27 # 1 for 0 < j < n.

Back-transform (or inverse discrete Fourier transform, IDFT or simply IFT) is then

a = Fl'c] (20.1-2a)
S —xk
@ = = ;)Ck z (20.1-2b)
To see this, consider element gy of the IFT of the FT of a:
] I U o U U = PR
a] }y - 7 kZ:O NG ;::0(%2 )z (20.1-3a)

% Zaw Z (2= Yk (20.1-3b)
T k

Now >, (2*7%)* = n for z = y and zero else. This is because z is an n-th primitive root of unity: with
x = y the sum consists of n times 2" = 1, with # # y the summands lie on the unit circle (on the vertices
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of an equilateral polygon with center zero) and add up to zero. Therefore the whole expression is equal
to

1 _ _J 1 (@=y)
En ;awéay = a, where 0, = { 0 (z4y) (20.1-4a)

Here we will call the FT with the plus in the exponent the forward transform. The choice is actually
arbitrary, engineers seem to prefer the minus for the forward transform, mathematicians the plus. The
sign in the exponent is called the sign of the transform.

The FT is a linear transform. That is, for a, 3 € C
Flaa+pb] = aFla]+BF[b] (20.1-5)

Further Parseval’s equation holds, the sum of squares of the absolute values is identical for a sequence
and its Fourier transform:

n—1 n—1
dlaz? = ) el (20.1-6)
=0 k=0

A straightforward implementation of the discrete Fourier transform, that is, the computation of n sums
each of length n, requires ~ n? operations.

void slow_ft(Complex *f, long n, int is)

{
Complex h[n];
const double phO = is*2.0%M_PI/n;
for (long w=0; w<n; ++w)
Complex t = 0.0;
for (long k=0; k<n; ++k)
t += f[k] * SinCos(phO*xk*w) ;
}
hiw] = t;
}
copy(h, £, n);
}

This is [FXT: slow_ft() in fft/slowft.cc|. The variable is= +1 is the sign of the transform, the func-
tion SinCos(x) returns a Complex(cos(x), sin(x)).

Note that the normalization factor ﬁ in front of the FT sums has been left out. The inverse of the

transform with one sign is the transform with the opposite sign followed by a multiplication of each
element by % One has to keep in mind if that the sum of squares of the original sequence and its
transform are equal up to a factor 1/y/n.

A fast Fourier transform (FFT) algorithm is an algorithm that improves the operation count to propor-
tional n Z?zl(pk — 1), where n = p1p2 - pm is a factorization of n. In case of a power n = p™ the
value computes to n (p — 1) log,(n). In the special case p = 2 even n/2 logy(n) (complex) multiplications
suffice. There are several different FFT algorithms with many variants.

20.2 Summary of definitions of Fourier transforms *

We summarize the definitions of the continuous, semi-continuous and the discrete Fourier transform.
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The continuous Fourier transform

The (continuous) Fourier transform (FT) of a function f: C" — C", &+ f(Z) is defined by
F(@) — [ p@eriEa (20.2:1)
&) = — Z)e x .2-
(\/2 77) cn

where 0 = *£1 is the sign of the transform. The FT is a unitary transform. Its inverse is the complex
conjugate transform

f(@ = (\/%T)TL[CWF(LJ)e”de"w (20.2-2)

For the 1-dimensional case one has

YetoiTedy (20.2-3)

+oo
v B[
1 e —cglTw
flx) = ﬁ/_w F(w)e dw (20.2-4)

The ‘frequency-form’ is

+o0o

Fv) = /_ flx)et2moizvdy (20.2-5)
+oo

fl@) = /_ F(v)e 2m7i=vqy (20.2-6)

The semi-continuous Fourier transform

For periodic functions defined on a interval L € R, f : L — R, x — f(x) one defines the semi-continuous
Fourier transform as:

1 +o2wikx/L
C = — r)eTIETRE Ly 20.2-7

The inverse transform is an infinite sum with the property

k=+4oc0 . .
1 —o2mika/L f(z) if f continuous at x
- o2mwikx — 20.2-
NG k;oo €k € Hat)ia=0) g (20.2-8)

An equivalent form of the semi-continuous Fourier transform is given by

2ﬂkz

ay = flx dz, k=0,1,2,... (20.2-9a)
7
2wkx
b = si dz, kE=1,2,... 20.2-9b
= / fla (20.2-9b)
1 2rkx
) = — a cos + by sin 20.2-9c¢
@ = 7 |52 (e p sin 27 )] (202:90)
The connection between the two forms is given by:
2 (k= 0)
k= %(ak —ibg) (k>0) (20.2-10)
5(ar +iby) (k<0)

[fxtbook draft of 2008-January-19]



378 Chapter 20: The Fourier transform
The discrete Fourier transform

The discrete Fourier transform (DFT) of a sequence f of length n with elements f, is defined by

1 n—1 )
e +o2mizk/n
o = = ;foe (20.2-11)

The inverse transform is

Bl

1 = oc2mixk

= - k/m 20.2-12

fa 5 > cre (20.2-12)
k=0

Some sources define ¢ := > ... and f, = % ... With this definition the transform does not preserve

norms but there is a computational saving when the normalization does not matter. When a transform

and its inverse are applied in succession (as with convolution algorithms) then only one normalization

(factors 1) is needed instead of two (factors ﬁ) In the implementations of the transform we will in

(]

general omit the normalization altogether and leave it to the user to apply it where needed.

20.3 Radix-2 FFT algorithms

A little bit of notation

In what follows let a be a length-n sequence with n a power of two.

e Let a(¢¥*™ and () denote the length-n /2 subsequences of those elements of a that have even and

odd indices, respectively. That is, a(®**™ = [ag, az, a4, as, - . ., an_o] and a'®® = [a1, a3, ..., a,_1].
o Let al® and a("9") denote the left and right subsequences, respectively. That is, a(tef*) =
[ag, a1, ..., anj2—1] and a9 = [a, 5,0, 241, ., Gn1].

e Let ¢ = S*a denote the sequence with elements ¢, = a, e”2™*#%/ where o = +1 is the sign of the
transform. The symbol S shall suggest a shift operator. With radix-2 FFT algorithms only S'/2 is
needed.

e In relations between sequences we sometimes emphasize the length of the sequences on both sides

(even) /2 p(odd) 1 clodd)

asina In these relations the operators plus and minus are to be understood

as element-wise.

20.3.1 Decimation in time (DIT) FFT

The following observation is the key to the (radix-2) decimation in time (DIT) FFT algorithm, also called
Cooley-Tukey FFT algorithm: For even values of n the k-th element of the Fourier transform is

n—1 n/2—1 n/2—1
Fla], = Y a2 = Y a2, 22"+ ) agps 2C7TIE (20.3-1a)
=0 x=0 =0
n/2—1 n/2—1
= Y a4 Y ag, 2 (20.3-1b)
=0 =0

where z = ¢?*27/" g = 41 is the sign of the transform, and k € {0,1,...,n — 1}.

The identity tells us how to compute the k-th element of the length-n Fourier transform from the length-
n/2 Fourier transforms of the even and odd indexed subsequences.
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To actually rewrite the length-n FT in terms of length-n/2 FTs one has to distinguish whether
0<k<n/2orn/2<k<n. In the expressions we rewrite k& € {0,1,2,....n —1} as k = j+ 05
where 7 € {0,1,2,...,n/2 — 1} and § € {0,1}:

. n/2—1 n/2—1
Z a, 27008 — Z aleven) 2o (40 8) | Li+0 % Z aledd) 2 (746 ) (20.3-2a)
=0 =0 v=0
n/2-1 n/2—1
Z a:(zeven) Z?mj + Zj Z ag(codd) ZQIj for =0
_ z=0 2=0 (20.3-2b)
n/2—1 n/2—1
Z aéeven) Zij _ Zj Z af(bodd) 221j for =1
=0 =0

The minus sign in the relation for § = 1 is due to the fact that z7+17/2 = 27 ;n/2 = _4J,
Observing that 22 is just the root of unity that appears in a length-n/2 transform one can rewrite the

last two equations to obtain the radiz-2 DIT FFT step:

]__[a](left) n/2 Flalevem ] 4 SY2F[ glodd) ] (20.3-3a)
]__[a](right) n/2 ]_—[a(even)] _31/2]:[a(odd)] (20.3-3b)

The length-n transform has been replaced by two transforms of length n/2. If n is a power of 2 this
scheme can be applied recursively until length-one transforms are reached which are identity (‘do nothing’)
operations.

Thereby the operation count is improved to proportional n -logy(n): there are log,(n) splitting steps, the
work in each step is proportional to n.

Note that the operator S depends on the sign of the transform.

20.3.1.1 Recursive implementation

A recursive implementation of radix-2 DIT FFT given as pseudo code (C++ version in [FXT:
fft /recfft2.cc]) is

procedure rec_fft_dit2(all, n, x[], is)
// complex a[0..n-1] input
// complex x[0..n-1] result

{
complex b[0..n/2-1], c[0..n/2-1] // workspace

complex s[0..n/2-1], t[0..n/2-1] // workspace

if n == 1 then // end of recursion
x[0] := al0]
return
}
nh := n/2
for k:=0 to nh-1 // copy to workspace
{
s[k] := a[2xk] // even indexed elements
t[k] := a[2*%k+1] // odd indexed elements

// recursion: call two half-length FFTs:
rec_fft_dit2(s[], nh, b[], is)
rec_fft_dit2(t[], nh, cll, is)

fourier_shift(c[], nh, is*1/2)

for k:=0 to nh-1 // copy back from workspace
{
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x [k]
x [k+nh]

blk] + c[k]
blk] - c[k]

}

The parameter is = o = +1 is the sign of the transform. The data length n must be a power of 2. The

result is returned in the array x[]. Note that normalization (multiplication of each element of x[1 by
1/4/n) is not included here.

The procedure uses the subroutine fourier_shift which modifies the array c[] according to the op-
eration SU: each element c[k] is multiplied by e’27 ¥/ Tt is called with v = %1 /2 for the Fourier
transform. The pseudo code (C++ equivalent in [FXT: [fft/fouriershift.cc]) is

procedure fourier_shift(c[], n, v)

{
for k:=0 to n-1

clk] := clk] * exp(v*2.0%PI*Ixk/n)
¥

The recursive FFT-procedure involves n log,(n) function calls, which can be avoided by rewriting it in a
non-recursive way. One can even do all operations in-place, no temporary workspace is needed at all. The
price is the necessity of an additional data reordering: the procedure revbin_permute(a[],n) rearranges
the array a[] in a way that each element a, is swapped with az, where Z is obtained from x by reversing
its binary digits. Methods to do this are discussed in section [2:1}

20.3.1.2 Iterative implementation
Pseudo code for a non-recursive procedure of the radix-2 DIT algorithm (C++ implementation given in
[FXT: fit/fftdit2.cc]):

procedure fft_depth_first_dit2(a[], ldn, is)
// complex al[0..2%*1dn-1] input, result

{
n := 2*%xldn // length of a[] is a power of 2
revbin_permute(al[]l, n)
for 1dm:=1 to 1ldn // log_2(n) iterations
{
m = 2%*1dm
mh := m/2
for r:=0 to n-m step m // n/m iterations
{
for j:=0 to mh-1 // m/2 iterations
{
e := exp(is*2xPIxIxj/m) // log_2(n)*n/m*m/2 = log_2(n)*n/2 computations
u := alr+j]
v := al[r+j+mh] * e
alr+jl =u+v
alr+j+mh] :=u - v
}
}
}
}
This version of a non-recursive FFT procedure already avoids the calling overhead and it works in-place.
But it is a bit wasteful. The (expensive) computation e := exp(is*2*PI*Ix*j/m) is done n/2-log,(n)
times.

20.3.1.3 Saving trigonometric computations

To reduce the number of sine and cosine computations, one can simply swap the two inner loops, leading
to the first ‘real world” FFT procedure presented here. Pseudo code for a non-recursive procedure of the
radix-2 DIT algorithm (C++ version in [FXT: fft/fftdit2.cc]):
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procedure fft_dit2(al[l, ldn, is)
// complex al[0..2%*1dn-1] input, result
{

n := 2%xldn
revbin_permute(al[]l, n)
for ldm:=1 to ldn // log_2(n) iterations

{
m = 2%*x1dm
mh := m/2
for j:=0 to mh-1 // m/2 iterations
{
e := exp(is*x24PIxI*j/m) // 1 + 2 + ... + n/8 + n/4 + n/2 == n-1 computations
for r:=0 to n-m step m
{
u := alr+j]
v := al[r+j+mh] * e
alr+j] =u+v
alr+j+mh] :=u - v
}
}

}

Swapping the two inner loops reduces the number of trigonometric computations to n but leads to a
feature that many FFT implementations share: memory access is highly nonlocal. For each recursion
stage (value of 1dm) the array is traversed mh times with n/m accesses in strideﬂ of mh. As mh is a power
of two this can (on computers that use memory cache) have a very negative performance impact for large
values of n. On computers where the memory access is very slow compared to the CPU the naive version
can actually be faster.

It is a good idea to extract the 1dm==1 stage of the outermost loop, this avoids complex multiplications

with the trivial factors 1 4+ 04 (and the computations of these quantities as trigonometric functions).
Replace

%or 1ldm:=1 to ldn

by
for r:=0 to n-1 step 2

{alr], alr+11} := {alrl+alr+1], alrl-alr+1]}

Eor 1ldm:=2 to 1ldn

20.3.2 Decimation in frequency (DIF) FFT

Splitting of the Fourier sum into a left and right half leads to the decimation in frequency (DIF) FFT
algorithm, also called Sande-Tukey FFT algorithm. For even values of n the k-th element of the Fourier
transform is

n—1 n/2—1 n1
]:[a]k = E:aggzg”C = Z az 2°F + Z ag 2°F (20.3-4a)
x=0 x=0 x:n/2
n/2-1 n/2-1
= > a2 D agpnp Ak (20.3-4b)
=0 =0
n/2—1
— Z (a(mleft) + an/2 agcright)) Za:k (20.3—4C)
=0

IStride-n memory access: consecutive accesses to addresses that are n units apart.
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where z = €7727/" 5 = 41 is the sign of the transform, and k € {0,1,...,n—1}.

Here one has to distinguish whether k is even or odd. Therefore we rewrite k& € {0,1,2,...,n — 1} as
k=2j+ 6 where j € {0,1,2,...,n/2 — 1} and § € {0,1}:

n—1 n/2—1
Z ay 2% 23+ — Z (aézeft) + (2548 n/2 agzright)) 4T (25+9) (20.3-5a)
=0 =0

n/2—1

Z (agaleft) + agright)) Z2mj for §=0

7{72:81 (20.3-5b)

Z Zz(a;left) _ agm'ght)) Z2zj for §=1

=0

2(2540)n/2 — o710 ig equal to plus or minus one for § = 0 or § = 1 corresponding to k even or odd. The

last two equations are, more compactly written, the key to the radiz-2 DIF FFT step:

F a}(even) n/2 Flalelt) 4 g(righ) ] (20.3-6a)
f[a](odd) n/2 FISY? (a(left) _ a(right))] (20.3-6b)

A recursive implementation of radix-2 DIF FFT given as pseudo code (C++ version given in [FXT:
fft /rectft2.cc]) is

procedure rec_fft_dif2(all, n, x[], is)
// complex al[0..n-1] input
// complex x[0..n-1] result

{
complex b[0..n/2-1], c[0..n/2-1] // workspace
complex s[0..n/2-1], t[0..n/2-1] // workspace
%f n == 1 then
x[0] := al0]
return
}
nh := n/2
for k:=0 to nh-1
s[k] := alk] // ’left’ elements
t[k] := alk+nh] // ’right’ elements
}
for k:=0 to nh-1
) {slk], t[k]} := {(slk]l+t[k]), (s[k]l-t[k])}
fourier_shift(t[], nh, is*0.5)
rec_fft_dif2(s[], nh, b[], is)
rec_fft_dif2(t[], nh, c[], is)
j =0
for k:=0 to nh-1
x[j1  := blk]
x[j+1] := cl[k]
j 1= j+2
}

The parameter is = 0 = +1 is the sign of the transform. The data length n must be a power of 2. The
result is returned in the array x[]. Again, the routine does no normalization.

Pseudo code for a non-recursive procedure (a C++ implementation is given in [FXT: fft/fitdif2.cc|):

procedure fft_dif2(al]l,ldn,is)
// complex a[0..2%*1dn-1] input, result
{

[fxtbook draft of 2008-January-19]


file:@FXTDIR@/src/fft/recfft2.cc
file:@FXTDIR@/src/fft/fftdif2.cc

20.4: Saving trigonometric computations 383

n := 2%xldn
for ldm:=ldn to 1 step -1
{

m = 2xx1dm

mh := m/2

for j:=0 to mh-1

{

e := exp(is*2*PI*I*j/m)
for r:=0 to n—m step m

{
u := alr+j]
v := a[r+j+mh]
alr+j] = (u + v)
alr+j+mh] := (u - v) *x e
}

}
}

revbin_permute(al[]l, n)

}

In DIF FFTs the revbin_permute ()-procedure is called after the main loop, in the DIT code it was
called before the main loop. As in the procedure for the DIT FFT (section [20.3.1.3| on page [380) the
inner loops where swapped to save trigonometric computations.

Extracting the 1dm==1 stage of the outermost loop is again a good idea. Replace the line
for 1ldm:=ldn to 1 step -1

by
for 1dm:=1ldn to 2 step -1

and insert
for r:=0 to n-1 step 2

{alr], alr+1]1} := {alr]+alr+1], alr]l-alr+1]1}

before the call of revbin_permute(al[], n).

20.4 Saving trigonometric computations

The sine and cosine computations are an expensive part of any FFT. There are two apparent ways for
saving the involved CPU cycles, the use of lookup-tables and recursive methods. The CORDIC algorithms
for sine and cosine given in section [33.2.Ton page[630] can be useful when implementing FFTs in hardware.

20.4.1 Using lookup tables

The idea is to precompute all necessary values, store them in an array, and later looking up the values
needed. This is a good idea if one wants to compute many FFTs of the same (small) length. For FFTs
of large sequences one gets large lookup tables that can introduce a high cache-miss rate. Thereby one
is likely experiencing little or no speed gain, even a notable slowdown is possible. However, for a length-
n FFT one does not need to store all the (n complex or 2n real) sine/cosine values exp(27ik/n) =
cos(2mk/n) + i sin(27wk/n) where k = 0,1,2,3,...,n — 1. For the lookups one can use the symmetry
relations

cos(m+x) = —cos(x) (20.4-1a)
sin(m +z) = —sin(z) (20.4-1Db)
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To reduce the interval from 0...27 to 0...7w. Exploiting the relations

cos(m/2 + x)
sin(m/2 4 x)

— sin(x) (20.4-2a)
+ cos(x) (20.4-2b)

further reduces the interval to 0...7/2. Finally, the relation
sin(z) = cos(n/2 —x) (20.4-3)

shows that only the table of cosines is needed. That is, already a table of the n/4 real values cos(2 i k/n)
for k=0,1,2,3,...,n/4—1 suffices for a length-n FFT computation. The size of the table is thereby cut
by a factor of 8. Possible cache problems can sometimes be mitigated by simply storing the trigonometric
values in reversed order which can avoid many equidistant memory accesses.

20.4.2 Recursive generation

In FFT computations one typically needs the values

[exp(ip0) =1, exp(ie7y), exp(i¢2y), exp(ip3y), ...] where peR

in sequence. The naive idea for a recursive computation of these values is to precompute d = exp(i ¢ )
and then compute the following value using the identity exp (i ¢ k) = d-exp (i ¢ (k — 1) ). This method,
however, is of no practical value because the numerical error grows exponentially in the process.

A stable version of a trigonometric recursion for the computation of the sequence can be stated as follows.
Precompute

c = cosy, (20.4-4a)
s = sing, (20.4-4Db)
a = 1—cosy [Cancellation!] (20.4-4c)
2 (sin2)” (oK 20.4-4d

- (sm 5) [OK ] (20.4-4d)

8 = siny (20.4-4e)

Then compute the next pair (cy,sy) from the previous one (¢, s) via

cy = c—(ac+Bs); (20.4-5a)
sy = s—(as—Lfc); (20.4-5b)

The underlying idea is to use the relation E(p +v) = E(p) — E(p) - z where E(z) := exp(2mix). This
leads to z =1 —cosy — ¢ siny = 2 (sin%)2 — i sin~.

Do not expect to get all the precision you would get with calls of the sine and cosine functions, but even
for very long FFTs less than 3 bits of precision are lost. When working with (C-type) doubles it might
be a good idea to use the type long double with the trigonometric recursion: the generated values will
then always be accurate within the double-precision, provided long doubles are actually more precise
than doubles. With high precision multiplication routines (that is, with exact integer convolution) this
can be mandatory.

A real-world example from [FXT: fht_dif_core() in fht/fhtdif.cc:

[--snip--]
double tt = M_PI_4/kh; // the angle increment
double s1 = 0.0, cl =1.0; // start at angle zero

double al = sin(0.5%tt);
al *= (2.0%*al);
double be = sin(tt);
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for (ulong i=1; i<kh; i++)

double t1 = ci;
cl -= (al*tl+bexsl);
s1 -= (al*sl-bex*tl);

// here cl = cos(tt*i) and sl = sin(tt*i)
[--snip--]

The variable tt equals 7 in relations [20.4-4d| and [20.4-4€| on the facing page.

20.5 Higher radix FFT algorithms

Higher radix FFT algorithms save trigonometric computations. The radix-4 FFT algorithms presented
in what follows replace all multiplications with complex factors (0, £4) by the obvious simpler operations.
Radix-8 algorithms also simplify the special cases where the sines and cosines equal +/1/2.

Further the bookkeeping overhead is reduced due to the more unrolled structure. Moreover, the number
of loads and stores is reduced.

More notation

Let a be a length-n sequence where n is a multiple of m.

e Let a("%™) denote the subsequence of the elements with index z where 2 = r mod m. For example,
al0%2) = g(even) and aB%Y) = [a3, a7, a1y, a15, . . .]. The length of a™%™) is n/m.

e Let a("/™) denote the subsequence of elements with indices Z2 . .. % —1. For example a\1/?) =

am9") and a(?/3) is the last third of a. The length of a("/™) is also n/m.

20.5.1 Decimation in time algorithms

First rewrite the radix-2 DIT step (relations [20.3-3a] and [20.3-3b| on page [379) in the new notation:

]—'[a](o/2) n/2 80/2]_-[(1(0%2)] + 81/2]:[a(1%2)] (20.5-1a)
Fla]? "L SORF[a0%2)] - §12F [ q1%2)] (20.5-1b)
The operator S is defined on section on page note that $%2 = SY is the identity operator.

The derivation of the radix-4 step is analogous to the radix-2 step, it just involves more writing and does
not give additional insights. So we just state the radiz-4 DIT FFT step which can be applied when n is
divisible by 4:

]_-[a](o/4) n/4 +SO/4}“[a(O%4)] + 51/4];[a (1%4) ] Jr52/4],_—[a(2% } + 83/4]—"[a 3%4) K2O 5-2a)
]-"[a](l/4) ”44 +SO/4.7-"[a(O% )] + 1081/4.7-'[a (1%4) ] 82/4.7-'[a(2% } 83/4,7-"[a 3%4) 120 5. 2b)
f[a](2/4) né4 +So/4]_-[a(o%4)] 81/4.7-'[a 1%4)] 82/4.7:[a(2%4)} 53/4]_-[ (3%4)] 20.5—2c)
.7-'[(1](3/4) né‘l +SO/4]:[a(O%4)] . @'081/4]—'[61(1%4)] 82/4.7:[61(2%4)} + 1083/4.7:[ (3%4) 120 5. 2d)

In contrast to the radix-2 step that happens to be identical for forward and backward transform the sign
of the transform o = 41 appears explicitly. The relations, written more compactly:

f[a](j/4) né4 +ea’2’i7‘l’0j/4 -80/4.7-'[a(0%4)] +602i7r1j/4 . 81/4.7-'[a(1%4)] (20.5_3)
+e<72i7r2j/4 -82/4]-'[61(2%4)] +602i7r3j/4 -83/4]-'[a(3%4)]
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where j € {0,1,2,3} and n is a multiple of 4. Still more compactly:

. 3
f[a](ﬂ/‘l) ’ﬂé‘i ZBUZiﬁkj/4 . Sk‘/4f‘[a(k%4)} ] c {O, 1’2,3} (205_4)
k=0

where the summation symbol denotes element-wise summation of the sequences. The dot indicates
multiplication of all elements of the sequence by the exponential.

The general radiz-r DIT FFT step, applicable when n is a multiple of r, is:

r—1
Fla]V" " N erimkilr SKIE[QW ] = 0,1,2,...,r — 1 (20.5-5)
k=0

Our notation turned out to be useful indeed.

20.5.2 Decimation in frequency algorithms

The radix-2 DIF step (relations [20.3-6a] and [20.3-6b| on page [382]), in the new notation:

Fla]® n/2 ]—'[80/2( 0/2>+a<1/2>)] (20.5-6a)
Fla]D 2 [51/2( (0/2) _ (1/2))] (20.5-6b)

The radiz-4 DIF FFT step, applicable for n divisible by 4, is

f[a](0%4) n/4 J—'[SO/4< 0/4) 1 4(1/4) 4 4279 4 a(3/4))] (20.5-Ta)
]_-[a](l%4) n/4 ]—‘[81/4( 0/4) 1 45 q/9 _ g2/9) _ Z-O_a(3/4))] (20.5-7b)
f[a](2%4) n/4 ]—'[82/4< 0/4) _ /4 | 424 a(3/4)>] (20.5-7¢)
Fla]®"0 "L }'[83/4< O/ _j g /D — q2/1) —|—i0a(3/4)>] (20.5-7d)
Again, 0 = £1 is the sign of the transform. More compactly:
j%4)  n/4 RS ik j
Fla]W L F[Y e 2imki/t gD e {0,1,2,3) (20.5-8)
k=0
The general radiz-r DIF FFT step is
oz ) r—1 ) )
Fla)9 ML F SN e rimki q®M ] e {012, 0 — 1} (20.5-9)
k=0

20.5.3 Implementation of radix-r FFTs

For the implementation of a radix-r FFT with » # 2 the revbin_permute routine has to be replaced by its
radix-r version radix_permute. The reordering now swaps elements a, with az where  is obtained from
x by reversing its radix-r expansion (see section on page . In most practical cases one considers
r = p* where p is prime. Pseudo code for a radix r = p* DIT FFT:

procedure fftdit_r(all, n, is)

// complex a[0..n-1] input, result
// p (hardcoded)

// r == power of p (hardcoded)
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// n == power of p (not necessarily a power of r)

radix_permute(all, n, p)

1x :
1n :

log(r) / log(p)
log(n) / log(p)

ldm := (log(n)/log(p)) % 1lx

if ( 1dm != 0 )

XX = px*xlx
for z:=0 to n-xx step xx

fft_dit_xx(alz..z+xx-1], is)

for ldm:=ldm+lx to 1n step 1x

p**]_dm
m/r

:= 0 to mr-1

1= exp(is*2*PI*I*j/m)

for k:=0 to n-m step m

{
{
}
}
{
m o=
mr :=
for j
{
e
{
}
}
}

}

// r == p **x 1x

// n is not a power of p

// inlined length-xx dit fft

// all code in this block should be
// inlined, unrolled and combined:

// temporary ul[0..r-1]
for z:=0 to r-1

ulz] := alk+j+mrxz]

}

radix_permute(ull, r, p)

for z:=1 to r-1 // e**0 ==

ulz] := ulz] * exxz

r_point_fft(ull, is)
for z:=0 to r-1

al[k+j+mrxz] := ulz]

387

Of course the loops that use the variable z have to be unrolled, the (length-p®) scratch space ul] has to

be replaced by explicit variables (for example, u0, ul,

an inlined p®-point FFT.

), and the r_point_fft(ull,is) shall be

There is one pitfall: if one uses the radix-p permutation instead of a radix-p® permutation (for example,
the radix-2 revbin_permute () for a radix-4 FFT), then some additional reordering is necessary in the
innermost loop. In the given pseudo code this is indicated by the radix_permute (u[],p) just before the
p_point_fft(ull,is) line.

20.5.4 Radix-4 DIT FFT

C++ code for a radix-4 DIT FFT is given in [FXT: fft/fftdit4l.cc]:

static const ulong RX
static const ulong LX

4; // ==r

void
fft_dit4l(Complex *f, ulong ldn, int is)
// Decimation in time radix-4 FFT.

2; // == log(r)/log(p) == log_2(r)

double s2pi = ( is>0 7 2.0xM_PI : -2.0%M_PI );
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const ulong n = (1UL<<1dn);

revbin_permute(f, n);

ulong ldm = (1dn&l);

if ( 1dm!=0 ) // n is not a power of 4, need a radix-2 step

for (ulong r=0; r<n; r+=2)

Complex a0 = f[r];
Complex al = f[r+1];
f[r] = a0 + al;
flr+1] = a0 - ail;
}
}
ldm += LX;

for ( ; ldm<=ldn ; ldm+=LX)
{

ulong m = (1UL<<1ldm);
ulong m4 = (m>>LX);
double phO = s2pi/m;

for (ulong j=0; j<mé; j++)

{

double phi = j*phO;

Complex e = SinCos(phi);

Complex e2 = SinCos(2.0%*phi);

Complex e3 = SinCos(3.0%*phi);

for (ulong r=0; r<n; r+=m)
ulong i0 = j + r;
ulong il = i0 + m4;
ulong i2 = il + m4;
ulong i3 = i2 + m4;
Complex a0 = f[i0];
Complex al = f[i2]; // (1)
Complex a2 = f[ill; // (1)
Complex a3 = f[i3];
al *x= e;
a2 *= e2;
a3 *= e3;
Complex t0 = (a0+a2) + (al+a3);
Complex t2 = (a0+a2) - (al+a3);
Complex t1 = (a0-a2) + Complex(0,is) * (al-a3);
Complex t3 = (a0-a2) - Complex(0,is) * (al-a3);
£[i0] = t0;
fli1] = t1;
f[i2] = t2;
£[i3] = t3;

}

}

}

For reasonable performance the call to the procedure radix_permute(ul],p) of the pseudo code has
been replaced by changing indices in the loops where the a[z] are read. The respective lines are marked
with the comment ‘// (!)’.

In order not to restrict the possible array sizes to powers of p® = 4 but only to powers of p = 2 an
additional radix-2 step has been prepended that is used when n is an odd power of two.

The routine [FXT: fft_dit4_core_pl() in fit/fftdit4d.cc] is a reasonably optimized radix-4 DIT FFT
implementation. It starts with an radix-2 or radix-8 step for the initial pass with trivial exp()-values.
The core routine is hardcoded for o = +1 and called with swapped real and imaginary part for the inverse
transform as explained in section [20.8| on page

The routine, however, uses separate arrays for real and imaginary parts which is very problematic with
large transforms: the memory access pattern in skips that are a power of two will lead to cache problems.
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A routine that uses the C++ type complex is given in [FXT: fft /cfftdit4.cc]. The core routine is hardcoded
for 0 = —1 (therefore the name suffix _m1):

void

fft_dit4_core_ml(Complex *f, ulong ldn)

// Auxiliary routine for fft_dit4()

// Radix-4 decimation in frequency FFT

// 1ldn := base-2 logarithm of the array length

// Fized isign = -1

// Input data must be in revbin_permuted order

{
const ulong n = (1UL<<1dn);
%f ( nk=2)
if (n==2 ) sumdiff(£[0], £[1]);
return;
}
ulong ldm = 1ldn & 1;
if ( 1dm!=0 ) // n is not a power of 4, need a radix-8 step
{
for (ulong i0=0; iO<n; i0+=8) £fft8_dit_core_m1(f+i0);
}
else
for (ulong i0=0; i0<n; i0+=4)
{
ulong il = i0 + 1;
ulong i2 = il + 1;
ulong i3 = i2 + 1;
Complex x, y, u, v;
sumdiff (£[i0], £[i1], x, u);
sumdiff (£[i2], £[i3], y, v);
v *= Complex(0, -1); // isign
sumdiff (u, v, £[i1], £[i3]);
sumdiff (x, y, £[i0], f[i2]);
}
by
ldm += 2 * LX;
for ( ; ldm<=1ldn; ldm+=LX)
{
ulong m = (1UL<<1dm);
ulong m4 = (m>>LX);
const double phO = -2.0%M_PI/m; // isign
for (ulong j=0; j<m4; j++)
{
double phi = j * phO;
Complex e = SinCos(phi);
Complex e2 = e * e;
Complex e3 = e2 * e;
for (ulong r=0; r<nm; r+=m)
ulong i0 = j + r;
ulong il = i0 + m4;
ulong i2 = il + m4;
ulong i3 = i2 + m4;
Complex x = f[il] * e2;
Complex u;
sumdiff3_r(x, f[i0], u);
Complex v = f[i3] * e3;
Complex y = £[i2] * e;
sumdiff(y, v);
v *= Complex(0, -1); // isign
sumdiff (u, v, £[i1], £[i3]);
sumdiff(x, y, £[i0], £[i2]);
}
}
}
}

The sumdiff () function is defined in [FXT: aux0/sumdiff.h):
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template <typename Type>

static inline void sumdiff(Type &a, Type &b)
// {a, b} <--| {a+b, a-b}

{ Type t=a-b; a+=b; b=t; }

The routine £ft8_dit_core_m1() is an unrolled size-8 DIT FFT (hardcoded for ¢ = —1) given in [FXT:
fft /fit8ditcore.cc]. We further need a version of the routine for the positive sign. It uses a routine
fft8_dit_core_p1() for the computation of length-8 DIT FFTs (with ¢ = —1). The following changes
need to be made in the core routine [FXT: fft/cfitdit4.cc|:

void

fft_dit4_core_pl(Complex *f, ulong ldn)

// Fixzed isign = +1

{
[--snip--]
for (ulong i0=0; iO<n; i0+=8) £fft8_dit_core_p1(f+i0); // isign
[--snip--]
v *= Complex(0, +1); // isign
[--snip--]
const double phO = +2.0xM_PI/m; // isign
[--snip--]
v *= Complex(0, +1); // isign
[--snip--]
}

The routine to be called by the user is
void
fft_dit4(Complex *f, ulong ldn, int is)

// Fast Fourier Transform
// ldn := base-2 logarithm of the array length

// is := sign of the transform (+1 or -1)
// Radix-4 decimation in time algorithm
{

revbin_permute(f, 1UL<<1d);
if ( is>0 ) fft_dit4_core_pi(f, 1ldn);
else fft_ditd4_core_mi(f, 1ldn);

A version that uses the separate arrays for real and imaginary part is given in [FXT: fit/fftdit4.cc|]. The
type complex version, should be preferred for large transforms.

20.5.5 Radix-4 DIF FFT

Pseudo code for a radix-4 DIF FFT:

procedure fftdif4(a[l, 1ldn, is)
// complex al[0..2x*1dn-1] input, result

{
n := 2%x*ldn
for 1ldm := 1ldn to 2 step -2
{
m = 2xx1ldm
mr := m/4
for j := 0 to mr-1
{
e := exp(is*2*PI*Ixj/m)
e2 1= e x e
e3 (= e2 *x e
for r := 0 to n-m step m
{
u0 := alr+j]
ul := a[r+j+mr]
u2 := alr+j+mr*2]
u3 := al[r+j+mrx3]
x = uQ + u2
y :=ul + u3
t0 :=x +y // == (u0+u2) + (ul+u3)
t2 :=x -y // == (u0+u2) - (ul+u3)
x :=u0 - u2
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y := (ul - u3)*Ixis

tl :=x+y // == (u0-u2) + (ul-uld)*Ixis
t3 :=x -y // == (u0-u2) - (ul-u3)*Ix*is
tl = tl *x e

t2 = t2 *x e2

t3 = t3 * e3

alr+jl = 10

al[r+j+mr] =t2 // (V)

alr+j+mr*2] := t1 // (1)

alr+j+mr*3] := t3

}
}

if is_odd(ldn) then // n not a power of 4
for r:=0 to n-2 step 2
{alr], alr+1]} := {alrl+alr+1], alr]l-alr+1]}
}

revbin_permute(al[],n)

}

The C++ equivalent is [FXT: ££ft_dif41() in fIt/fftdif4l.cc|]. A reasonably optimized implementation is
given in [FXT: fft/cfftdifd.cc], it is hardcoded for o = +1 (therefore the name suffix _p1):

static const ulong RX
static const ulong LX

4;
2;

void

fft_dif4_core_pl(Complex *f, ulong ldn)

// Auxiliary routine for fft_dif4().

// Radix-4 decimation in frequency FFT.

// Output data is in revbin_permuted order.

// 1ldn := base-2 logarithm of the array length.
// Fized isign = +1

{

const ulong n = (1UL<<1dn);

if ( n<=2 )

{
if ( n==2 ) sumdiff(£[0], £[1]);
return;

}

for (ulong ldm=ldn; ldm>=(LX<<1); ldm-=LX)

{

ulong m = (1UL<<1dm);
ulong m4 = (m>>LX);

const double phO = 2.0*M_PI/m; // isign
for (ulong j=0; j<mé; j++)

{

double phi = j * phO;

Complex e = SinCos(phi);

Complex e2 = e * e;

Complex e3 = e2 * e;

for (ulong r=0; r<m; r+=m)
ulong i0 = j + r;
ulong il = i0 + m4;
ulong i2 = il + m4;
ulong i3 = i2 + m4;

Complex x, y, u, Vv;

sumdiff (£[i0], f[i2], x, u);
sumdiff (£[i1], £[i3], y, v);

v *= Complex(0, +1); // isign

diffsum3(x, y, £[i0]);
fli1] =y * e2;
sumdiff(u, v, x, y);
f[i3] = y * e3;

f[i2] X * e;
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}
if (1ldn & 1 ) // n is not a power of 4, need a radix-8 step

for (ulong i0=0; iO<n; i0+=8) fft8_dif_core_pl(f+i0); // isign
else

for (ulong i0=0; iO<n; iO0+=4)
{

ulong il = i0 + 1;
ulong i2 = il + 1;
ulong i3 = i2 + 1;
Complex x, y, u, v;

sumdiff (£[i0], f[i2], x, u);
sumdiff (£[i1], £[i3], y, v);
v *= Complex(0, +1); // isign
sumdiff (x, y, £[i0], £[i1]);
sumdiff (u, v, £[i2], £[i3]);

}
The routine for o = —1 needs changes where the comment isign appears [FXT: fft/cfftdif4.cc]::
void

fft_dif4_core_ml(Complex *f, ulong ldn)
// Fixed isign = -1

{
[--snip--]
const double phO = -2.0*M_PI/m; // isign
[--snip--]
v *= Complex(0, -1); // isign
[--snip--]
for (ulong i0=0; iO<n; i0+=8) £fft8_dif_core_m1(f+i0); // isign
[--snip--]
v *= Complex(0, -1); // isign
[--snip--]
}

The routine to be called by the user is

void

fft_dif4(Complex *f, ulong ldn, int is)

// Fast Fourier Transform

// ldn := base-2 logarithm of the array length

// is := sign of the transform (+1 or -1)
// radix-4 decimation in frequency algorithm

if ( is>0 ) fft_dif4_core_pi(f, 1ldn);
else fft_dif4_core_mi(f, 1ldn);
revbin_permute(f, 1UL<<1dn);

}

A version that uses the separate arrays for real and imaginary part is given in [FXT: fft /fftdifd.cc]. Again,
the type complex version, should be preferred for large transforms.

20.6 Split-radix Fourier transforms

The idea underlying the split-radiz FFT algorithm is to use both radix-2 and radix-4 decompositions at

the same time. We use one relation from the radix-2 (DIF) decomposition (relation |20.3-6al on page
20.5-7b

the one for the even indices), and for the odd indices we use the radix-4 splitting (relations
and [20.5-7d| on page [386) in a slightly reordered form. The radix-4 decimation in frequency (DIF) step
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for the split-radix FFT is

j__[a](o%z) n/2 7| (a(o/z) i a(1/2))] (20.6-1a)
Fla]W L ]_-[81/4(<a(0/4) _ a<2/4>) tio (a(1/4) — a<3/4>>)] (20.6-1b)
Fla] @ n/4 7[83/4((a(0/4) _ a<2/4)> o (a(1/4) _ a<3/4>))] (20.6-1c)

Now we have expressed the length-N = 2" FFT as one length-N/2 and two length-N/4 FFTs. A nice
feature is that the operation count of the split-radix FFT is actually lower than that of the radix-4 FFT.
Using the introduced notation it is almost trivial to write down the DIT version of the algorithm: The
radix-4 decimation in time (DIT) step for the split-radix FFT is

f[a] (0/2) NA2 <J,:-|:a(0%2):| + Sl/2f[a(l%2) ]) (206-2&)
]_-[a](l/4) n/4 (f[a(0%4)] _ 32/4]_-[a(2%4) ]) 1 oS4 (}‘[a(l%‘*)] _32/4]_-[a(3%4)]) (20.6-2b)
f[a](3/4) n/4 (]—"[a(O%4)] _ 32/4]_-[a(2%4) D _ioSY/A (]_—[au%zx)] 752/4];@(3%4)]) (20.6-2c)

Pseudo code for the split-radix DIF algorithm:
procedure fft_splitradix_dif(x[], y[], 1ldn, is)

{
n := 2%*xldn
if n<=1 return
n2 := 2*n

Eor k:=1 to ldn

n2 :=n2 / 2
nd :=n2 / 4

e := 2 * PI / n2
for j:=0 to n4-1

{ .
a:=j*e
ccl := cos(a)
ssl := sin(a)
cc3 := cos(3*a) // == 4*ccl*(ccl*ccl-0.75)
ss3 := sin(38*a) // == 4*ss1x(0.75-ssl*ssl)
ix :=
id := 2*n2

¥hile ix<n-1
i0 . := ix
while i0 < n
il i0 + n4
i2 il + nd
i3 i2 + nd

{x[i0], r1} :
{x[i1], r2} :

{x[i0] + x[i2], x[i0] - x[i2]}
{x[i1] + x[i3], x[i1] - x[i3]}
+
+

{y[i0], s1} := {y[i0] + y[i2], y[i0] - y[i2]}
{yl[i1l, s2} := {y[i1] + y[i3], yl[i1l - y[i31}
{r1, s3} := {ri1+s2, ri-s2}

{r2, s2} := {r2+s1, r2-si}

// complex mult: (x[i2],y[i2])
x[i2] := ri*xccl - s2#*ssi

y[i2] := -s2*ccl - rixssl

// complex mult: (y[i3],x[i3]) :
x[i3] := s3%cc3 + r2*ss3

y[i3] := 1r2%cc3 - s3%*ss3

i0 := i0 + id

-(s2,r1) * (ssl,ccl)

(r2,s3) * (cc3,ss3)
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ix := 2 * id - n2 + j
id := 4 * id
}
}
X
ix =1
id := 4

while ix<n

for i0:=ix-1 to n-id step id

il :=_i0 1
%X[iO]% xfil]} := {x[i0]+x[i1], x[i0]-x[i1]}
{yliol, y[i1l} := {y[i0l+y[i1l, y[i0l-y[i1l}
ix = 2 % id - 1
id := 4 % id

}

revbin_permute(x[],n)
revbin_permute(y[],n)

%f is>0
for j:=1 to n/2-1

swap(x[j], x[n-j1)

for j:=1 to n/2-1

swap(y[jl, y[n-j1)

}

The C++ implementation given in [FXT: fft/fftsplitradix.cc] uses a DIF core as above which was given
in [I00]. The C++ type complex version of the split-radix FFT given in [FXT: fft/cfftsplitradix.cc] uses
a DIF or DIT core, depending on the sign of the transform. Here we just give the DIF version:

void

split_radix_dif_fft_core(Complex *f, ulong ldn)
// Split-radix decimation in frequency (DIF) FFT.
// 1ldn := base-2 logarithm of the array length.
// Fixed isign = +1

// Output data is in revbin_permuted order.

if ( 1dn==0 ) return;
const ulong n = (1UL<<1dn);

double s2pi = 2.0#%M_PI; // pi*2*isign
ulong n2 = 2x*n;

for (ulong k=1; k<ldn; k++)

{

n2 >»>=1; // == n>>(k-1) == n, n/2, n/4, ..., 4
const ulong n4 = n2 > 2; // ==n/4, n/8, ..., 1
const double e = s2pi / n2;

{ // j==0:

const ulong j = 0;
ulong ix = j;
ulong id = (n2<<1);
while ( ix<n )

for (ulong iO=ix; i0<n; iO+=id)

ulong il = i0 + n4;
ulong i2 = il + n4;
ulong i3 = i2 + n4;

Complex t0, ti1;
sumdiff3(£[i0], f£[i2], t0);
sumdiff3(£[i1], £[i3], t1);

// t1 *= Complex(0, 1); // +isign
t1 = Complex(-tl.imag(), til.real());

sumdiff (t0, t1);
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f£[i2] = t0; // * Complex(ccl, ssi);
£f[i3] = t1; // * Complex(cc3, ss3);
}
ix = (id<<1) - n2 + j;
id <<= 2;

}
}

for (ulong j=1; j<n4; j++)
{

double a = j * e;

double ccl,ssl, cc3,ss3;
SinCos(a, &ssl, &ccl);
SinCos(3.0%a, &ss3, &cc3);

ulong ix = j;
ulong id = (n2<<1);
while ( ix<n )

for (ulong iO=ix; i0<n; i0+=id)
{
ulong il
ulong i2 = il + n4;
ulong i3 = i2 + n4;
Complex t0, ti1;
sumdiff3(£[i0], £[i2], tO);
sumdiff3(£[i1], £[i3], t1);

tl = Complex(-tl.imag(), tl.real());

sumdiff (t0, t1);
f[i2] = t0 * Complex(ccl, ssl);
£[i3] tl * Complex(cc3, ss3);

i0 + n4;

}

ix = (id<<1) - n2 + j;
id <<= 2;

}
}

for (ulong ix=0, id=4; ix<n; idx*=4)

for (ulong iO=ix; i0<n; iO+=id) sumdiff(£f[i0], £[i0+1]);
ix = 2%(id-1);

}

The function sumdif£3() is defined in [FXT: aux0/sumdiff.h]:
template <typename Type>

static inline void sumdiff3(Type &a, Type b, Type &d)

// {a, b, d} <--| {a+b, b, a-b} (used in split-radix fft)
{ d=a-b; a+=b; }

20.7 Symmetries of the Fourier transform

A bit of notation again. Let @ be the length-n sequence a reversed around the element with index 0:

ap = ao (20.7-1a)
Qpja = Q2 if n even (20.7-1Db)
ar = Gp_k = a_p (20.7-1c)

That is, we consider the indices modulo n and @ is the sequence a with negated indices. Element zero
stays in its place and for even n there is also an element with index n/2 that stays in place.

Example one, length-4: a :=1[0,1,2,3] thena=10,3,2,1] (zero and two stay).

Example two, length-5: a :=[0,1,2,3,4] then @ = [0,4, 3,2,1] (only zero stays).
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Let ag and a4 denote the symmetric and antisymmetric part of the sequence a, respectively:

1
as = g (a+a) (20.7-2a)
1
ax = g (a —a) (20.7-2b)
The elements with index 0 (and n/2 for even n) a4 are zero. One has
a = as+aa (20.7-3a)
a = as—ap (20.7-3b)

Let ¢+ id be the FT of the sequence a +ib. Then

f[(as—i-aA) +i(bs+b,4)] = (cs+ca)+i(ds+da) where (20.7-4a)
Flas] = e € R (20.7-4b)

Flaa] = ida €iR (20.7-4c)

Flibs] = ids €iR (20.7-4d)

Fliba] = ca € R (20.7-4e)

Where we write a € R as a short form for a purely real sequence a. Equivalently, write a € iR for purely
imaginary sequences. Thereby the FT of a complex symmetric or antisymmetric sequence is symmetric
or antisymmetric, respectively:

Flas+ibs] = cg+ids (20.7-5a)

Flaa+iba] = ca+ida (20.7-5b)
The real and imaginary part of the transform of a symmetric sequence correspond to the real and
imaginary part of the original sequence. With an antisymmetric sequence the transform of the real
and imaginary part correspond to the imaginary and real part of the original sequence.

Fllas+aa)] = cg+ida (20.7-6a)

Fli(bs +ba)] = ca+ids (20.7-6b)

Now let the sequence a be purely real. Then

Flas] = +F[as] e R (20.7-7a)

Flaa] = —Flaa] €iR (20.7-7b)

That is, the FT of a real symmetric sequence is real and symmetric and the FT of a real antisymmetric
sequence is purely imaginary and antisymmetric. Thereby the FT of a general real sequence is the
complex conjugate of its reversed:

*

Fla] = m for a€eR (20.7-8)

Similarly, for a purely imaginary sequence b € iR:
Flbs] = +F[bs] €iR (20.7-9a)
Flba] = —F[ba] € R (20.7-9b)

We compare the results of the Fourier transform and its inverse (the transform with negated sign o) by
symbolically writing the transforms as a complex multiplication with the trigonometric term (using C
for cosine, S for sine):

Fla+ib] : (a+ib)(C+iS) = (aC—bS)+i(bC+abl) (20.7-10a)
F ' a+ib] @ (a+ib)(C—iS) = (aC+bS)+i(bC —al) (20.7-10b)
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The terms on the right side can be identified with those in relation We see that changing the
sign of the transform leads to a result where the components due to the antisymmetric components of
the input are negated.

Now write F for the Fourier operator, and R for the reversal. We have F4 =id, 7> = F~!, and F? = R.
Thereby the inverse transform can be computed as either

F'' = RF =FR (20.7-11)

20.8 Inverse FFT for free

Some FFT implementations are hardcoded for a fixed sign of the transform. If one cannot easily modify
the implementation into the transform with the other sign (the inverse transform), then how can one
compute the inverse FFT?

If the implementation uses separate arrays for real and imaginary part of the complex sequences to be
transformed, as in

procedure my_fft(ar[], ail[l, 1ldn) // only for is==+1 !
// real ar[0..2%x1dn-1] input, result, real part
// real ai[0..2%*1dn-1] input, result, imaginary part

{
// incredibly complicated code

// that you cannot see how to modify
// for is==-1

then do a follows: with the forward transform being
my_fft(ar[], aill, 1ldn) // forward FFT
compute the inverse transform as

my_fft(aill, ar[], 1ldn) // backward FFT
Note the swapped real and imaginary parts! The same trick works for a procedure coded for fixed is= —1.
To see why this works, we first note that

Fla+ib] = Flas]+iocF[aa]+iF|[bs]+o0F[ba] (20.8-1a)
= Flas|+iF[bs]+io (Flaa] —iF[ba]) (20.8-1b)

and the computation with swapped real- and imaginary parts gives
Flb+ia] = Flbs|+iF|as]+io (F[ba]—iF|aa]) (20.8-2a)
... but the real and imaginary parts are implicitly swapped at the end of the computation, giving

Flas]+iF[bs] —io (Flaa] —iF[ba]) = F 'la+ib] (20.8-2b)

When a complex type is used then the best way to achieve the inverse transform may be to reverse the
sequence according to the symmetry of the FT according to relation [20.7-11} the transform with negated
sign can be computed by reversing the order of the result (use [FXT: reverse 0() in |perm/reverse.h]).
The reversal can also happen with the input data before the transform, which is advantageous if the
data has to be copied anyway (use [FXT: copy_reverse_0() in auxl/copy.h]). While not really ‘free’ the
additional work will usually not matter.

A mechanical way to obtain a routine for the inverse FFT from a given FFT routine for length n is to
replace all reads and writes at nonzero array indices ¢ by the operations at indices n — i.
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20.9 Real valued Fourier transforms

The Fourier transform of a purely real sequence ¢ = F [a] where @ € R has a symmetric real part
(Rec = Rec, relation and an antisymmetric imaginary part (Jm¢ = —Jme¢). The symmetric
and antisymmetric part of the original sequence correspond to the symmetric (and purely real) and
antisymmetric (and purely imaginary) part of the transform, respectively:

Fla] = Flas]+iocF|aa] (20.9-1)

Simply using a complex FFT for real input is basically a waste by a factor 2 of memory and CPU cycles.
There are several ways out:

e wrapper routines for complex FFTs (section [20.9.3| on the facing page)

e usage of the fast Hartley transform (section on page [491|)

e special versions of the split-radix algorithm (section [20.9.4| on page [401)
All techniques have in common that they store only half of the complex result to avoid the redundancy
due to the symmetries of a complex FT of purely real input. The result of a real to (half-) complex FT
(abbreviated R2CFT) contains the purely real components ¢y (the ‘DC-part’ of the input signal) and,

in case n is even, ¢, /o (the Nyquist frequency part). The inverse procedure, the (half-) complex to real
transform (abbreviated C2RFT) must be compatible to the ordering of the R2CFT.

20.9.1 Sign of the transforms

The sign of the transform can be chosen arbitrarily to be either +1 or —1. Note that transform with the
‘other sign’ is not the inverse transform. The R2CFT and its inverse C2RFT must use the same sign.

Some R2CFT and C2RFT implementations are hardcoded for a fixed sign. In order to obtain the
R2CFT with the other sign the trick (in the spirit of section [20.8) is to negate the imaginary part after

the transform. This of course is not much of a trick at all. In case one has to copy the data anyway
before the transform one can exploit the relation

Fla] = Flas]—iocF|aa] (20.9-2)

That is, copy the real data in reversed order to get the transform with the other sign. This technique
does not involve an extra pass and should be virtually for free.

For the complex-to-real FTs (C2RFT) one has to negate the imaginary part before the transform in order
to obtain the inverse transform for the other sign.

20.9.2 Data ordering

Let ¢ be the Fourier transform of the purely real sequence, it is stored in the array a[]. The procedures
presented in what follows use one of the following schemes for storing the transformed sequence.
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A scheme that interleaves real and imaginary parts (‘complex ordering’) is

Re cg
Re Cn/2
Recy
Jmcy
Recy

Jm Co

(20.9-3)

Re Cn/j2-1

Jm Cnj2-1

Note the absence of the elements Jmcy and Jmc,, /» which are always zero.

Some routines store the real parts in the lower half,

lower half will always be ordered as follows:

a[n/2]

and imaginary parts in upper half. The data in the

Re Co
Re C1
Re Co

(20.9-4)

Re Cn/2

For the imaginary part of the result there are two schemes:

Scheme 1 (‘parallel ordering’) is

aln/2 + 1]
an/2 + 2]
a[n/2 + 3]

an — 1]

Scheme 2 (‘antiparallel ordering’) is

an/2 + 1]
an/2 + 2]
an/2 + 3]

afn — 1]

Jmey (20.9-5)
Jm Co

Jm C3

Jm Cn/2-1

Jm Cn/2—1 (209-6)
Jm Cnj2-2

Jm Cn/2—3

Jm C1

20.9.3 Real valued FT via wrapper routines

A simple way to use a complex length-n/2 FFT for a real length-n FFT (n even) is to use some post-
and preprocessing routines. For a real sequence a one feeds the (half length) complex sequence f =
aleven) 4 i q(odd) into a complex FFT. Some post-processing is necessary. This is not the most elegant
real FFT available, but it is directly usable to turn complex FFTs of any (even) length into a real-valued

FFT.
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A C++ implementation of the real to complex FFT (R2CFT) is given in [FXT: realfft/realfftwrap.cc],
the sign of the transform is hardcoded to o = +1:

void

wrap_real_complex_fft(double *f, ulong ldn)

// Real to complex FFT (R2CFT)

if ( 1dn==0 ) return;

fht_fft((Complex *)f, 1ldn-1, +1); // cast
const ulong n = 1UL<<1dn;

const ulong nh = n/2, n4 = n/4;

const double phiO = M_PI / nh;

for(ulong i=1; i<n4; i++)

{
ulong il = 2 * i; // re low [2, 4, ..., n/2-2]
ulong i2 = i1 + 1; // im low [3, 5, ..., n/2-1]
ulong i3 = n - il; // re hi [n-2, n-4, ..., n/2+2]
ulong i4 = i3 + 1; // im hi [n-1, n-3, ..., n/2+3]

double filr, £2i;
sumdiff05(£f[i3], f[il1l]l, fir, £2i);

double f2r, f1i;

sumdiff05(f [i2], f[i4], f2r, f1i);
double c, s;

double phi = i*phiO;

SinCos(phi, &s, &c);

double tr, ti;

cmult(c, s, f2r, f2i, tr, ti);

// £[i1] = fir + tr; // re low
// £[i3] = fir - tr; // re hi

// ="=
sumdiff (fir, tr, £[i1], £[i3]);

// £li4]
// f£i2]

// ="=
sumdiff( ti, f£1i, f[i4], f[i2]);

is * (ti + f1i); // im hi
is * (ti - f1i); // im low

}
sumdiff (£[0], f[1]1);

The output is ordered according to relations [20.9-3| on the previous page. The same ordering must be
used for the input for the inverse routine, the complex to real FFT (C2RFT). Again the sign of the
transform is hardcoded to o = +1:
void
wrap_complex_real_fft(double *f, ulong ldn)
// Complex to real FFT (C2RFT).
{
if ( 1dn==0 ) return;
const ulong n = 1UL<<1dn;
const ulong nh = n/2, n4 = n/4;
const double phiO = -M_PI / nh;
for(ulong i=1; i<n4; i++)

ulong il = 2 * i; // re low [2, 4, ..., n/2-2]
ulong i2 = i1 + 1; // im low [3, 5, ..., n/2-1]
ulong i3 = n - il1; // re hi [n-2, n-4, ., n/2+2]
ulong i4 = i3 + 1; // im hi [n-1, n-3, ..., n/2+3]

double filr, £2i;
// double fir = f£[i1] + £[i3]; // re symm
// double £f2i = f£[i1] - £[i3]; // re asymm

/] ="=

sumdiff (f[i1], £[i3], filr, £2i);

double f2r, f1i;

// double f2r = -f[i2] - f[i4]; // im symm
// double f1i = £[i2] - £[i4]; // im asymm

// ="=
sumdiff (-f[i4], f[i2], f1i, f2r);
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double c, s;
double phi = i*phiO;
SinCos(phi, &s, &c);

double tr, ti;
cmult(c, s, f2r, f2i, tr, ti);

// f[il1] = fir + tr; // re low
// £[i3] = fir - tr; // re hi

// ="=

sumdiff (fir, tr, f[i1], £[i3]);
// £[i2] = ti - f1i; // im low
// fEi4] ti + f1i; // im hi

// ="=
sumdiff (ti, f1i, £[i4], f[i2]);

}

sumdiff (£[0], £[1]1);

if ( nh>=2 ) { f[nh] *= 2.0; f[nh+1] *= 2.0; }
fht_fft((Complex *)f, ldn-1, -1); // cast

20.9.4 Real valued split-radix Fourier transforms

We give pseudo code for the split-radix real to complex FFT and its inverse. The C++ implementations
are given in [FXT: realfft /realfftsplitradix.cc]. The code given here follows [I01], see also [219] (erratum
for page 859 of [219]: at the start of the DO 32 loop replace assignments by CC1=C0S(A), SS1=SIN(A),
CC3=C0S(A3), SS3=SIN(A3)).

Recall that the following pseudo code
{a,b}:={c,d}

is a parallel assignment. For example,
{x0, x1} := {x0+x1, x0-x1 }

would translate to the C code
double s = x0 + x1, d = x0 - x1;
x0 = s; x1 = d;

Use the function [FXT: sumdiff () in aux0/sumdiff.h] for the translation of the parallel assignments.

20.9.5 Real to complex split-radix FFT

Pseudo code for the split-radix R2CFT algorithm, the sign of the transform is hardcoded to o = —1.
procedure r2cft_splitradix_dit(x[], 1ldn)

{
n := 2%%xldn
revbin_permute(x[], n);
ix = 1;
id := 4;
do
{

i1 :=i0 + 1
{x[i0], x[i1]} := {x[i0]+x[i1], x[i0]-x[i1]}
i0 := i0 + id

2%id-1
4 x id

while ix<n
n2 := 2

nn := n/4
while nn!=0

ix := 0
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n2 :
id :
nd :

n8
do

2*n2
2*n2
n2/4
n2/8

'// ix loop

i0 := ix
while iO<n

i0

if n4l=
{

t2

}
i0 :=

ix :
id :

while ix<n

1

{x[i4]
{x[i1], x[i2]} :

il + n4d
i2 + n4d
i3 + nd

{t1, x[i4]} :=
{x[i1], x[i31}

IR
LN
+++

i4 +

Chapter 20: The Fourier transform

{x[i4]+x[i3], x[i4]-x[i3]}
= {x[i1]+t1, x[i1]-t1}

(x[13]1+x[i4]) * sqrt(1/2)
(x[i3]1-x[i4]) * sqrt(1/2)

» x[i3]}

i0 + id

2*xid - n2
2xid

_j+1

(t2,t1)

{x[i2]-t1, -x[i2]-t1}
{x[i1]+t2,

x[11]-t2}

== 4xccl*(ccl*ccl-0.75)
== 4%ss51*%(0.75-ss1*ss1)

:= (x[17],x[i3]) * (ccl,ssl)

+ x[i7]*ss1
- x[i3]*ss1

(t4,t3)

:= (x[18],x[i4]) * (cc3,ss3)

+ x[18] *ss3
- x[i4]*ss3

{t6+x[i6],
{x[i2]-t3,
{x[i1]+t5,
{x[i5]+t4,

e := 2.0%PI/n2
a:= e
for j:=2 to n8
{
ccl := cos(a)
ssl := sin(a)
cc3 := cos(3*xa) //
ss3 := sin(3*%a) //
a := jxe
ix := 0
id := 2*n2
do // ix-loop
i . .
i0 . := ix
while 10<n
i1 = i0 + j -
i2 := il + n4
i3 := i2 + n4
i4 := i3 + nd
ib := i0 + n4
i6 := i5 + n4
i7 := 16 + n4
i8 := i7 + n4
// complex mult:
t1 := x[i3]*ccl
t2 := x[i7]*ccl
// complex mult:
t3 := x[id4]*cc3
t4d := x[i8]*cc3
th = tl + t3
t6 = t2 + t4
t3 i=tI - £3
t4d = t2 - t4
{t2, x[i3]} :=
x[i8] := t2
{t2, x[i7]1} :=
x[14] := t2
{t1, x[i6]} :=
x[11] := t1
{t1, x[i5B]} :=
x[12] := t1
i0 := i0 + id

t6-x[i6]}
-x[12]-t3}
x[i1]-t5}
x[i5]-t4}
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ix

ix := 2*id - n2
id := 2%id

while ix<n
nn := nn/2

}

The ordering of the output is given as relations [20.9-4] on page for the real part, and relation [20.9-6
for the imaginary part.

20.9.6 Complex to real split-radix FFT

The following routine is the inverse of r2cft_splitradix_dit(). The imaginary part of the input data
must be ordered according to relation [20.9-6|on page We give pseudo code for the split-radix C2RFT

algorithm, the sign of the transform is hardcoded to o = —1:
procedure c2rft_splitradix_dif(x[], 1dn)
{
n := 2%*xldn
n2 := n/2
nn := n/4
¥hi1e nn!=0
ix := 0
id := n2
n2 := n2/2
nd := n2/4
n8 := n2/8
do // ix loop
{
i0 . := ix
¥hlle iO<n
il := i0
i2 := il + n4d
i3 := i2 + n4d
i4 := i3 + n4d
{x[i1], t1} := {x[i1]+x[13], x[i1]-x[i3]}
x[i2] := 2*x[i2]
x[i4] := 2*x[14]
{x[lS], x[14]1} := {t1+x[i4], t1-x[i4]}
if n4!=1
{
il := il + n8
i2 := 12 + nd
i3 := i3 + n8
i4 := i4 + n8
{x[i1], t1} := {x[i2]+x[i1], x[i2]-x[i1]}
{t2, x[12]} := {x[i14]+x[i3], x[i4]-x[i3]}
x[i3] := -sqrt (2) *x(t2+t1)
x[i4] := sqrt(2)*(t1-t2)
}

i0 := 10 + id

ix
id :

2*%id - n2
2x%id

while ix<n

e 2.0%PI/n2
e

a
for j:=2 to n8

ccl := cos(a)

ssl := sin(a)

cc3 := cos(3*a) // == 4xcclx(ccl*cc1-0.75)
ss3 := sin(3%a) // == 4*ss1x(0.75-ssl*ssl)
a := j*e

ix = Q

id := 2*n2

do // ix-loop
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{
i0 . := ix
while 10<n
i1 =40+ j -1
i2 := il + n4
i3 := i2 + n4
i4 := i3 + n4 .
ib : =10 + nd - j + 1
i6 := i5 + néd
i7 := i6 + n4d
i8 := 1i7 + n
{x[i1], t1} := {x[i1]+x[i6], x[i1]-x[i6]}
{x[i5], t2} := {x[i5]+x[i2], x[i5]-x[i2]}
{t3, x[iG]} := {x[i8]+x[i3], x[i8]-x[i3]}
{t4, x[i2]1} := {x[i4]1+x[i7], x[i4]-x[i7]1}
{t1, t5} := {t1+t4 t1-t4}
{t2, t4} := {t2+t3, t2-t3}
// complex mult: (x[i7],x[i3]) := (t5,t4)
x[i3] := tb*ccl + tdx*ssi
x[i7] := —td*ccl + tb*ssl
// complex mult: (x[i4],x[i8]) := (t1,t2)
x[i4] := til*cc3 - t2#*ss3
x[i8] := t2*cc3 + t1*ss3
i0 := i0 + id
ix := 2%id - n2
id := 2x*id
while ix<n
nn := nn/2
}
ix := 1;
id := 4;
do
{
i0 := ix-1
while i0O<n
{
{x[lO], x[11]} = {x[i0]+x[i1], x[i0]-x[i1]}
i0 := i0 + id
}
ix := 2%id-1
id := 4 x id

while ix<n

revbin_permute(x[], n);

Chapter 20: The Fourier transform

* (ssl,ccl)

* (cc3,ss3)

20.10 Multidimensional Fourier transforms

20.10.1 Definition

Let a3,y (x =0,1,2,...,C —1land y =0,1,2,...,

R — 1) be a 2-dimensional array. That is, a R x C

‘matrix’ of R rows (of length C') and C columns (of length R). Its 2-dimensional Fourier transform is

defined by:

¢ = Fla]
72

+(zk/C+yh/R)

HM:U
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where k € {0,1,2,...,C -1}, h€{0,1,2,...,R—1}, and n = R - C. The inverse transform is

a = F'c] (20.10-2a)
| C-1R-1
Uy = —= Crp 2~ FRICTYIIR) (20.10-2b)
v k=0 h=0
For a m~dimensional array az (where & = (1,22, 3,...,%y) and z; € 0,1,2,...,5;) the m-dimensional

Fourier transform c; (where k = (ki ka, ks, ..., km) and k; € 0,1,2,...,5;) is defined as

1 S1—1855—1 Sm—1
G = DD az 21k S1 @2 ke /S2 4 A Tk /Sm) (90.10-3a)
x1=0 x2=0 Ty =0

The inverse transform is, like in the 1-dimensional case, the complex conjugate transform.

20.10.2 The row-column algorithm

The equation of the definition of the two dimensional FT (relation [20.10-1a] on the facing page) can be
recast as

R-1 c-1
1
Chn = NG Z exp (y h/R) Z g,y exp (zk/C) (20.10-4)
y=0 =0

which shows that the 2-dimensional F'T can be obtained by first applying 1-dimensional transforms on
the rows and then applying 1-dimensional transforms on the columns. The same result is obtained when
the columns are transformed first and then the rows.

This leads us directly to the row-column algorithm for 2-dimensional FFTs. Pseudo code to compute the
two dimensional FT of a[][] using the row-column method:

procedure rowcol_ft(a[l[l, R, C, is)

{
complex a[R][C] // R (length-C) rows, C (length-R) columns
for r:=0 to R-1 // FFT rows
fft(alrlll, C, is)
complex t[R] // scratch array for columns
?or c:=0 to C-1 // FFT columns
copy al0,1,...,R-1]1[c] to t[] // get column
fft(t[], R, is)
copy t[]l to a[0,1,...,R-1]1[c] // write back column
}

Here it is assumed that the rows lie in contiguous memory (as in the C language). The equivalent C++
code is given in [FXT: fft/twodimfft.cc].

Transposing the array before the column pass avoids the notorious problem with memory-cache and will
do good for the performance in most cases. That is:

procedure rowcol_fft2d(al[l[l, R, C, is)

{
complex a[R][C] // R (length-C) rows, C (length-R) columns

for r:=0 to R-1 // FFT rows
fft(alrl (1, C, is)

transpose( a[RI[C] ) // in-place

for c:=0 to C-1 // FFT columns (which are rows now)
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fft(alcl[], R, is)

transpose( a[C][R] ) // transpose back (note swapped R,C)

The transposing back at the end of the routine can be avoided if a back-transform will follow immediately
as typical for convolution. The back-transform must then be called with R and C swapped.

The generalization to higher dimensions is straightforward, C++ code is given in [FXT: fft/ndimfft.cc|.

20.11 The matrix Fourier algorithm (MFA)

The matrix Fourier algorithm (MFA) is an algorithm for 1-dimensional FFTs that works for data lengths
n = RC. It is quite similar to the row-column algorithm (relation on the previous page) for
2-dimensional FFTs. The only differences are n multiplications with trigonometric factors and a final
matrix transposition.

Consider the input array as a R x C-matrix (R rows, C' columns), the rows shall be contiguous in memory.
Then the matriz Fourier algorithm (MFA) can be stated as follows:

1. Apply a (length R) FFT on each column.

2. Multiply each matrix element (index r,¢) by exp(c2mwirc/n)
3. Apply a (length C) FFT on each row.

4. Transpose the matrix.

Note the elegance! A variant of the MFA is called four step FFT in [23]. A trivial modification is obtained
if the steps are executed in reversed order. The transposed matriz Fourier algorithm (TMFA) for the
FFT:

1. Transpose the matrix.

2. Apply a (length C') FFT on each row of the matrix.

3. Multiply each matrix element (index r,¢) by exp(c27wirc/n).
4. Apply a (length R) FFT on each column of the matrix.

A variant of the MFA that, apart from the transpositions, accesses the memory only in consecutive
address ranges can be stated as

1. Transpose the matrix.

2. Apply a (length C') FFT on each row of the transposed matrix.

3. Multiply each matrix element (index r,¢) by exp(e27wirc/n).

4. Transpose the matrix back.

5. Apply a (length R) FFT on each row of the matrix.

6. Transpose the matrix (if the order of the transformed data matters).

The ‘transposed’ version of this algorithm is identical. The performance will depend critically on the
performance of the transposition routine.

It is usually a good idea to use factors of the data length n that are close to \/n. Of course one can
apply the same algorithm for the row (or column) FFTs again: it can be an improvement to split n into
3 factors (as close to n'/3 as possible) if a length-n'/3 FFT fits completely into the cache. Especially for
systems where CPU clock speed is much higher than memory clock speed the performance may increase
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drastically, a speedup by a factor of three (even when compared to otherwise very well optimized FFTs)
can sometimes be observed. Another algorithm that is efficient with large arrays is the localized transform
as described in section [24.9) on page [497] for the Hartley transform.
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Chapter 21

Algorithms for fast convolution

This chapter gives several FFT based algorithms for fast convolution. These are in practice the most
important applications of the FFT. An efficient algorithm for the convolution of arrays that do not fit
into the main memory (mass storage convolution) is given for both complex and real data. Further,
weighted convolutions and their algorithms are introduced.

We describe how fast convolution can be used for computing the z-transform of sequences of arbitrary
length. Another convolution based algorithm for the Fourier transform of arrays of prime length, Rader’s
algorithm, is described at the end of the chapter.

Convolution algorithms based on the fast Hartley transform are described in section The dyadic
convolution, which is computed via the Walsh transform is treated in section

21.1 Convolution

The cyclic convolution (or circular convolution) of two length-n sequences a = [ag,a1,...,a,—1] and
b= [by,bl,...,b,_1] is defined as the length-n sequence h with elements h, as:

h = a®bd (21.1-1a)

hy = > az by (21.1-1b)

z+y=7 (mod n)

The last equation may be rewritten as

n—1
hy = Z Oy b('r—x) mod n (211_2)
=0

That is, indices 7 — x wrap around, it is a cyclic convolution. A convenient way to illustrate the cyclic
convolution of two sequences is shown in figure

21.1.1 Direct computation

A C++ implementation of the computation by definition is [FXT: slow_convolution() in convolu-
tion/slowcnvl.h]:

template <typename Type>
void slow_convolution(const Type *f, const Type *g, Type *h, ulong n)
// (cyclic) comvolution: h[] := £[] (¥) gl]
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T-— o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0: 0 1 2 3 4 5 6 7 8 910 11 12 13 14 15
1: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 O
2: 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1
3: 3 4 5 6 7 8 910 11 12 1314 15 0 1 2
4. 4 5 6 7 8 9 10 11 12 13 14 15 0 1 2 3
5: 5 6 7 8 9 10 11 12 13 14 15 O 1 2 3 4
6: 6 7 8 9 10 11 12 13 14 15 0 1 2 3 4 5
7 7 8 910 1112 1314 15 0 1 2 3 4 5 6
8: 8 910 11 12 13 14 15 0o 1 2 3 4 5 6 7
9: 9 10 11 12 13 14 15 O 1 2 3 4 5 6 7 8
10: 10 11 12 13 14 15 0 1 2 3 4 5 6 7 8 9
11: 11 12 13 14 15 0 1 2 3 4 5 6 7 8 9 10
12: 12 13 14 15 0 1 2 3 4 5 6 7 8 9 10 11
13: 13 14 15 0 1 2 3 4 5 6 7 8 9 10 11 12
14: 14 15 0 1 2 3 4 5 6 7 8 9 10 11 12 13
15: 15 0 1 2 3 4 5 6 7 8 910 11 12 13 14

4|-—- 0 1 2 3 (a)

0: 0 1 2 4 .l

1: 1 3 5 <--= h[5] contains a[2]*b[1]

%: 4 8 9 <—-= h[9] contains a[2]*b[2]

(b) : o

Figure 21.1-A: Semi-symbolic table of the cyclic convolution of two sequences (top). The entries denote
where in the convolution the products of the input elements can be found (bottom).

// n := array length

for (ulong tau=0; tau<n; ++tau)

{
Type s = 0.0;
for (ulong k=0; k<n; ++k)
ulong k2 = tau - k;
if ( (long)k2<0 ) k2 +=n; // modulo n
s += (f[k]l*gl[k2]);
}
hltau] = s;
}

}
The following version avoids the if statement in the inner loop:

for (ulong tau=0; tau<n; ++tau)

Type s = 0.0;

ulong k = O;

for (ulong k2=tau; k<=tau; ++k, --k2) s += (£f[k]l*gl[k2]);

for (ulong k2=n-1; k<n; ++k, --k2) s += (f[kl*glk2]); // wrapped around
hltau] = s;

}

For length-n sequences this procedure involves proportional n? operations, therefore it is slow for large
values of n. For short lengths the algorithm is just fine. Unrolled routines will offer good performance,
especially for convolutions of fixed length. For medium length convolutions the splitting schemes given
in section |27.2) on page and section [38.2] on page [799| are applicable.

21.1.2 Computation via FFT

The Fourier transform provides us with an efficient way to compute convolutions that only uses propor-
tional n log(n) operations. The convolution property of the Fourier transform is

Fla®b] = Fla]F[b] (21.1-3)

[fxtbook draft of 2008-January-19]



21.1: Convolution 411

That is, convolution in original space is element-wise multiplication in Fourier space. The statement can
be motivated as follows:

}"[a]k}'[b]k = Zamz“Zbyzky (21.1-4a)
@ y
= Z ay 2°* Z by_y 280 where y=r1—2x (21.1-4b)
x T—X
= Z Z Ay 250,y 2R T8 = Z (Z Qg bT_x> 2k (21.1-4c)

= <]—'[Zaszm]> = (Fla®b]), (21.1-4d)

k
Rewriting relation [21.1-3] on the preceding page as
awb = F[F[a]F[b]] (21.1-5)
tells us how to proceed. We give pseudo code for the cyclic convolution of two complex valued sequences

x[] and y[1], result is returned in y[]:

procedure fft_cyclic_convolution(x[], y[], n)

{
complex x[0..n-1], y[0..n-1]

// transform data:
fft(x[], n, +1)
fft(y[, n, +1)

// convolution in transformed domain:
for i:=0 to n-1

y[il := yl[il * x[i]

// transform back:
fft(y[l, n, -1

// normalize:
nl :=1/n
for i:=0 to n-1
y[i] := y[i] * n1
}

It is assumed that the procedure ££t () does no normalization. For the normalization loop we precompute
1/n and multiply as divisions are usually much slower than multiplications.

Relation [21.1-3| also holds for the more general z-transform (see section on page [422)). However,
there is no (efficient) algorithm for the back-transform, so we cannot turn the relation

Zla®b] = Z[a] Z[b] (21.1-6)

into a practical algorithm for convolution.

21.1.3 Avoiding the revbin permutations

One can save the revbin permutations by observing that any DIF FFT is of the form

DIF_FFT_CORE(f, n);
revbin_permute(f, n);

and any DIT FFT is of the form

revbin_permute(f, n);
DIT_FFT_CORE(f, n);
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Thereby a convolution routine that uses DIF FFTs for the forward transform and DIT FFTs as backward
transform can omit the revbin permutations as demonstrated in the C++ implementation for the cyclic
convolution of complex sequences [FXT: fft_complex_convolution() in|convolution/fftcocnvl.cc]:

-1

+1

#define DIT_FFT_CORE fft_dit4_core_ml // isign

#define DIF_FFT_CORE fft_dif4_core_pl // isign

void

fft_complex_convolution(Complex * restrict f, Complex * restrict g,
ulong ldn, double v/*=0.0%/)

// (complex, cyclic) convolution: g[l := £[1 (%) gl]

// (use zero padded data for usual convolution)

// 1ldn := base-2 logarithm of the array length

// Supply a value for v for a normalization factor != 1/n

const ulong n = (1UL<<1dn);

DIF_FFT_CORE(f, 1dn);
DIF_FFT_CORE(g, 1dn);
if ( v==0.0 ) v = 1.0/n;
for (ulong i=0; i<n; ++i)

Complex t = gl[i] * £[i];
glil = t * v;

¥
DIT_FFT_CORE(g, 1ldn);
}

The signs of the two FFTs must be different but are else immaterial.

The so-called auto convolution (or self convolution) of a sequence is defined as the convolution of a
sequence with itself: h = a ® a. The corresponding procedure needs only two instead of three FFTs.

21.1.4 Linear (acyclic) convolution

In the definition of the cyclic convolution (relations [21.1-1a] and [21.1-1b]) one can distinguish between
those summands where the z +y ‘wrapped around’ (i.e. x +y = n+7) and those where simply x +y = 7
holds. These are (following the notation in [90]) denoted by h") and h(?) respectively. We have

ho = hO4pM where (21.1-7a)

O = N agbr . (21.1-7b)
<t

MY = > as by (21.1-7c)
T>T

There is a simple way to separate h(®) and h(!) as the left and right half of a length-2n sequence. This
is just what the linear convolution (or acyclic convolution) does: Acyclic convolution of two (length-n)
sequences a and b can be defined as that length-2n sequence h which is the cyclic convolution of the zero
padded sequences A and B:

A = [a07a17a27"'aan7170703"'70] (211-8)

Same for B. Then the linear convolution is defined as

h = a®unb (21.1-9a)
2n—1

he = Y AsB,, T=012..2n-1 (21.1-9b)
=0

As an illustration consider the convolution of the sequence [1, 1,1, 1] with itself: its linear self convolution
is the length-8 sequence [ho][h1] = [1, 2, 3,4][3,2, 1, 0], its cyclic self convolution is [ho + h1] = [4,4,4,4].
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T-— 0 1 2 3 4 5 6 7 8 91011 12 13 14 15
0: 0 1 2 3 4 5 6 7 8 91011 12 13 14 15
1: 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16
2: 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
3: 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18
4: 4 5 6 7 8 91011 12 13 14 15 16 17 18 19
5: 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20
6: 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
7: 7 8 910 11 12 13 14 15 16 17 18 19 20 21 22
8: 8 910 11 12 13 14 15 16 17 18 19 20 21 22 23
9: 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
10: 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
11: 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
12: 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
13: 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28
14: 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
16: 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Figure 21.1-B: Semi-symbolic table for the (length-31) linear convolution of two length-16 sequences.

The semi-symbolic table for the acyclic convolution is given in figure [21.1-B| The elements in the lower
right triangle do not ‘wrap around’ anymore, they go to extra buckets. Note there are 31 buckets labeled
0...30.

Linear convolution is polynomial multiplication: let A = ap+a1x+asa’+..., B=bog+bix+bya?+...
and C =AB=cy+c1x+caz?+... then
o = Y. ab; (21.1-10)
i+j=k

Chapter [27 on page [523] explains how fast convolution algorithms can be used for fast multiplication of
multiprecision numbers.

The direct (slow) algorithm can be modified to compute just A(® or A1) [FXT: convolu-
tion/slowcnvlhalf.h):

template <typename Type>

void slow_half_convolution(const Type *f, const Type *g, Type *h, ulong n, int hO1)

// Half cyclic convolution.

// Part determined by hOl1 which must be 0 or 1.
// n := array length

if ( 0==h01 ) // compute hO:
for (ulong tau=0; tau<n; ++tau)
Type sO = 0.0;
for (ulong k=0, k2=tau; k<=tau; ++k, --k2) s0 += (f[k]l*gl[k2]);
h[taul] = s0;
}
}
else // compute hl (wrapped part):
for (ulong tau=0; tau<n; ++tau)
Type s1 = 0.0;

for (ulong k2=n-1, k=tau+l; k<n; ++k, --k2) sl += (f[kl*gl[k2]);
h[tau] = si1;

}

The cost is half of what it is for the linear convolution. With the FFT-based computation of the con-
volution the parts A(® and A(!) can be isolated using weighted convolution algorithms that are given in
section [21.3| on page The cost is that of a linear convolution. No algorithm to compute just one of
R or A(D) that is significantly cheaper is known.
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21.2 Correlation

T—— 01 2 3 4 5 6 7 8 91011 12 13 14 15
0: 01514 13 121110 9 8 7 6 5 4 3 2 1
1: 1 01514 13121110 9 8 7 6 &5 4 3 2
2: 2 1 015 14131211 10 9 8 7 6 5 4 3
3: 3 2 1 0 15141312 1110 9 8 7 6 5 4
4: 4 3 2 1 01514 13 121110 9 8 7 6 5
5: 5 4 3 2 1 01514 13121110 9 8 7 6
6: 6 5 4 3 2 1 015 14131211 10 9 8 7
7: 7 6 5 4 3 2 1 0 1514 1312 11 10 9 8
8: 8 7 6 5 4 3 2 1 015 14 13 12 11 10 9
9: 9 8 7 6 5 4 3 2 1 015 14 13 12 11 10
10: 10 9 8 7 6 5 4 3 2 1 015 14 13 12 11
11: 1110 9 8 7 6 5 4 3 2 1 0 15 14 13 12
12: 121110 9 8 7 6 5 4 3 2 1 0 15 14 13
13: 13121110 9 8 7 6 5 4 3 2 1 0 15 14
14: 14131211 10 9 8 7 6 5 4 3 2 1 015
15: 15141312 1110 9 8 7 6 5 4 3 2 1 O

Figure 21.2-A: Semi-symbolic table for the (cyclic) correlation of two length-16 sequences.

4 5 6 7 8 91011 12 13 14 15
28 27 26 25 24 23 22 21 20 19 18

1
29 1
30 29 28 27 26 25 24 23 22 21 20 1
31 30 29 28 27 26 25 24 23 22 21 2
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Figure 21.2-B: Semi-symbolic table for the linear (acyclic) correlation of two length-16 sequences.

The cyclic correlation (or circular correlation) of two real length-n sequences a = [ag, a1, ..., a,—1] and
b= [by,b1,...,bn_1] is defined as the length-n sequence h with elements h, as:
hy = > anby (21.2-1)

z—y=7 mod n

The relation can be recast as

n—1
h. = Z Qg b(‘r+a:) mod n (212_2)
=0

The semi-symbolic table for the (cyclic) correlation is shown in figure [21.2-Al For the computation of the
linear (or acyclic) correlation the sequences have to be zero-padded as in the algorithm for the linear
convolution. The semi-symbolic table is shown in figure 21.2-B

The auto correlation (or self-correlation) is the correlation of a sequence with itself, the correlation of
two distinct sequences is also called cross correlation. The term auto correlation function (ACF) is often
used for the auto correlation sequence.
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21.2.1 Direct computation

A C++ implementation of the computation by the definition is [FXT: correlation/slowcorr.h]:

template <typename Type>

void slow_correlation(const Type *f, const Type *g, Type * restrict h, ulong n)
// Cyclic correlation of £[], g[], both real-valued sequences.

// n := array length

{
for (ulong tau=0; tau<n; ++tau)
{
Type s = 0.0;
for (ulong k=0; k<n; ++k)
ulong k2 = k + tau;
if ( k2>=n ) k2 -= n;
s += (glkl=*f[k2]);
}
hltau] = s;
}
}

The if statement in the inner loop is avoided by the following version:

for (ulong tau=0; tau<n; ++tau)

{ Type s = 0.0;
ulong k = 0;
for (ulong k2=tau; k2<n; ++k, ++k2) s += (glkl*f[k2]);
for (ulong k2=0; k<n; ++k, ++k2) s += (glkl*£[k2]);
) hltaul = s;

For the linear correlation one can avoid zero products:

template <typename Type>

void slow_correlationO(const Type *f, const Type *g, Type * restrict h, ulong n)
// Linear correlation of f[], gl[], both real-valued sequences.

// n := array length

// Version for zero padded data:

//  flk]l,glk] == 0 for k=n/2 ... n-1

{/ n must be >=2

const ulong nh = n/2;
for (ulong tau=0; tau<nh; ++tau) // k2 == tau + k

{
Type s = 0;
for (ulong k=0, k2=tau; k2<nh; ++k, ++k2) s += (f[k]*gl[k2]);
hltau] = s;

for (ulong tau=nh; tau<nm; ++tau) // k2 == tau + k - n
Type s = 0;
for (ulong k=n-tau, k2=0; k<nh; ++k, ++k2) s += (f[k]lx*gl[k2]);
hltau] = s;

}

The algorithm involves proportional n? operations and is therefore slow with very long arrays.

21.2.2 Computation via FFT
A simple algorithm for fast correlation follows from the relation
b = 2 (Fa) )] (2123

That is, use a convolution algorithm with one of the input sequences reversed (indices negated modulo n).
For purely real sequences the relation is equivalent to complex conjugation of one of the inner transforms:

hy = FYF[a] F[b]] (21.2-4)
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For the computation of self-correlation the latter relation is the only reasonable way to go: first transform
the input sequence, then multiply each element by its complex conjugate and finally transform back. A
C++ implementation is [FXT: correlation/fftcorr.cc]:

void

fft_correlation(double *f, double *g, ulong ldn)

// Cyclic correlation of f£[], gl[], both real-valued sequences.
// Result is written to gl].

// ldn := base-2 logarithm of the array length

{
const ulong n=(1UL<<1dn);
const ulong nh=(n>>1);
fht_real_complex_fft(f, 1dn); // real, imag part in lower, upper half
fht_real_complex_fft(g, 1dn);
const double v = 1.0/n;
gl0] == £[0] * v;
glnh] *= f[nh] * v;
for (ulong i=1,j=n-1; i<nh; ++i,--j) // real at index i, imag at index j
cmult_n(£f[i], -£[j], glil, gljl, v);
}
fht_complex_real _fft(g, 1dn);
}

The function cmult_n() is defined in [FXT: aux0/cmult.h]:

static inline void

cmult_n(double c, double s, double &u, double &v, double dn)

// {u,v} <——| {dn*(u*c-v*s), dn*(uxs+v*c)}

{ double t = u*s+v*c; u *= c; u -= v*s; u *=dn; V = t*dn; }

We note that relation also holds for complex sequences.

21.2.3 Correlation and difference sets *

The linear auto-correlation of a sequence that contains zeros and ones only (a delta sequence) is the set
of mutual differences of the positions of the ones, including multiplicity. An example:

(+, 1, 0, 1, 1, 0, 0, O, O, 0, 0] <--= delta array R
4, 2, 1, 2, 1, 0, 0, 1, 2, 1, 2] <--= linear auto correlation ACF
» 1,2, 3,4, 5.-5.,-4.,-3,-2.-1  <--= index

Element zero of the ACF tells us that there are four elements in R (each element has difference zero to
just itself). Element one tells us that there are two pairs of consecutive elements, it is identical to the
last element (element minus one). There is just one pair of elements in R whose indices differ by two
(elements two and minus two of the ACF), and so on. Note that the ACF does not tell us where the
elements with a certain difference are.

The delta array with ones at the 7 positions 0, 3, 4, 12, 18, 23, and 25 has the ACF

[7, 1 1,

> 1,1, 1,1,1,1,1,0,0,1,1,1,1,1, 1,0, 1, 0, (+symm.)]
0,1, 2, 3, 4

O:
10, ce 26, <--= index

1, 1, 1, 1, 1,
5, 6,7, 8,09,
That is, a ruler of length 26 with marks only at the 7 given positions can be used to measure most of the
distances up to 26 (the smallest missing distance is 10). Further, no distance appears more than once.
Sequences with this property are called Golomb rulers and they are very hard to find.

If we allow for two rulers then the set of mutual differences in positions is the cross correlation. For this
setting analogues of Golomb rulers (that do not have any missing differences) can be found. We use dots
for zeros:

11, .11.......... T <--

Q o
H N

1.1 1.1 1 <
1111111111111111111111111111131111311113111131111311111111111111171111° <—- oss correlation

The rulers are binary representations of the evaluations F'(1/2) and F'(1/4) of a curious function given

in section [36.10.1] on page [715]
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21.3 Weighted Fourier transforms and convolutions

21.3.1 The weighted Fourier transform

We define a new kind of transform by slightly modifying the definition of the FT (formula [20.1-1a| on

page :

c = W,ld] (21.3-1a)
n—1

cp = vaazzxk vy #0 Va (21.3-1b)
=0

where z := e 27%/™  The sequence c shall be called (discrete) weighted transform of the sequence a with

the weight (sequence) v. Note the v, that entered: the weighted transform with v, = ﬁ Yz is just the
usual Fourier transform. The inverse transform is

a = W' (21.3-2a)
1 n—1
_ —x k
Gz = o ;0@@ z (21.3-2b)
This can be easily seen:
1 n—1ln—1
Wyt W, ], = — Z Z Vg Qg 2%F 27YF (21.3-3a)
"V k=0 z=0
1 n—1ln—1 1
— zk —yk
= - ZvaEazz 27 (21.3-3b)
k=0 =0
n—1
1 1
= - Z Up — Gz OgyM = Gy (21.3-3c)
iz W (

Obviously all v, have to be invertible. That W, [Wv_ 1 [a]] is also identity is apparent from the definitions.

Given an FFT routine it is trivial to set up a weighted Fourier transform. Pseudo code for the discrete
weighted Fourier transform:

procedure weighted_ft(all, v[], n, is)
{

for x:=0 to n-1

alx] := alx] * v[x]

fft(all, n, is)

The inverse is essentially identical. Pseudo code for the inverse discrete weighted Fourier transform:
procedure inverse_weighted_ft(al[l, v[], n, is)

fft(all, n, -is)
for x:=0 to n-1

alx] := alx] / v[x]
}

The C++ implementations are given in [FXT: fft/weightedfft.cc].
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21.3.2 Weighted convolution

Define the weighted (cyclic) convolution h, by

hy = a®p,yb (21.3-4a)
= W, W, [a] W, [b]] (21.3-4b)

v

Then, for the special case v, = V¥, one has
hy, = hO4yrp® (21.3-5)

Here h(® and h(V) are defined as in relation [21.1-7a| on page It is not hard to see why this is: up to
the final division by the weight sequence, the weighted convolution is just the cyclic convolution of the
two weighted sequences, which is for the element with index 7 equal to

> (@ V) V) = > aabr o VT4 D apbpyr o V' (21.3-6)

z+y=7 mod n <t T>T

Final division of this element (by V7) gives h(®) + V™ h(}) as stated.

The cases when V" is some root of unity are particularly interesting: For V" = ¢ = ++/—1 one obtains
the so-called right-angle convolution:

hy = h©OFip® (21.3-7)

This gives a nice possibility to directly use complex FFTs for the computation of a linear (acyclic)
convolution of two real sequences: For length-n sequences the elements of the linear convolution with

indices 0,1,...,n — 1 are the real part of the result, the elements n,n 4+ 1,...,2n — 1 are the imaginary
part. Choosing V" = —1 leads to the negacyclic convolution (or skew circular convolution):
hy = h® —pW® (21.3-8)

Cyclic, negacyclic and right-angle convolution can be understood as polynomial products modulo the
polynomials 2™ — 1, 2™ + 1 and 2™ + i, respectively (see [180]).

C++ implementations of the weighted-, negacyclic- and right-angle (self) convolution are given in [FXT:
convolution/weightedconv.cc|.

T—— 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1: 1 2 3 4 5 6 T 8 9 10 11 12 13 14 15 O-
2: 2 3 4 5 6 7 8 9 10 11 12 13 14 15 0- 1-
3: 3 4 5 6 7 8 9 10 11 12 13 14 15 0- 1- 2-
4: 4 5 6 7 8 9 10 11 12 13 14 15 o- 1- 2- 3-
5: 5 6 7 8 9 10 11 12 13 14 15 0O- 1- 2- 3- 4-
6: 6 7 8 9 10 11 12 13 14 15 O0- 1- 2- 3- 4- 5-
7: 7 8 9 10 11 12 13 14 i5 0- 1- 2- 3- 4- b5- 6-
8: g 9 10 11 12 13 14 15 0o- 1- 2- 3- 4- 5- 6- T7-
9: 9 10 11 12 13 14 15 O- i- 2- 3- 4- 5- 6- T7- 8-
10: 10 11 12 13 14 15 0- 1- 2- 3- 4- 5- 6- 7- 8- 9-
11: 11 12 13 14 5 0- 1- 2- 3- 4- 5- 6- 7- 8- 9- 10-
12: 12 13 14 15 o- 1- 2- 3- 4- 5- 6- 7- 8- 9- 10- 11-
13: 13 14 15 0O- i- 2- 3- 4- 5- 6- 7- 8- 9- 10- 11- 12-
14: 14 15 O0- 1- 2- 3- 4- 5- 6- T7- 8- 9- 10- 11- 12- 13-
15: i 0- 1- 2- 3- 4- 5- 6- 7- 8- 9- 10- 11- 12- 13- 14-

Figure 21.3-A: Semi-symbolic table for the negacyclic convolution. The products that enter with
negative sign are indicated with a postfix minus at the corresponding entry.

The semi-symbolic table for the negacyclic convolution is shown in figure With right-angle con-
volution the minuses have to be replaced by i = /—1 which means the wrap-around (i.e. h!)) elements
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go to the imaginary part. With real input one thereby effectively separates h(?) and h(!). Thereby the
linear convolution of real sequences can be computed using the complex right-angle convolution.

With routines for both cyclic and negacyclic convolution the parts h(®) and h(!) can be computed as sum
and difference, respectively. Thereby all expressions of the form ah(® + 3h(1) where o, 3 € C can be
computed.

The direct (slow, proportional n?) computation can be obtained by a minimal modification of the non-
weighted convolution algorithm [FXT: |convolution/slowweightedenvl.h]:

template <typename Type>

void slow_weighted_convolution(const Type *f, const Type *g, Type *h, ulong n, Type w)
// weighted (cyclic) convolution: h[] := £[1 (*)_w gl]

// n := array length

for (ulong tau=0; tau<n; ++tau)

ulong k
Type s0 0;

for (ulong k2=tau; k<=tau; ++k, --k2) s0 += (f[kl*glk2]);

Type s1 = 0.0;

for (ulong k2=n-1; k<n; ++k, --k2) s1 += (£f[kl*gl[k2]); // wrapped around
h[tau] = s0 + si*w;

0;
0.

21.4 Convolution using the MFA

We give an algorithm for convolution that use the matrix Fourier algorithm (MFA, see section on
page [406). The MFA is used for the forward transform and the transposed algorithm (TMFA) for the
backward transform. The elements of each row are assumed to lie contiguous in memory. For the sake of
simplicity auto convolution is considered. The matrix FFT convolution algorithm:

1. Apply a (length R) FFT on each column.
(memory access with C-skips)

2. Multiply each matrix element (index r,¢) by exp(+o2mirc/n).

3. Apply a (length C') FFT on each row.
(memory access without skips)

4. Complex square row (element-wise).

5. Apply a (length C') FFT on each row (of the transposed matrix).
(memory access is without skips)

6. Multiply each matrix element (index r,¢) by exp(—o2mirc/n).

7. Apply a (length R) FFT on each column (of the transposed matrix).
(memory access with C-skips)

Note that steps 3, 4, and 5 constitute a length-C' convolution on each row.

C++ implementations of the cyclic and linear convolution using the described algorithm are given in
[FXT: |convolution/matrixfftcnvl.cc]. The code for self-convolution can be found in [FXT: [convolu-
tion/matrixfftenvla.cc.

With the weighted convolutions in mind we reformulate the matrix (self-) convolution algorithm given
on page [AI9%

1. Apply a FFT on each column.
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2. On each row apply the weighted convolution with V¢ = e27¢7/B = 17/R where R is the total
number of rows, r = 0..R — 1 the index of the row, C the length of each row (equivalently, the total
number columns)

3. Apply a FFT on each column (of the transposed matrix).

We first consider the special cases of two and three rows and then formulate an MFA-based algorithm
for the convolution of real sequences.

The case R =2

Define s and d as the sums and differences of the lower and higher halves of a given sequence x:

s = 202 4 L0/2) (21.4-1a)
d = 202 _ ,0/2) (21.4-1b)

Then the cyclic auto convolution of the sequence z can be obtained by two half-length convolutions of s
and d as

1
r®r = §[s®s+d®_d, s®s—d®_d) (21.4-2)

where the symbols ® and ®_ stand for cyclic and negacyclic convolution, respectively (see section m
on page [417). The equivalent formula for the cyclic convolution of two sequences = and y is

1
r@y = Jlu®s,td® o dy, s ®s, —do®_dy) (21.4-3)
where
sy = 202 4 /2 (21.4-4a)
4, = 202 _ (/2 (21.4-4b)
s, = y(0/2) 4 4(1/2) (21.4-4c)
d, = y(0/2) _ y(1/2) (21.4-4d)

Now use the fact that an linear convolution is computed by a cyclic convolution of zero-padded sequences
whose upper halves are simply zero, so s, = d, = = and s, = d, = y. Then relation reads:

1
T®iny = ;®ytre-y rey-ze-y (21.4-5)

And for the acyclic auto convolution:
1
T®unt = ;[r@rtre-w, r@r-1@-1 (21.4-6)

The lower and upper halves of the linear convolution can be obtained from the sum and difference of the
cyclic and the negacyclic convolution.

The case R =3

Let w= % (14 4+/3) and define

A = 203 L L3 e/ (21.4-7a)
B = 203 4y (/3 4 2 ,2/3) (21.4-7b)
O = 203 | 2,03 4, 223 (21.4-Tc)
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Then, if h := x ® x, one has

KO3 = A®A+ B®yB+ C®peC (21.4-8a)
R/3 = A®A+w’B @y B+rw C@p2y C (21.4-8b)
K33 = A®@A+w B®p) B+uw?C e C (21.4-8c)

For real valued data C' is the complex conjugate (cc.) of B and (with w? = cc.w) B @,y B is the cc. of
C ®¢.,2y C and therefore every B ®y B-term is the cc. of the C & ) C-term in the same line. Is there a
nice and general scheme for real valued convolutions based on the MFA? Read on for the positive answer.

21.4.1 Convolution of real valued data using the MFA

Consider the MFA-algorithm for the cyclic convolution as given on page but with real input data:
for row 0 which is real after the column FFTs one needs to compute the usual cyclic convolution; for row
R/2 which is also purely real after the column FFTs a negacyclic convolution is needecﬂ the code for
negacyclic convolution is given on page [496

All other weighted convolutions involve complex computations, but it is easy to see how to reduce the
work by 50 percent: as the result must be real the data in row number R — r must, because of the
symmetries of the real and imaginary part of the (inverse) Fourier transform of real data, be the complex
conjugate of the data in row r. Therefore one can use real FFTs (R2CFTs) for all column-transforms for
step 1 and half-complex to real FFTs (C2RFTs) for step 3.

Let the computational cost of a cyclic (real) convolution be ¢, then

e For even values of R one must perform one cyclic (row 0), one negacyclic (row R/2) and R/2 — 2
complex weighted convolutions (rows 1,2,..., R/2 — 1)

e For R odd one must perform 1 cyclic (row 0) and (R — 1)/2 complex weighted convolutions (rows
1,2,...,(R—1)/2)

Now assume, slightly simplifying, that the cyclic and the negacyclic real convolution involve the same
number of computations and that the cost of a weighted complex convolution is twice that. Then in both
cases above the total work is exactly half of that for the complex case, which is what one expects from a
real world real valued convolution algorithm.

For the computation of the linear co